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Abstract. Ruscheweyh and Sheil-Small proved the Polya-Schoenbeiigatare
that the classes of convex functions, starlike functiorts@ose-to-convex functions
are closed under convolution with convex functions. By mgkise of this result,
the radii of starlikeness of order, parabolic starlikeness, and strong starlikeness of
ordery of the convolution between two starlike functions are deteed. Similar
convolution results for two classes of analytic functiores@so obtained.
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1. Introduction

Let .o/ be the class of all functions analyticlih= {z< C: |zl < 1} and normalized
by f(0) =0= f/(0) — 1. Let.” be the subclass a¥ consisting of univalent functions.
For0< a <1, let.*(a) and%(a) be the subclasses of consisting of starlike
functions of ordera and convex functions of ordex, respectively. A starlike or
convex function of order O is respectively called starlikeconvex function, and is
denoted by*(0) = .* and%’(0) = ¢. The class#) of strongly starlike functions
of ordery, 0 < y <1, consists off € . satisfying the inequality

rg(sz;(z?)’ < %T, zc D.

The functionf € .# is uniformly convex if for every circular arg contained inD
with center{ € D the image ard (y) is convex. The clas& ¢ of all uniformly
convex functions was introduced by Goodman [1]. Rgnning48]well as Ma and
Minda [5], independently proved that

zf"(2)
f'(2)

7
(1.1) f e%‘f”f/@Re(HZf (Z>) > , z€D.

f'(2)
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Renning introduced a corresponding class of starlike fanstcalled parabolic star-
like functions. A functionf € <7 is parabolic starlike if
zf(2) zf'(2)
Rel =/~ -\
e( 2 ) e
The class of all such functions is denoted.#.
Let . be the class of functionk € &7 satisfying the inequality

/ 2
zf'(2)\" 1
f(2)
Thus a functionf is in the class#y if zf'(z)/f(z) lies in the region bounded by the

right-half of the lemniscate of Bernoulli given Gw? — 1| < 1. This class¥ was
introduced by Sokot and Stankiewicz [15].

For two analytic functiond, g € o7, their convolution or Hadamard product, de-
noted byf x g, is defined by(f xQ)(z) := z+ S ,_,anbnz". Polya and Schoenberg [7]
conjectured that the class of convex functi@fiss preserved under convolution with
convex functions:f,ge ¢ = fxg € %. In 1973, Ruscheweyh and Sheil-Small [11]
(see also [12]) proved the Polya-Schoenberg conjecturfactnthey also proved that
the classes of starlike functions and close-to-convextions are closed under convo-
lution with convex functions. The proofs of these facts asident from the following
result which is also needed for our investigation.

Theorem 1.2.[12, Theorem 2.4]f f € .¥* and¢ € ¥, then
¢« fF
¢ f

for any function F analytic i, wherecto(F (D)) denotes the closed convex hull of
F(D).

The radius of a property” of functions in a set# is the largest numbéeR such

that every function in the se# has the property” in each diskD; = {ze D:|z| <r}
for everyr < R The convolution of the Koebe functid{z) = z/(1 — z)? with itself
is not univalent. Thus, the convolution of two univalent ébarlike) functions need
not be univalent. Since the radius of convexity of functionthe class?* is 2— /3,
a result of Ruscheweyh and Sheil-Small showed that the saufistarlikeness of the
convolution between two starlike functions is-3/3 (see [4]). Silverman [14] has
determined the radius of univalence for the convolution afoamalized univalent
function with a close-to-convex function. He also foundwaéo bound for the radius
of univalence of convolution between two univalent funcso

By making use of Theorem 1.2, th#€,-radius (and the”* (a ), %, and.#}; radii)
is determined for the convolution of two starlike functio@ertain classes of analytic
functions are also proved to be closed under convolutioh gonvex functions.

—1', ze D.

<1, zeD.

(D) C co(F (D))
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2. Convolution of two starlike functions

Rgnning [10] proved that the clasg; is closed under convolution with a starlike
function of order 1/2. However, the convolution of two sileelfunctions need not be
in the class#. Therefore it is natural to determine th¢,, *(a), S, and.#y
radii of the convolutionf x g between two starlike functions andg. We do this in
Theorem 2.1.

Theorem 2.1.Let f,ge . and h,(2) := (f xg)(pz)/p. Then

(@) hy € % for0< p < (4—+/13)/3~0.13148

(b) hy € #*(a)for0<p < (2—v3+0a?)/(1+a),

(c) hy € F for0< p < (vV5-2)(v/2—1) ~0.09778

(d) hp € .7y for 0 < p < (2— v4—Db?)/b where b= sin(my/2).

The upper bound fop in each case is sharp.

Proof. LetH(z) =z+ S ,n?z" and consider the disk containing the valae(z) /H(2).
The functionH in closed form is

z(1+2)
H(z) =
(Z> (1—2)3
It is easy to see that
zH(z2) 14712 4r
2.2 — Zl=r<1.
(2:2) H(z) 1-r2|~ 1-r% [d=r<

Leta> 1/2. Itis known that [13] the diskw : |w—a| < Ra} is contained in the
parabolic regioqw: |w— 1] < Rew} if the numbeIR;, satisfies

R a—1 (3<a<?
| V2a=2 (a>3)

Let0<r < (4—+/13)/3=: po. Thena:= (14r2)/(1—r?) < 3/2forr <1/v/5=
0.4472. In particulara < 3/2 for 0<r < pp~ 0.13148. Consequently the inequality

zH' (2) zH'(2)
IE) —1‘<Re( g ), |zl =r <1,

holds if
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or if 3r2 —8r+ 1= (po—r)(1—3por)/po > 0. Aspp < 1/3, this inequality is clearly
satisfied for 0< r < pg. Also, withz= —pg, then

zH (2) 4l 1+4z+Z | 4po—2p5 p§—4po+1 Re zH' (2)

Hz | | 1-2 C 1-p2  1-p2 T\ H@ /)
This shows that the numbeg is sharp.

Define the functiom: D — C by h(z) = f(z) xg(z). Thenh(z) =F(2) «G(2) xH(2)
whereF andG are respectively defined BF (z) = f(z) andzG(z) = g(z). Since
f,g are starlike, it follows thaF and G are convex. Since the convolution of two
convex functions is convek, x G is convex. Also the functiohl (poz)/po is a function
in .%%» and hence~(z) « G(z) «x H(poz)/po is again in the class”». Equivalently,

heo(2) = (F xGxH)(poz)/po is in .7». Thus the%-radius of the functiorh is at
leastpp.

Consider the Koebe functidk(z) = z/(1— z)?; it is starlike and the#-radius of
k(2)*9(2) = (z/(1—2)?) *g(2) = zd (2) is the same as the radius of uniform convexity
of g. Sincepg is the radius of uniform convexity of starlike functionsethadius is
sharp. This proves the result in part (a).

We shall now prove the result in part (b). Let= (2—+v3+a2)/(1+a). From
the inequality (2.2), it follows that

zH (z) _ 1412 —4r
H((z)) =1z =9

for0< |z =r < p;. Forz= —py, then

reZH (@ _ 14+pf—4p1 _
"Hi®  1-p?

Since the class of starlike functions of ordeis also closed under convolution with
convex functions, the function

h(p12)/p1= (F*GxH)(012)/p1 = F(2) *G(2) xH(p12) / p1
Is again a starlike function of order. This proves (b).

To prove (c), note that for & a < v/2, {w: |[w—a| < ra} C {w: |w?—1| < 1} if
ra is given by

o (\/1—a2—(1—a2)>1/2 (0< a<2v2/3)
V2—-a (2v2/3<a<V2).

Since the disk in (2.2) is centered at the paint (1+r2)/(1—r?) > 1, the inequality

(Fe) -

Re

a.

<1
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is satisfied foilz =r < 1 if
4r 1+r2
7 o~
1-r2° V2 1—r?
or (v2+1)r? +4r — (v/2—1) < 0. This yields
0<r < (—2+V5)(V2-1) = ps.

()

The remaining part of the proof is similar to the other twotparotwithstanding the
fact that the class”, is closed under convolution with convex functions. However
this is known even more generally for any analytic functfofor which z'(z)/ f (2)

lies in a convex domain [6]; in case of functions in the clags the convex domain

is the right half of the lemniscate of Bernoulli.

The proof of part (d) is similar, with the observation thas ttisk |w — a| < Ry is
contained in the sectoargw| < %, 0< y < 1 wheneveR, < asin(%). ]

Forz= p,, then

=1

Remark 2.3. The proof that the/,-radius of the functiorH is pgp shows that the
Yp-radius of the (ordinary) product of a starlike function anfinction with positive
real part is alsgy.

Corollary 2.4. [4] The radius of starlikeness of convolution of two starlikections
is2—+/3.
3. Classes closed under convolution with convex functions

Definition 3.1. Fora > 0, let.Z(a) be the class of analytic functiorisc .« satisfy-

ing the condition
zf(z) [ _zf"(2) a
Re{ Q) (a (2) +1 >—§, ze D.

The following result is obtained.
Theorem 3.2.1f f € Z(a) and¢ € ¢, then fx¢ € Z(a).

Proof. Leth: D — C be the function defined by
. z+(2a-1)7
h(Z) . w.

Then

zf'(2) [ zf'(2) azt"(z)+zf(z)  f(2)*h(2)
16 <"’ f'<z>+1): @ o
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LetF : D — C be defined by
f(z) xh(2)
F(z) = ———.
(2 15

The functionF is clearly well-defined and analytic i, with F(D) C {w: Ow >
—a/2}. Li and Owa [3] proved that every function in the clag¥a) is starlike.
Therefore, the functioffi x ¢ is starlike univalent and hence the funct% is well-
defined and analytic ifd. Also,

¢ fF _
551 (D) CO(F (D))
or equivalently
¢ fF a
> .
Red)*f - 2

Since

(¢+fF)(2) (¢ (F+h)(@) ((=+F)«h)(2)

(¢ 1)(2) (fxd)2  (f=¢)(2
by using the minimum principle for harmonic functions, itléevs that
(o) xh@\ _ «a

(e )

2 b
or equivalently

20+ 1Y(2) [ 2p+1)(2 a
Re( 6N (“ 62 “))> 20 2=

This proves our result. [ |

Corollary 3.3. If f € Z(a), then the integral transforms F and G given by

(3.4) F(f(z)):%l/ozzv—lf(z)dz, Rey > 0
and

2£(7)— f
35) o)~ [ M ez <1 nr

are againinZ(a).

Proof. The results follow sinc& = f x ¢1 andG = f x ¢ where

¢1(Z) N nZ]_ %Zﬂ, ¢2(Z) N nZ]_ (::II'-:*Z)I’Izn

are convex univalent functions . n
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Definition 3.6. Forg € & andf < 1, letZg4() be the class of all analytic functions
f € o/ satisfying the condition

Re(M) > .

z
We show that the clas®y () is closed under convolution with convex functions.

Theorem 3.7.1f f € Z4(B) and¢ € €, then fx ¢ € Z4(B).

Proof. Define the functiorF by

fy_ (190

z
Then
(8211902 _ <¢(;iz;><i§z> SoF (D))
This shows that Rg * f x9)(z)/z) > B and henced * ¢ € Zy(B). u

Corollary 3.8. If f € Z4(B) and the integral transforms F and G are given (3y4)
and(3.5), then FG € Zy4(B).

With g(2) = (z+ (2a —1)22) /(1 2)3, the class#y(B) reduces to the clasg(a, B)
defined below.

Definition 3.9. Fora e R andf} < 1, letZ(a, ) be the class of all analytic functions
f € o/ satisfying the condition

Re(f'(2)+azf’(2)) > B.
Several related convolution results gf(a,3) can be found in Ponnusamy and
Singh [8]. For this class, the following results are obtdine
Corollary 3.10. If f e Z(a,B) and¢ € €, then fx¢ € Z(a,B).

Corollary 3.11. If f € Z(a, ) and the integral transforms F and G are respectively
given by(3.4)and(3.5), then EG € Z(a, ).
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