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Abstract. The class of conformal mappings is a natural object in the study
of theory of analytic functions. Likewise univalent harmonic mappings (both
in the planar and in the higher dimensional case) is natural in the class of
harmonic functions. During the last thirty years, the univalent harmonic
mappings and many other related investigations become popular in geometric
function theory, eg. in the study of minimal surfaces. In this survey, we mainly
deal with recent works of the present authors and some related investigations
without proof.
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1. Planar Harmonic mappings

A complex-valued function f defined on a domain D is called harmonic in D
if and only if it is twice continuously differentiable and Af = 0, i.e. the real and
imaginary parts are real harmonic in D, where A represents the usual complex
Laplacian operator

02 0? 0?
— =+t 7.
020z  0x% 0Oy
A four times continuously differentiable function f is said to be biharmonic in D
if the Laplacian of f, namely Af, is harmonic in D. The properties of harmonic
and biharmonic mappings have been investigated by a number authors (cf. [1,
2,3, 11, 16, 28, 35]).

An obvious fact is that every harmonic mapping f defined on a simply con-
nected domain D admits a canonical decomposition f = h + g, where h and
g are analytic in D. We refer to [28, 34] for the theory harmonic mappings.
For harmonic mappings f of the unit disk D = {z € C: |z| < 1}, we use the
following standard notations:

Ap(z) = max |f.(2) + 72 fo(2)| = |f(2)] + | f=(2)]

0<6<2n

A=4

and

Ap(z) = min [f.(2) + e () = [1£(2)] = [ ()] .

0<6<2r
Then Jy = AfAy if J; > 0, where J; denotes the Jacobian of f given by

Jp(2) = £-(2)]” = | f=(2)*.

Definition 1. We say that f € Hpy (D) if f is harmonic in D and |f(2)] < M
for z € D. We use the canonical decomposition f = h + g with the analytic
functions h and g having the power series of the form

(1.1) h(z) = Zanz" and g(z) = anz".
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1.1. Sharp coefficient estimates. One of the long standing open problems
in geometry function theory is to determine the precise value of the schlicht
Bloch constant for analytic functions of ID. It has attracted much attention,
see [50, 57, 58, 59] and references in these articles. By using subordination,
the authors obtained the following sharp coefficient estimates which is crucial
in obtaining bounds for the Landau-Bloch constants. For example, by applying
this theorem, the authors improved many previously known results (see Section
3) on Landau’ and Bloch’s theorems and also about Landau and Bloch constants
for harmonic and biharmonic mappings.

Theorem 1. ([18, Theorem 1] or[17, Lemma 1]) Suppose f € Hy (D) and f =
h+79. Then |ag| < M and for each n > 1,

AM
|an| + |bn| < —.
T

The above estimate is sharp for each n > 1. For each n > 1, the extremal
function is

fn<z) =

2M 1 "
g (1) el =l =1
or f(z) = M.

The classical theorem of Landau shows that there exists a p = p(M) > 0 such
that every function f, analytic in D with f(0) = f/(0) — 1 = 0 and |f(2)] <
M, is univalent in the disk D, = {z € C : |2| < p} and in addition, the
range f(D,) contains a disk of radius Mp* (cf. [47]). Recently, many authors
considered Landau’s theorem for planar harmonic mappings (see for example,
[8, 11, 16, 31, 39, 48, 49, 74]) and biharmonic mappings (see [1, 11, 16]). As
remarked above, Theorem 1 has been proved to be useful. As another application
of Theorem 1, one can get the following sharp distortion theorem.

Corollary 1. Suppose f € Hy (D). Then
4

Af(z) < A= for z € D.

We remark that Corollary 1 coincides with the result of Colonna [30, Theorem
3] who has discussed harmonic Bloch functions. By applying Corollary 1, we can
improve [74, Theorem 2| and [49, Theorem 2.3], respectively, as follows.

Theorem 2. ([16, Theorem 1]) Assume that f € Hpy (D) with J¢(0) = 1. Then
f is univalent on a disk D,, with
72\/24M?2 + 72 — AM /36 M2 + 272
T =
YT 4r? + 2M/36ME + 27 + 120M2]
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and f(D,,) contains a univalent disk Dg, with Ry = 7ry/(8M).

Theorem 3. ([18, Theorem 4]) Let f € Hp (D) with f(0) = fz(0) = f.(0)—1 =
0. Then f is univalent in the disk D,, with ro = ¢(M,) and f(D,,) contains a
univalent disk of radius at least

[ﬂ)?: njaXl¢<A4}%

0<r<1
where
re i 2?2 -1
— =r|l 1
) = e v = 1 (T o ()|
and AN
M, = ———.

(1 —1?)
1.2. Differential operator L. Let L denote the complex-operator

0 0
1.2 L=z2——Z—.
(12) “0: ‘oz

We see that it is linear and satisfies the usual product rule:

L(af +bg) = aL(f) +bL(g) and L(fg) = fL(g) + gL(f),
where a, b are complex constants, f and g are C''-(i.e. continuously differentiable)
functions. It is easy to see that the operator L possesses a number of interesting
properties, e.g. L preserves both harmonicity and biharmonicity. Many other
basic properties are stated for instance in the paper of Mocanu [60] (see also
(2, 11]).

It is well-known that a sense-preserving harmonic functions have the open
mapping property (i.e. they map every open subset of D to an open set in
C). We call f univalent or locally univalent in D if it is one-to-one or locally
one-to-one in D, respectively.

Liu [49, Theorem 2.6] proved that for open harmonic mappings f of D nor-
malized by f.(0) =1 and fz(0) = 0, f(ID) contains a univalent disk of radius at
least R ~ 0.027735 which is an improvement of earlier known results [8, Theorem
7] and [39, Theorem 2.5]. It is natural to obtain a similar result but for L(f)
defined by (1.2).

1.3. Landau-Bloch’s constant for harmonic mappings. In our next result,
we determine an estimate for the Bloch constant of L( f) when f runs on the class
of open harmonic mappings. It is worth pointing out that (see [2, Corollary 1(3)])
the operator L(f) for biharmonic functions behaves much like zf" for analytic
functions, for example in the sense that for f univalent and biharmonic, f is
starlike in D if and only if Re (L(f)(2)/f(z)) > 0 in D.
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Theorem 4. ([18, Theorem 5]) Let f be an open harmonic mapping of D nor-
malized by f,(0) =1 and fz(0) = 0. Then L(f)(D) contains a univalent disk of

radius at least

= g o)
where
r 1_\/l_ﬁ 2(1+7)
i Py e e P
14+ My — 31—

Moreover, L(f)(D) contains a univalent disk of radius at least R ~ 0.0143328.

A harmonic function f is called a harmonic Bloch mapping if and only if

|/ (2) = f(w)]

sup ————— < +00,
z,weD, z#w p(Zauﬁ

1 14|22 _
plz,w) = - log <#> - arctanh'f w '

where

2 1 — Zw

1—zw
denotes the hyperbolic distance between z and w in D. In the following, we
denote the hyperbolic disk (resp. circle) with center a and radius r > 0 by
Dpn(a,r) = {z: p(a,z) < r} (resp. Sp(a,r) = {z: p(a,z) = r}). Obviously, for
each a € I, the following are equivalent:
1—azl>  1—]af

L—1]z2 1- tanhQ('r’)'

zZ—a

= tanh(r); (3)

(1) pla, z) =r; (2)

1—az
In [30], Colonna proved

|f(2) = f(w) )

1.3 V&= f@) e

(1.3) T ERT) sup(l = [2[7)As(2)

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB,
forms a complex Banach space with the norm || - || given by

[ fll3m, = [F0)] + 2161]8(1 — [2")As ().

For v € (0, 00), a harmonic mapping f is called a harmonic v-Bloch mapping
if and only if || f||xs, < +00, where

(1.4) £ 1225, = 1F(0)] +§2§<1 = [2*)" Ay (2).

It can be easily shown that the set of harmonic v-Bloch mappings with this norm
forms a r-Banach space, which we denote by HB,.
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1.4. Marden’s constant for harmonic mappings. Let x denote the chordal
metric on the extended complex plane C,. For a geometric purpose we view C,
as the sphere in the 3-dimensional space R? with center at (0,0,1/2) and radius
1/2, and have

2~ ul
(+ B 7201+ w7
1

if z,w € C with z # w,
X(z, w) =

W lf’LU:OO.

Definition 2. A meromorphic harmonic mapping f in D is called a normal
harmonic mapping if M(f) < oo, where

M- ap MRS

z,w€eD, z#w P(Za

By (1.3), we have

M) = sup { LB,

zeD

Many authors discussed the coefficient estimate, distortion theorem, and the
existence of Landau-Bloch and Marden constants for analytic Bloch functions
(see [3, 5, 6, 57, 58, 59, 50]). But in literature there are no analogous results
for harmonic v-Bloch mappings. For the following result, the authors have used
variational method and subordination to fill this gap.

Theorem 5. ([19, Theorem 2.1|) Let f = h+ g be a harmonic mapping, where
g and h are analytic in D with the expansions (1.1). If \;(0) = « for some
a € (0,1] and || fllus, < M for M >0, then

lan| + [bn] < Ap(a,v, M) = inf u(r) forn > 2,

0<r<1

where
M2 _ &2(1 _ T2)2V
nro=4(1 —r2)*M

p(r) =
In particular, if v = M = a =1, then

()= —2—"
r)= ——m———
a nrn=3(1 —r?)

and

(1.5) [an] + [ba] < A,
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where
(0 forn =2,
1
3 forn =3,
V2 3+ /17
A, =A,(1,1,1) =< — ~ 1.049889  forn =4,
( ) 2 \(1+V17)V5 = V17

3n—7—+n2+6n-—23
2(n — 3)

forn >5.

\

The estimate of (1.5) is sharp when n € {1,2,3}. The extremal functions is

33 <z+(\/§/3)>2_1

TO==r\ixvam:) 3
or f(2).

As a consequence of Theorem 5, a computation gives

Theorem 6. ([19, Theorem 2.3]) Let f be a harmonic mapping with f(0) =
A (0) —a=0 and ||f|lus, < M, where M and o € (0,1] are constants. Then f

is univalent in D, , where
ar(1—r?)"M
po = elro) = guax o). 90r) = SR ey — i - e 1A

Moreover, f(ID,,) contains a univalent disk Dg, with
M2 _ a2(1 _ T8)21/ ! M2 _ a2(1 _ T8)21/
0 :
M -2 BaM -2 —a2(1— 1) + M?

RO:TO[aJr

A special case of Theorem 6 gives the following sharp estimate which is indeed
a harmonic analog of [6, Theorem 2] and [6, Corollary 3].
Theorem 7. ([19, Theorem 2.4]) Let f € HB,(«). Then for z with |z| <
aotmole) i go = 1/v/1+ 2v, we have

1+aomo ()
Af(z) > Re (fz(z) +m) > m0<a(;((171i<:30<_&‘)z|’/|2)‘)2u+1'

The equalities occur if and only if f(z) = eV F,(e="2) for some ¥ € [0,27),

where
o« © mpla) = ¢
R = ey | et
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and mo(«) satisfies

V1+ 21/( ) mo(a)(1 —mi(a))” = a.
Moreover, f(Dyy)) contains a univalent disc of radius Ry, where
o /m“a’ (mol@) =) .
mo(a) Jo (1 —mo(a)t)?+!

The equality occurs if and only if f(z) = e F,(e="2) for some 9 € [0, 27).

2v+1

Ry >

If f is a normal harmonic mapping and a € D, then we set
s(a, f) = sup{r : f is schlicht in the hyperbolic disk Dy (a,r)}
and s(f) = sup{s(a, f) : a € D}. The Marden constant for the class of normal
harmonic mappings f with M(f) =m > 0 is given by
M = inf{s(f) : f is a normal harmonic function with M (f) = m},
where M(f) is defined in Definition 2.

Theorem 8. ([19, Theorem 4.1]) Suppose that f is a normal harmonic mapping
such that f(0) = fz(0) = f.(0) —m = 0. Then

M(f) > 2arctanh <;> .

3(1 4+ m?)

2. Modulus continuous and harmonic Hardy space

Let €2 be a domain in C and p > 0 a conformal metric in 2. The Gaussian
curvature of the domain is given by

1 Alogp
P 9 0
We denote A(z)|dz|* the hyperbolic metric in D, where A(z) = 4/(1 —|z|*)?. The
following is Ahlfors-Schwarz lemma.

Lemma 1. If p > 0 is a C? function (metric density) in D and Gaussian cur-
vature K, < —1, then p < A.

A sense-preserving harmonic mapping f in 1D, is said to be a K-quasiregular
harmonic mapping if for any z € D,

M) e
Ar(2)
where Ay = |f.| + |fz] and A\f = |f.| — | fz].
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In [10], Chen proved the following Schwarz-Pick type theorem for K-quasiregular
harmonic mappings.

Theorem 9. ([10, Theorem 7|) If f is a sense-preserving and K-quasiregular
harmonic mapping of D into itself, then

M) < 4K cos(|f(2)7/2])

T 1— |22

holds for z € D.

By using Lemma 1, the authors in [25] improved Theorem 9 as follows.

Theorem 10. (25, Lemma 1]) Let f be a K-quasiregular harmonic mapping in
D with f(D) C D. Then for any z € D,

L= |f () _ 4K cos(]f(2)7/2])
1—1z2 — 7 L—1z]2

Moreover, the first inequality of (2.1) is sharp when K — 1.

(2.1) A(2) < K

2.1. Local Lipschitz space and A, -extension. A continuous increasing func-
tion w : [0,00) — [0,00) with w(0) = 0 is called a majorant if w(t)/t is non-
increasing for ¢ > 0. Given a subset 2 of C (or C"), a function f : Q@ — C is
said to belong to the Lipschitz space A, (2) if there is a positive constant C' such
that

(2.2) 1f(2) = f(w)| < Cw(]z —w]) forall z, we Q.
For 9 > 0, let

5
(2.3) /@dtﬁ(]-w(é),0<5<5o
0
and
+o00 w(t)
(2.4) 5/ t—thgC-w(é), 0 <6 < do,
5

where w is a majorant and C' is a positive constant.

A majorant w is said to be regular if it satisfies the conditions (2.3) and (2.4)

(see [35, 63]).

Let G be a proper subdomain of C" or R". We say that a function f belongs
to the local Lipschitz space locA, (G) if (2.2) holds, with a fixed positive constant
C, whenever z € G and |z — w| < 3d(z,0G), where d(-,-) denotes Euclidean
distance (cf. [36, 47]). Moreover, G is said to be a A,-extension domain if
AL(G) = locA,(G). The geometric characterization of A,-extension domains
was first given by Gehring and Martio [36]. Then Lappalainen [47] extended it
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to the general case and proved that G is a A, -extension domain if and only if
each pair of points z, w € GG can be joined by a rectifiable curve v C G satisfying

w(d(z,0Q))
/vW ds(z) < Cw(|z —w))

with some fixed positive constant C' = C(G,w), where ds stands for the arc
length measure on v. Furthermore, Lappalainen [47, Theorem 4.12] proved that
A -extension domains exist only for majorants w satisfying (2.3).

Dyakonov [35] characterized the holomorphic functions of class A, in terms
of their modulus. Later in [63, Theorems A], Pavlovié¢ came up with a relatively
simple proof of the results of Dyakonov. Recently, many authors considered this
topic and generalized Dyakonov’s results to pseudo-holomorphic functions and
real harmonic functions of several variables for some special majorant w(t) = %,
where o > 0 (see [46, 54, 56, 52, 53]). By using Theorem 10, the authors in [21]
extended [63, Theorems A and B] to planar K-quasiregular harmonic mappings
as follows.

Theorem 11. ([21, Theorem 1]|) Let w be a majorant satisfying (2.3), and let
G C C be a A, -extension domain. If f is a planar K-quasireqular harmonic
mapping of G and continuous up to the boundary 0G, then

FeA(G) <= |f| € Au(G) = |f| € AL(G,0G),
where A, (G, 0G) denotes the class of continuous functions f on G U OG which
satisfy (1.3) with some positive constant C', whenever z € G and w € 0G.
For any z1, 2, € G C C, let
. w(d(z,0G
dpc(21,22) 1= mf/st(z),

o

where the infimum is taken over all rectifiable curves v C G joining z; to z5. We
say that f € A inf(G) whenever for any 2, 25 € G,

‘f<21> - f<z2)‘ < de,G(’Zlu 22)7
where C'is a positive constant which depends only on f (see [44]).

Theorem 12. ([21, Theorem 2|) Let w be a majorant satisfying (2.3), and let G
be a domain in C. If f is a planar K -quasireqular harmonic mapping in G, then

f S Aw,inf<G) — |f‘ S Aw,inf<G>-
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2.2. Harmonic Hardy space. Many authors discussed the relationships be-
tween Hardy classes of holomorphic functions and integral means (see [43, 62]).
In order to derive an analogous result of [43, Theorem 1] for the setting of har-
monic mappings, we need to introduce some notation.

For a harmonic function f in D, p > 0 and 0 < r < 1, we define

27 1/p
brd) = (5 [ e as)

and say that f belongs to the harmonic Hardy class Hj, if
1fll, = sup L(r, f) < ooc.
0<r<1

For a harmonic mapping f in D, the generalized harmonic area function Ay (r, f)
is defined by

Ah(ra f) = |Vf(2’)|2dA(Z),
Dy
where dA denotes the normalized Lebesgue measure on D and

VA= (2 )2, F = () and Lofr. ) = max| /()]

The following theorem is an analogous result of [43, Theorem 1].

Theorem 13. ([21, Theorem 3|) Let f be harmonic in D and § > 0. Then for
l<p<2,

5(2

1, B
fe%i(Dw/ A, )= 7) 5 dr < oo,
0
while for p > 2,

/1A,§(7~, A=) Fdr < 400 = f € HY(D).

0
Theorem 14. (|21, Theorem 4]) Let f € H) (D) and § > 0. If 1 < p <2, then

5(2—p)+2
lim (1—r) »  Ap(r,f)=0.

r—1—

In [21], the following version of Landau’s theorem for a class of harmonic
Hardy mappings is also established.

Theorem 15. (21, Theorem 5]) Let f be a harmonic in D with || f||, < M and
f(0) = Ap(0) = 1 =0, where M is a positive constant, A¢(z) = || f.(z)| — | fz(2)]]
and p > 1. Then f is univalent in D, , where

po = ¢(ro) = max p(r), @(r)=r (1 —/ ﬁ) :
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with
4 >M
p= T
T r(l—r)r
Moreover, f(D,,) contains a univalent disk D with
Ro = ro(ro) .
2ro — ¢(ro)

In Theorem 15, we remark that maxg.,~1 ¢(r) does exist, since

r1~I>r(I]1+S0<T) - rliqlf ()O(T) - O

2.3. Integral mean problem of Girela and Peldez. A classical result of
Hardy and Littlewood asserts that if p € (0, 00], a € (1,00) and f is an analytic

function in D, then
(r,f)=0 LY asr — 1
P 1—r

if and only if

1 a—1
Ip('r’,f):O<log1_T) as r — 1,

where

o 1/p
bd) = (5 [ Ifeepas) e o)

We refer to [29, 32, 33, 38, 40, 41, 43, 62| for many other related discussions
concerning the case of analytic functions. Indeed the above result of Hardy and
Littlewood provides a close relationship between the integral means of analytic
functions and those of its derivative [32, 40, 41]). In [38, Theorem 1(a) |, Girela
and Pelaez refined the above result for the case o = 1 as follows.

Theorem 16. If p € (0,00) and f is an analytic function in D such that

Ip(r,f'):0<1ir> asr — 1

then

1 B
(2.5) L(r,f)=0 <log 7’) asr — 1, for all > 1.
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In [38, p.464, Equation (26)], Girela and Peldez asked whether or not § in
(2.5) can be substituted by 1/2. In [23], the present authors settle this problem
affirmatively for a more general class of harmonic mappings in the unit disk. In

addition, we also obtain several analogous results for harmonic mappings (see
also [14]).

Later in [23], the authors generalized Theorem 16. In the case of analytic
function f, Vf equals f'(z) and therefore, the following theorem also contains a
solution to the open problem of Girela and Peldez [38, p.464, Equation (26)].

Theorem 17. ([23, Theorem 1]) If p € (2,00) and f is harmonic function in D

such that |

1—17r

1/2
) asr — 1.

Theorem 18. (23, Theorem 2]) If p € (2,00) and f is harmonic function in D
such that

(2.6) L, Vf) =0 (L) as o 1,

1—17r
1/p
) asr — 1.

The following result is a generalization of [38, Theorem 2 | for the harmonic
case.

Theorem 19. ([23, Theorem 3]) If p € (0,2] and f is a harmonic function in D
satisfying the condition (2.6), then
1/p
) asr — 1.

Moreover, this result is sharp and one of the extremal functions is f(z) = 1/(1—
2)YP where p € (0,2].

[p(r,Vf):O< ) asr— 1,

then

L(r,f)=0 <log 1 L

—r

then

Io(r,f)=0 <log 1 !

- T

L(r, f)=0 (log N !

—-Tr

Next two theorems provide coefficient estimates and a distortion theorem for
harmonic Hardy mappings.

Theorem 20. ([23, Theorem 4]) Let f be a harmonic in D such that

f(z) = Z anz" + Zgnin,
n=1

n=0
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and || f|l, < M for some p € [1,00) and M > 0. Then |ao| < || f|, and for any
n>1,
2(1/p)+2M(1 + np)nJr(l/p)

an| + 0] <
an] + 164 L
In particular,

AM
) anl + Il < 25

as p — 00. For p = 0o, the estimates of (2.7) is sharp and the extremal functions

are oM | "
() = 2 (12051,

where |o| = |5| = 1.
Theorem 21. ([23, Theorem 5]) Let f be a harmonic in D with ||f|, < M for
some p € [1,00) and M > 0. Then, for any n > 1,
2(1/p)+2M(1 + p)1+(1/p)
mp(1 = [2[?)

[+ [f2(2)] <
In particular,
AM
(2.8) |f=(2)] + | fz(2)] < 0= 2

as p — oo. For p = oo, the estimates of (2.8) is sharp and the extremal functions

1) =2 g (1253,

where |o| = 1 and ¢ is a conformal automorphism of D.

We remark that Theorem 21 is a generalization of [30, Theorems 3 and 4].

3. Real harmonic functions

Let R" = {z = (21,...,2,) : 1,...,2, € R} denote the real vector space of
dimension n. It is often convenient to identify each point = = (z1,...,2,) € R"
with an n x 1 column matrix so that

€

T
For a = (ay,...,a,), v € R", we define the Euclidean inner product (-,-) by

(x,a) =x101 + -+ - + Th0a,



Recent results on harmonic and p-harmonic mappings 113

so that the Euclidean length in R™ is defined by
o] = (o, )2 = (e P 4o )2
Denote a ball in R™ with center 2’ and radius r by
B"(z',r)={x e R": |z — 2| <r}.
In particular, B" denotes the unit ball B"(0,1). Set B* = D, the open unit disk
in the complex plane C.

As in the plane case, a function f of an open subset 2 C R" into R is called
harmonic if Af = 0, where A denotes also for the n-dimensional Laplacian
operator

3.1. Schwarz lemma for real harmonic functions. Recently, Knezevi¢ and
Mateljevi¢ [55] proved that if f is a K-quasiconformal mapping of D into itself,

then 2
£+ 1£(2) < kAT EE

1|22

Kalaj and Vuorinen [45] proved that if u is a real harmonic function of D into
(—1,1), then

Vu(z) < 21=wC)

ST Topp et

where Vu = (u,, u,) denotes the gradient of u. There are also many other authors
discussed Schwarz’s lemma for harmonic functions (resp. harmonic mappings),
see for examples [9, 16, 17, 18, 27, 45, 55, 64].

The classical Schwarz-Pick lemma tell us that if f is an analytic function from
D into itself, then

p(f(2), f(w)) < p(z,w) for z,w € D,
where p(z,w) denotes the hyperbolic distance between z and w in D given by

1 1+ z—iw _
pz,w) = 5 log <M> = arctanh} S

1 — |2 1—zwl

For an analytic function f on D into itself, Beardon and Minda [4] defined
[f(2), f(w)]

[2,w]

[ (zw) =
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as the hyperbolic difference quotient, where

£ )] = LD g g, g = 220
1= f(2)f(w) 1—zw
z,w € D. They also investigated some properties of hyperbolic derivative of f.
In [14], the authors discussed the hyperbolic difference quotient for real harmonic
functions. It may now be appropriate to call next result as a Schwarz-Pick lemma
for real harmonic functions.

Theorem 22. ([14, Theorem 1]) Let u be a real harmonic function of D into
(=1,1). Then

) - up [25050] - [AREG ] < 2

Moreover, Ly(u) = 4/m if and only if

where ¢ is an automorphism of the unit disk .

The following result is a generalization of [45, Theorem 1.12].
Theorem 23. ([14, Theorem 2|) Suppose that w: D — (—1,1) is real harmonic
on planar hyperbolic domain D. Then

4
pD(U(Z’),u(U}) < ;pD(va)a Z,w € D.

Let o(z,w) = ||z, w]| denote the pseudo-hyperbolic distance between z and w
in the plane hyperbolic domain D.
Theorem 24. ([14, Theorem 3]) Let u be a real harmonic function of a planar

hyperbolic domain D into (—1,1). Then, for z,w € D,

op(u(z), u(w)) < %arctan(ap(z,w)) < ;ap(z,w).

The following result is an analogy of [37, Theorem 1].
Theorem 25. ([14, Theorem 4]) Let u be a real harmonic function of D into R.

! [|()—()|

B, = sup
p(z,w)

z#w

< 00,

then, for z,w € D,

(1= 12 Vu(z)] = (1 = [w]*)|Vu(w)]] < %Bw(%w)-
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We remark that the constant 3v/3 /2 in Theorem 25 is better than the constant
3.31 in [37, Theorem 1].

Next, we generalize [42, Lemma] into the following form.

Theorem 26. ([14, Theorem 5]) Let f: D — B™ C C" be a harmonic mapping
with f(0) = 0. Then

4
lf(2)] < - arctan |z|

and this inequality is sharp for each point z € .

The following two results are the generalization of [63, Theorems A and B|.

Theorem 27. ([14, Theorem 6]) Let w be a majorant satisfying (2.3), and let
G C R" be a A, -extension in R™. If f is a real harmonic function of G into R
and continuous up to the boundary OG, then

[ € M(G) = [f] € Au(G) = [f] € Au(G,0G),

where A, (G,0G) denotes the class of continuous functions f on G U IG which
satisfy (2.2) with some positive constant C', whenever z € G and w € 0G.

For any x1,2, € G C R", let
. d(x,0G
dw,G(%,@) = Hlf/ %ds(z),

Y

where the infimum is taken over all rectifiable curves v C G joining z; to xs. We
say that f € Ay ne(G) whenever for any z,, 29 € G,

|f(z1) = fz2)| < Cdo (a1, 22),
where C'is a positive constant which depends only on f (see [44]).

Theorem 28. ([14, Theorem 7]) Let w be a majorant satisfying (2.3). If f is a
real harmonic function of G C B™ into R, then

J € MAint(G) = |f]| € Auint(G).
3.2. Generalization of a result of Girela and Peldez. Let f = (f1,..., f,)

be a vector-valued and real harmonic function from B™ into R"™, that’s, for each
i € {1,2,...,n}, f; is a harmonic function from B" into R. We denote the

Jacobian of f by Jy, where
dfi
Jf:( J ) |
axj nxn
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Let H(B",R"™) be the set of all real harmonic functions of f from B™ into R".
Also, let HP(B™,R") denote the harmonic Hardy class consisting of all functions
f € H(B",R") such that

171l = sup My(f.7) < o0,

0<r<

where p € (0,00), M2(f,7) = [,p. | f(r¢)[Pdo(¢) and do is the normalized surface
measure on OB".

The following result is a generalization of Theorem 17.

Theorem 29. Ifp € (2,00) and f € H(B",R) (n > 3) such that

1
1—r

1/2
Mp(r,f):O<<loglir) ) as r — 1.

3.3. Landau-Bloch’s theorems for holomorphic mappings. For general
holomorphic mappings of more than one complex variable, no Landau-Bloch
constant exists (cf. [73]). In order to obtain some analogs of Landau-Bloch’s
theorem for mappings with several complex variables, it is necessary to restrict
the class of mappings considered, see [20, 25, 26, 51, 72, 73].

By using the Schwarz’s lemma and distortion theorems, we can obtain a
schlicht Bloch constant for vector-valued harmonic functions in the Hardy space.

Mp(r,Vf):O< ) asr — 1,

then

Theorem 30. ([14, Theorem 5]) Suppose that f € HP(B",R™) satisfies || f]|, <
Ky for some constant Ky > 0 and J¢(0) —1 = [f(0)| = 0, where p > 1. Then
f(B") contains a univalent ball B"(0, R), where

R > max p(r) > max 4 ,
= 0<T<190( ) 2 0<r<l1 {Q(TLK(T))"l\/Q[l + m2(nK(T))2(”1)]}

o) = rplr) | ey = m(VB/2 = I2= )

with

plr) = 1/3/20L + m2(n (1)20D), K(r) = 27 Ko/ (1 =)=/

and
B 4M

= —I[B+V2)n+2v2n.

m
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We remark that, as
lim ¢(r) = lim ¢(r) =0,

r—0+ r—1—

the maximum of () in Theorem 30 does exist.

4. Some properties of planar p-harmonic mappings

A 2p times continuously differentiable complex-valued function f = u+iv in a
domain D C Cis p-harmonic if f satisfies the p-harmonic equation A --- A f =0,

p
where p is a positive integer and A represents the complex Laplacian operator
defined in the introduction.

It is known that a mapping f is p-harmonic in a simple connected domain D
if and only if f has the following representation:

p
(4.1) f(2) =) PGy (2),
k=1
where AG,_;11(2) =0 in D for each k € {1, ..., p} (cf. [15, Proposition 2.1]).

Obviously, when p = 1 (resp. 2), f is harmonic (resp. biharmonic). Through-
out the section we consider p-harmonic mappings in the unit disk .

Definition 3. We say that a univalent p-harmonic mapping f with f(0) =0 is
starlike with respect to the origin if the curve f(re') is starlike with respect to
the origin for each r € (0,1).

Proposition 1. If f is univalent, f(0) = 0 and % (arg f(re™)) > 0 for z # 0,
then f is starlike with respect to the origin (cf. [65]).

Definition 4. We say that a univalent p-harmonic mapping f with f(0) = 0

and %}fu) # 0 whenever 0 < r < 1, is said to be convez if the curve f(re™) is

convex for each r € (0,1).

Proposition 2. If [ is univalent, f(0) =0 and %(arg %f(re“)) >0 for z #0,
then f is convex (cf. [65]).

Our results in this direction are Theorems 31 and 32.

Theorem 31. ([24, Theorem 3.1]) Let f be a univalent p-harmonic mapping of
D with the form

F(2) =) Ml=PH0a(2),
k=1
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where G is a locally univalent harmonic mapping and A\, (kK = 1,2,...,p) are
complex constants. Then f is convex (resp. starlike) if and only if G is convex
(resp. starlike).

Theorem 32. ([24, Theorem 3.2]) Let f be a p-harmonic mapping of D satisfying
f(2) = |z]**=VG(2), where G is harmonic, orientation preserving and starlike.
Then f is starlike univalent.

4.1. Regions of variabilities of certain class of p-harmonic mappings.
Recently, Yanagihara [75, 76], and Ponnusamy and Vasudevarao [66, 67] have
discussed the regions of variability for certain classes of univalent analytic func-
tions in . Then Chen and Huang [13] generalized the corresponding results of
[66, 76] to general cases.

Definition 5. Let H, denote the set of all p-harmonic mappings of D with the
normalization f»-1(0) = (p — 1)! and |f| < 1. Here we prescribe that Hy = 0.
For a fized point zy € D, we also let

Vi(20) = {f(20) : fE€H,\Hp 1}
Then we have

Theorem 33. (|24, Theorem 4.1])
(1) Ifp=1, then Vi(z) = {1};

(2) Ifp > 2, Vy(z0) = D.

By the same proof of (1) in Theorem 33, we obtain the following generalization
of Cartan’s uniqueness Theorem (see [7] or [69, page 23]) for harmonic mappings.

Theorem 34. (|24, Theorem 4.2]) Let f be a harmonic mapping in D with
f(D) CDand f.(0) =1. Then f(z) = z in D.

Lemma 2. ([49, Lemma 2.1]) Suppose that f(z) = h(z) + g(2) is a harmonic
mapping of D with h(z) = Y 07 a,2" and g(z) = > o2 b,2" for z € D. If
Jp(0) =1 and |f(2)| < M, then

lan], [bn] < VM2 -1, n=23,...,

|an| + |bn] < V2M?2 -2, n=23,...
and Ap(0) > A\o(M), where

V2
M(M) = VM2 =1+ VM +1

o ; M
i if >

fl<M<
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4.2. Landau’s theorems for p-harmonic mappings. By using Theorem 1
and Lemma 2, the authors obtained the following results.

Theorem 35. ([24, Theorem 5.1]) Let f(z) = S0_, [2|** VG, 4y1(2) be p-
harmonic mapping of D satisfying AG,_j1+1(z) = f(0) = G,(0) = J¢(0) =1 =0
and for any z € D, |Gp_p41(2)| < M, where M > 1. Then there is a constant
p (0 < p < 1) such that L(f) is univalent in D,, where p satisfies the following
equation:

T(M) & o PooT(M)p?t 16M
Xo(M) — 2k — 1)p**F ) — — tan p = 0
0( ) (1 . p)g ;( )p ; (1 — p)3 2 Sp arctan p
with so ~ 4.2, \g(M) as above, and
V2MZ =2 if 1< M < —
TON =< am e d
— i M > ——

s 72— 8

Moreover, the range L(f)(D,) contains a univalent disk Dp,, where

p _
T(M)p**=Y  16M
Ry =p | (M) —kz; - - sparctanp| .
Theorem 36. ([24, Theorem 5.7]) Let f(z) = |2]*®"VG(2) be a p-harmonic
mapping of D satisfying G(0) = Jz(0) =1 = 0 and |G| < M, where M > 1
and G is harmonic. Then there is a constant p (0 < p < 1) such that L(f) is
univalent in D,, where p satisfies the following equation:

48M 2T(M)p
Ao(M) — —— t ———==0.
o(M) 5 Soarctanp 1=y
Moreover, the range L(f)(D,) contains a univalent disk Dp,, where
16M

Ro = p* 1 [ Xo(M) —

2 Sparctanp| ,

S0, Ao(M) and T(M) are the same as in Theorem 35. Especially, if M = 1, then

f(2) = |2]*P=V 2 is univalent.

5. Landau’s theorem for p-harmonic mappings in C"

As usual, C'(X) denotes the set of all continuous functions f : X — C,
where X is a topological space.

Definition 6. Suppose 2 is an open domain of C*. A function f = (f1,..., fm) :
Q — C™ is said to be p-harmonic in € provided
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(a) for each i€ {1,...,m}, fi € C(Q) and
(b) each component f; of f is p-harmonic with respect to each variable sepa-
rately.

In particular, when p =1 (resp. 2), f is called harmonic (resp. biharmonic).

By Definition 6 and (4.1), we have

Proposition 3. f: B" — C™ is p-harmonic if and only if f has the following
representation:

p
f(Z) = f(zla ) Zn) - Z |Zl|2(kl_1) e |Zn|2(kn_1)Gp—k1+1,...7p—kn+1(Z)a
kiyokn=1
where all Gy, 41, p—kn+1 : B" = C™ are harmonic for ky, ... k, € {1,...,p}.
Let C" ={z=(z1,...,20) ¢ 21,...,2, € C} the complex space of dimension

n and Z the conjugate of z, that is, Z = (Z1,...,Z,). We define its length by
2l = (2, 2)% = (laf + - + [zal)2.

Denote a ball in C™ with center 2’ and radius r by
B"(z,r)={2€C": |z—Z| <r}.

In particular, B” denotes the unit ball B"(0,1). Obviously, B! = D, the open
unit disk.

For a mapping f = (fi,..., fm) of a domain in C" into C™, we denote by
Of [0z the column vector formed by df;/0z, ..., 0fn/0z; and by

_(of of
G =

the matrix formed by these column vectors. Let

(of of

For an n x n matrix A, we introduce the operator norm

A
|A] = sup % = max{|A9| : 6 € IB"}.
x#0

The authors established the following two lemmas to prove the next main result.
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Lemma 3. (22, Lemma 2.1]) Let A = (a;;(2)) be a matriz-valued harmonic

mapping of B™(0,r) into the space of all n x n complex matrices, that’s, each
a; ;(z) is a harmonic mapping of B™(0,7) into C. If A(0) =0 and |A(z)] < M
for z € B"(0,r), then

A()) < 2L (g 2z U )
T T r2—|z]2

Lemma 4. ([22, Lemma 2.2]) Let f be a harmonic mapping of B™ into C™ with
lf(2)| < M for z € B", where M is a positive constant. Then

max (|1, ()1} < HEEEE

By applying Lemmas 3 and 4, the authors obtained the following result.
Theorem 37. ([22, Theorem 2.1]) Let

p
FE = > [ g PO NG, o (2),
ki,....kn=1
where all Gp_g 11, p—k,+1 are harmonic for ki, ...k, € {1,...,p}. Suppose

f(0) =0, |det £,(0)] — « = |fz(0)] = 0 and for any z € B", ki,...,k, €
{1,...,p},

where a and M are positive constants. Then there is a constant py € (0,1) such
that f is univalent in |z| < po. In specific py satisfies

0 = o  AM[5n + 2v/2(n+1)](2n — 1)p
(nM)n—1 T % — p?

-2 zp: [( zn:(krl _ 1)2)%p2(k1+“'+kn)*2n71M

(k1yoskn)#(1,.01) 0=l
+ n+ (n+1)p|M pQ(’“*“‘*’“"”"]
(1-p?)

and f(B"™) contains a univalent ball of radius at least Ry, where

Ry = p a _ 2M[5n + 2v/2(n +1)](2n — 1)p

[(2n + 1) M]"—? /3 — p?
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B Z [ k31+ +kn—n

20n + (n+ 1)po] Mpg ™ 2
A= R+ +kn>—2n+u]

5.1. Pluriharmonic mappings. A continuous complex-valued function f de-
fined on a domain €2 C C" is said to be pluriharmonic if for each fixed z € €2 and
0 € 0OB", the function f(z + 6¢) is harmonic on the complex variable ¢, for ||
smaller than the distance of z from 99 (cf. [70, 77]). Moreover, a mapping f of
B"™ into C" is pluriharmonic if and only if f has a representation f = h+g, where
g and h are holomorphic mappings. Let H' denote the set of all pluriharmonic
mappings of B™ into C". It is not difficult to know that f € H is harmonic.
Especially, functions in H{ are planar harmonic mappings.

Let f: © — R" be a continuous mapping of domain 2 C R™. Then f is called
quasiregular if f € W}, (Q) and

|f'(@)|" < KJy(x) for almost all = € Q,

where K (K > 1) is a constant. Here f € W}, .(Q) means that the distributional
derivatives 0f;/0x), of the coordinates f; of f = (f1,-.., fa) are locally in L"
and J¢(x) denotes its determinant (cf. [68, 71]).

Definition 7. A pluriharmonic mapping f of B" into C" is said to be a (K, K )-
quasireqular pluriharmonic mapping if for any z € B™ and 0§ € OB,

()" < K| det f.(2)] and K1|fz(2)0] < | £.(2)0),
where K > 1 and K7 > 1 are constant.

Obviously, a (K, K;)-quasiregular pluriharmonic mapping f of B" into C" is
K-quasiregular mapping if fz = 0 (see [73]).

The following is a Landau’s Theorem for a class of (K, K7)-quasiregular pluri-
harmonic mappings.

Lemma 5. ([22, Lemma 3.2]) Let f € H with \f(z)\ < M for z € B". Then
maX{|fz(z)|> |fz |} = W

and
(4M)"

n(1— |z

max{|detfz , | det fz(z |}_
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Lemma 6. ([22, Lemma 3.3]) Let A = (a;;(z))  be a matriz-valued holomor-

phic mapping of B™(0, ) into the space of all n xn complex matrices, that’s, each
a; ;(z) is a holomorphic mapping of B"(0,7) into C. If A(0) =0 and |A(2)| < M
for z € B"(0,r), then

M
A()] < el

By using Lemmas 5 and 6, we have

Theorem 38. ([25, Theorem 3]) Suppose f is a (K, K1 )-quasiregular plurihar-
monic mapping of B™ into C* with |det f,(0)] = 1. Then f(B") contains a
schlicht ball with radius at least

(1 - KLI)Q,H.anl (1 - KL)Qﬂ.anl 1
- > L -
Ro 24n—Lyp (M*)2n—1 jnax p(t) 2 24n—T (M*)2n—1 @(2),
where
12 Ku(1+ K))
t) = M= ——7F+—= d m ~ 4.199556.
0= Cogli — o R

Here maxg;<1 p(t) does exist, since

A e (1) = lip o) =0

Theorem 39. ([22, Theorem 3.1]) Let

P

FE= Y PR PEIG,  n (2),

where all Gp_gy 41, p—kn+1 € Hpy for ki, ... k, € {1,...,p}. Suppose f(0) =0,
|det £.(0)] —a = [fz(0)| =0 and for any z € B", ky,...,k, € {1,...,p},

where oo and M are positive constants. Then there is a constant py € (0,1) such
that f is univalent in |z| < po. In specific py satisfies

n—1

am 4(ms 4+ my)Mp
(4M)n—1 7T

p n 4Mp2(k1+"'+k”)_2"

23 (e ey R

(kyekn)£(1,01) =1

and f(B") contains a univalent ball of radius at least Ry, where

= 0.

n—1

am 2(my + mo) M pg
flo- = '00{(4M)"—1_ r
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1
- ( Z?zl(kz - 1)2) ng(k1+"'+kn)—2n—1M

(k1yeeskn)#(L,.01) kv+---+k,—n

SMPQ(k1+"'+kn)_2n
+ - 2 }
(1 — pg)[2(k1 + - -+ ky) — 2n + 1]

ms =~ 4.200 and m4 ~ 2.598 are constants.
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