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SH. Chen, S. Ponnusamy, and X. Wang

Abstract. The class of conformal mappings is a natural object in the study
of theory of analytic functions. Likewise univalent harmonic mappings (both
in the planar and in the higher dimensional case) is natural in the class of
harmonic functions. During the last thirty years, the univalent harmonic
mappings and many other related investigations become popular in geometric
function theory, eg. in the study of minimal surfaces. In this survey, we mainly
deal with recent works of the present authors and some related investigations
without proof.

Keywords. Harmonic mapping, p-harmonic mapping, Landau-Bloch’s con-
stant, Integral means.

2010 MSC. 30C55, 30F45, 31C05, 30C65.

Contents

1. Planar Harmonic mappings 100

1.1. Sharp coefficient estimates 101

1.2. Differential operator L 102

1.3. Landau-Bloch’s constant for harmonic mappings 102

1.4. Marden’s constant for harmonic mappings 104

2. Modulus continuous and harmonic Hardy space 106

2.1. Local Lipschitz space and Λω-extension 107

2.2. Harmonic Hardy space 109

2.3. Integral mean problem of Girela and Peláez 110
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1. Planar Harmonic mappings

A complex-valued function f defined on a domain D is called harmonic in D
if and only if it is twice continuously differentiable and ∆f = 0, i.e. the real and
imaginary parts are real harmonic in D, where ∆ represents the usual complex
Laplacian operator

∆ = 4
∂2

∂z∂z
=

∂2

∂x2
+

∂2

∂y2
.

A four times continuously differentiable function f is said to be biharmonic in D
if the Laplacian of f , namely ∆f , is harmonic in D. The properties of harmonic
and biharmonic mappings have been investigated by a number authors (cf. [1,
2, 3, 11, 16, 28, 35]).

An obvious fact is that every harmonic mapping f defined on a simply con-
nected domain D admits a canonical decomposition f = h + g, where h and
g are analytic in D. We refer to [28, 34] for the theory harmonic mappings.
For harmonic mappings f of the unit disk D = {z ∈ C : |z| < 1}, we use the
following standard notations:

Λf(z) = max
0≤θ≤2π

|fz(z) + e−2iθfz(z)| = |fz(z)|+ |fz(z)|

and
λf(z) = min

0≤θ≤2π
|fz(z) + e−2iθfz(z)| =

∣
∣ |fz(z)| − |fz(z)|

∣
∣.

Then Jf = λfΛf if Jf ≥ 0, where Jf denotes the Jacobian of f given by

Jf(z) = |fz(z)|2 − |fz(z)|2.
Definition 1. We say that f ∈ HM(D) if f is harmonic in D and |f(z)| ≤ M
for z ∈ D. We use the canonical decomposition f = h + g with the analytic
functions h and g having the power series of the form

(1.1) h(z) =

∞∑

n=0

anz
n and g(z) =

∞∑

n=1

bnz
n.
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1.1. Sharp coefficient estimates. One of the long standing open problems
in geometry function theory is to determine the precise value of the schlicht
Bloch constant for analytic functions of D. It has attracted much attention,
see [50, 57, 58, 59] and references in these articles. By using subordination,
the authors obtained the following sharp coefficient estimates which is crucial
in obtaining bounds for the Landau-Bloch constants. For example, by applying
this theorem, the authors improved many previously known results (see Section
3) on Landau’ and Bloch’s theorems and also about Landau and Bloch constants
for harmonic and biharmonic mappings.

Theorem 1. ([18, Theorem 1] or [17, Lemma 1]) Suppose f ∈ HM (D) and f =
h+ g. Then |a0| ≤M and for each n ≥ 1,

|an|+ |bn| ≤
4M

π
.

The above estimate is sharp for each n ≥ 1. For each n ≥ 1, the extremal
function is

fn(z) =
2Mα

π
arg

(
1 + βzn

1− βzn

)

, |α| = |β| = 1

or f(z) ≡M.

The classical theorem of Landau shows that there exists a ρ = ρ(M) > 0 such
that every function f , analytic in D with f(0) = f ′(0) − 1 = 0 and |f(z)| <
M , is univalent in the disk Dρ = {z ∈ C : |z| < ρ} and in addition, the
range f(Dρ) contains a disk of radius Mρ2 (cf. [47]). Recently, many authors
considered Landau’s theorem for planar harmonic mappings (see for example,
[8, 11, 16, 31, 39, 48, 49, 74]) and biharmonic mappings (see [1, 11, 16]). As
remarked above, Theorem 1 has been proved to be useful. As another application
of Theorem 1, one can get the following sharp distortion theorem.

Corollary 1. Suppose f ∈ HM(D). Then

Λf(z) ≤
4

π(1− |z|2) for z ∈ D.

We remark that Corollary 1 coincides with the result of Colonna [30, Theorem
3] who has discussed harmonic Bloch functions. By applying Corollary 1, we can
improve [74, Theorem 2] and [49, Theorem 2.3], respectively, as follows.

Theorem 2. ([16, Theorem 1]) Assume that f ∈ HM(D) with Jf (0) = 1. Then
f is univalent on a disk Dr1 with

r1 =
π2
√

24M2 + π2 − 4M
√
36M2 + 2π2

4[π2 + 2M
√
36M2 + 2π2 + 12M2]
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and f(Dr1) contains a univalent disk DR1 with R1 = πr1/(8M).

Theorem 3. ([18, Theorem 4]) Let f ∈ HM(D) with f(0) = fz(0) = fz(0)− 1 =
0. Then f is univalent in the disk Dr0 with r0 = φ(Mr) and f(Dr0) contains a
univalent disk of radius at least

R0 := max
0<r<1

ψ(Mr),

where

φ(x) =
rx

(x2 + x− 1)
, ψ(x) = r

[

1 +

(
x2 − 1

x

)

log

(
x2 − 1

x2 + x− 1

)]

and

Mr =
4M

π(1− r2)
.

1.2. Differential operator L. Let L denote the complex-operator

(1.2) L = z
∂

∂z
− z

∂

∂z
.

We see that it is linear and satisfies the usual product rule:

L(af + bg) = aL(f) + bL(g) and L(fg) = fL(g) + gL(f),

where a, b are complex constants, f and g are C1-(i.e. continuously differentiable)
functions. It is easy to see that the operator L possesses a number of interesting
properties, e.g. L preserves both harmonicity and biharmonicity. Many other
basic properties are stated for instance in the paper of Mocanu [60] (see also
[2, 11]).

It is well-known that a sense-preserving harmonic functions have the open
mapping property (i.e. they map every open subset of D to an open set in
C). We call f univalent or locally univalent in D if it is one-to-one or locally
one-to-one in D, respectively.

Liu [49, Theorem 2.6] proved that for open harmonic mappings f of D nor-
malized by fz(0) = 1 and fz(0) = 0, f(D) contains a univalent disk of radius at
least R ≈ 0.027735 which is an improvement of earlier known results [8, Theorem
7] and [39, Theorem 2.5]. It is natural to obtain a similar result but for L(f)
defined by (1.2).

1.3. Landau-Bloch’s constant for harmonic mappings. In our next result,
we determine an estimate for the Bloch constant of L(f) when f runs on the class
of open harmonic mappings. It is worth pointing out that (see [2, Corollary 1(3)])
the operator L(f) for biharmonic functions behaves much like zf ′ for analytic
functions, for example in the sense that for f univalent and biharmonic, f is
starlike in D if and only if Re (L(f)(z)/f(z)) > 0 in D.
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Theorem 4. ([18, Theorem 5]) Let f be an open harmonic mapping of D nor-
malized by fz(0) = 1 and fz(0) = 0. Then L(f)(D) contains a univalent disk of
radius at least

R = max
0<r<1

ϕ(r)

where

ϕ(r) =
r√
2

1−
√

1− 1
1+Mr−

1
Mr

1 +
√

1− 1
1+Mr−

1
Mr

, Mr =
2(1 + r)

1− r
.

Moreover, L(f)(D) contains a univalent disk of radius at least R ≈ 0.0143328.

A harmonic function f is called a harmonic Bloch mapping if and only if

sup
z,w∈D, z 6=w

|f(z)− f(w)|
ρ(z, w)

< +∞,

where

ρ(z, w) =
1

2
log

(

1 + | z−w
1−zw

|
1− | z−w

1−zw
|

)

= arctan h

∣
∣
∣
∣

z − w

1− zw

∣
∣
∣
∣

denotes the hyperbolic distance between z and w in D. In the following, we
denote the hyperbolic disk (resp. circle) with center a and radius r > 0 by
Dh(a, r) = {z : ρ(a, z) < r} (resp. Sh(a, r) = {z : ρ(a, z) = r}). Obviously, for
each a ∈ D, the following are equivalent:

(1) ρ(a, z) = r; (2)

∣
∣
∣
∣

z − a

1− az

∣
∣
∣
∣
= tanh(r); (3)

|1− az|2
1− |z|2 =

1− |a|2
1− tanh2(r)

.

In [30], Colonna proved

(1.3) sup
z,w∈D, z 6=w

|f(z)− f(w)|
ρ(z, w)

= sup
z∈D

(1− |z|2)Λf(z).

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB1,
forms a complex Banach space with the norm ‖ · ‖ given by

‖f‖HB1 = |f(0)|+ sup
z∈D

(1− |z|2)Λf(z).

For ν ∈ (0,∞), a harmonic mapping f is called a harmonic ν-Bloch mapping
if and only if ‖f‖HBν

< +∞, where

(1.4) ‖f‖HBν
= |f(0)|+ sup

z∈D
(1− |z|2)νΛf(z).

It can be easily shown that the set of harmonic ν-Bloch mappings with this norm
forms a ν-Banach space, which we denote by HBν .
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1.4. Marden’s constant for harmonic mappings. Let χ denote the chordal
metric on the extended complex plane C∞. For a geometric purpose we view C∞

as the sphere in the 3-dimensional space R3 with center at (0, 0, 1/2) and radius
1/2, and have

χ(z, w) =







|z − w|
(1 + |z|2)1/2(1 + |w|2)1/2 if z, w ∈ C with z 6= w,

1

(1 + |z|2)1/2 if w = ∞.

Definition 2. A meromorphic harmonic mapping f in D is called a normal
harmonic mapping if M(f) <∞, where

M(f) = sup
z,w∈D, z 6=w

χ(f(z), f(w))

ρ(z, w)
.

By (1.3), we have

M(f) = sup
z∈D

{
(1− |z|2)Λf(z)

1 + |f(z)|2
}

.

Many authors discussed the coefficient estimate, distortion theorem, and the
existence of Landau-Bloch and Marden constants for analytic Bloch functions
(see [3, 5, 6, 57, 58, 59, 50]). But in literature there are no analogous results
for harmonic ν-Bloch mappings. For the following result, the authors have used
variational method and subordination to fill this gap.

Theorem 5. ([19, Theorem 2.1]) Let f = h + g be a harmonic mapping, where
g and h are analytic in D with the expansions (1.1). If λf(0) = α for some
α ∈ (0, 1] and ‖f‖HBν

≤M for M > 0, then

|an|+ |bn| ≤ An(α, ν,M) = inf
0<r<1

µ(r) for n ≥ 2,

where

µ(r) =
M2 − α2(1− r2)2ν

nrn−1(1− r2)νM
.

In particular, if ν =M = α = 1, then

µ(r) =
2− r2

nrn−3(1− r2)

and

(1.5) |an|+ |bn| ≤ An,
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where

An = An(1, 1, 1) =







0 for n = 2,
1

3
for n = 3,

√
2

2

(

3 +
√
17

(1 +
√
17)
√

5−
√
17

)

≈ 1.049889 for n = 4,

µ





√

3n− 7−
√
n2 + 6n− 23

2(n− 3)



 for n ≥ 5.

The estimate of (1.5) is sharp when n ∈ {1, 2, 3}. The extremal functions is

f(z) =
3
√
3

4





(

z + (
√
3/3)

1 + (
√
3/3)z

)2

− 1

3





or f(z).

As a consequence of Theorem 5, a computation gives

Theorem 6. ([19, Theorem 2.3]) Let f be a harmonic mapping with f(0) =
λf(0)− α = 0 and ‖f‖HBν

≤M , where M and α ∈ (0, 1] are constants. Then f
is univalent in Dρ0, where

ρ0 = ϕ(r0) = max
0<r<1

ϕ(r), ϕ(r) =
αr(1− r2)νM

αM(1− r2)ν − α2(1− r2)2ν +M2
.

Moreover, f(Dρ0) contains a univalent disk DR0 with

R0 = r0

[

α +
M2 − α2(1− r20)

2ν

M(1 − r20)
ν

log
M2 − α2(1− r20)

2ν

αM(1− r20)
ν − α2(1− r20)

2ν +M2

]

.

A special case of Theorem 6 gives the following sharp estimate which is indeed
a harmonic analog of [6, Theorem 2] and [6, Corollary 3].

Theorem 7. ([19, Theorem 2.4]) Let f ∈ HBν(α). Then for z with |z| <
a0+m0(α)
1+a0m0(α)

and a0 = 1/
√
1 + 2ν, we have

Λf(z) ≥ Re
(

fz(z) + fz(z)
)

≥ α(m0(α)− |z|)
m0(α)(1−m0(α)|z|)2ν+1

.

The equalities occur if and only if f(z) = eiϑFα(e
−iϑz) for some ϑ ∈ [0, 2π),

where

Fα(z) =
α

m0(α)

∫ z

0

m0(α)− ζ

(1−m0(α)ζ)2ν+1
dζ
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and m0(α) satisfies
√
1 + 2ν

(2ν + 1

2ν

)ν

m0(α)(1−m2
0(α))

ν = α.

Moreover, f(Dm0(α)) contains a univalent disc of radius R0, where

R0 ≥
α

m0(α)

∫ m0(α)

0

(m0(α)− t)

(1−m0(α)t)2ν+1
dt.

The equality occurs if and only if f(z) = eiϑFα(e
−iϑz) for some ϑ ∈ [0, 2π).

If f is a normal harmonic mapping and a ∈ D, then we set

s(a, f) = sup{r : f is schlicht in the hyperbolic disk Dh(a, r)}
and s(f) = sup{s(a, f) : a ∈ D}. The Marden constant for the class of normal
harmonic mappings f with M(f) = m > 0 is given by

M = inf{s(f) : f is a normal harmonic function with M(f) = m},
where M(f) is defined in Definition 2.

Theorem 8. ([19, Theorem 4.1]) Suppose that f is a normal harmonic mapping
such that f(0) = fz(0) = fz(0)−m = 0. Then

M(f) ≥ 2arctanh

(

1
√

3(1 +m2)

)

.

2. Modulus continuous and harmonic Hardy space

Let Ω be a domain in C and ρ > 0 a conformal metric in Ω. The Gaussian
curvature of the domain is given by

Kρ = −1

2

∆ log ρ

ρ
.

We denote λ(z)|dz|2 the hyperbolic metric in D, where λ(z) = 4/(1−|z|2)2. The
following is Ahlfors-Schwarz lemma.

Lemma 1. If ρ > 0 is a C2 function (metric density) in D and Gaussian cur-
vature Kρ ≤ −1, then ρ ≤ λ.

A sense-preserving harmonic mapping f in D, is said to be a K-quasiregular
harmonic mapping if for any z ∈ D,

Λf(z)

λf (z)
≤ K,

where Λf = |fz|+ |fz| and λf = |fz| − |fz|.
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In [10], Chen proved the following Schwarz-Pick type theorem forK-quasiregular
harmonic mappings.

Theorem 9. ([10, Theorem 7]) If f is a sense-preserving and K-quasiregular
harmonic mapping of D into itself, then

Λf (z) ≤
4K

π

cos(|f(z)π/2|)
1− |z|2

holds for z ∈ D.

By using Lemma 1, the authors in [25] improved Theorem 9 as follows.

Theorem 10. ([25, Lemma 1]) Let f be a K-quasiregular harmonic mapping in
D with f(D) ⊂ D. Then for any z ∈ D,

(2.1) Λf(z) ≤ K
1− |f(z)|2
1− |z|2 ≤ 4K

π

cos(|f(z)π/2|)
1− |z|2 .

Moreover, the first inequality of (2.1) is sharp when K → 1.

2.1. Local Lipschitz space and Λω-extension. A continuous increasing func-
tion ω : [0,∞) → [0,∞) with ω(0) = 0 is called a majorant if ω(t)/t is non-
increasing for t > 0. Given a subset Ω of C (or Cn), a function f : Ω → C is
said to belong to the Lipschitz space Λω(Ω) if there is a positive constant C such
that

(2.2) |f(z)− f(w)| ≤ Cω(|z − w|) for all z, w ∈ Ω.

For δ0 > 0, let

(2.3)

∫ δ

0

ω(t)

t
dt ≤ C · ω(δ), 0 < δ < δ0

and

(2.4) δ

∫ +∞

δ

ω(t)

t2
dt ≤ C · ω(δ), 0 < δ < δ0,

where ω is a majorant and C is a positive constant.

A majorant ω is said to be regular if it satisfies the conditions (2.3) and (2.4)
(see [35, 63]).

Let G be a proper subdomain of Cn or Rn. We say that a function f belongs
to the local Lipschitz space locΛω(G) if (2.2) holds, with a fixed positive constant
C, whenever z ∈ G and |z − w| < 1

2
d(z, ∂G), where d(·, ·) denotes Euclidean

distance (cf. [36, 47]). Moreover, G is said to be a Λω-extension domain if
Λω(G) = locΛω(G). The geometric characterization of Λω-extension domains
was first given by Gehring and Martio [36]. Then Lappalainen [47] extended it
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to the general case and proved that G is a Λω-extension domain if and only if
each pair of points z, w ∈ G can be joined by a rectifiable curve γ ⊂ G satisfying

∫

γ

ω(d(z, ∂G))

d(z, ∂G)
ds(z) ≤ Cω(|z − w|)

with some fixed positive constant C = C(G, ω), where ds stands for the arc
length measure on γ. Furthermore, Lappalainen [47, Theorem 4.12] proved that
Λω-extension domains exist only for majorants ω satisfying (2.3).

Dyakonov [35] characterized the holomorphic functions of class Λω in terms
of their modulus. Later in [63, Theorems A], Pavlović came up with a relatively
simple proof of the results of Dyakonov. Recently, many authors considered this
topic and generalized Dyakonov’s results to pseudo-holomorphic functions and
real harmonic functions of several variables for some special majorant ω(t) = tα,
where α > 0 (see [46, 54, 56, 52, 53]). By using Theorem 10, the authors in [21]
extended [63, Theorems A and B] to planar K-quasiregular harmonic mappings
as follows.

Theorem 11. ([21, Theorem 1]) Let ω be a majorant satisfying (2.3), and let
G ⊂ C be a Λω-extension domain. If f is a planar K-quasiregular harmonic
mapping of G and continuous up to the boundary ∂G, then

f ∈ Λω(G) ⇐⇒ |f | ∈ Λω(G) ⇐⇒ |f | ∈ Λω(G, ∂G),

where Λω(G, ∂G) denotes the class of continuous functions f on G ∪ ∂G which
satisfy (1.3) with some positive constant C, whenever z ∈ G and w ∈ ∂G.

For any z1, z2 ∈ G ⊂ C, let

dω,G(z1, z2) := inf

∫

γ

ω(d(z, ∂G))

d(z, ∂G)
ds(z),

where the infimum is taken over all rectifiable curves γ ⊂ G joining z1 to z2. We
say that f ∈ Λω,inf(G) whenever for any z1, z2 ∈ G,

|f(z1)− f(z2)| ≤ Cdω,G(z1, z2),

where C is a positive constant which depends only on f (see [44]).

Theorem 12. ([21, Theorem 2]) Let ω be a majorant satisfying (2.3), and let G
be a domain in C. If f is a planar K-quasiregular harmonic mapping in G, then

f ∈ Λω,inf(G) ⇐⇒ |f | ∈ Λω,inf(G).
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2.2. Harmonic Hardy space. Many authors discussed the relationships be-
tween Hardy classes of holomorphic functions and integral means (see [43, 62]).
In order to derive an analogous result of [43, Theorem 1] for the setting of har-
monic mappings, we need to introduce some notation.

For a harmonic function f in D, p > 0 and 0 ≤ r < 1, we define

Ip(r, f) =

(
1

2π

∫ 2π

0

|f(reiθ)|p dθ
)1/p

and say that f belongs to the harmonic Hardy class Hp
h if

‖f‖p = sup
0<r<1

Ip(r, f) <∞.

For a harmonic mapping f in D, the generalized harmonic area function Ah(r, f)
is defined by

Ah(r, f) =

∫

Dr

|∇f(z)|2 dA(z),

where dA denotes the normalized Lebesgue measure on D and

|∇f | = (|fz|2 + |fz|2)1/2, ∇f = (fz, fz) and I∞(r, f) = max
|z|=r

|f(z)|.

The following theorem is an analogous result of [43, Theorem 1].

Theorem 13. ([21, Theorem 3]) Let f be harmonic in D and δ > 0. Then for
1 < p ≤ 2,

f ∈ Hp
h(D) ⇒

∫ 1

0

A
p

2
h (r, f)(1− r)

δ(2−p)
2 dr < +∞,

while for p > 2,
∫ 1

0

A
p
2
h (r, f)(1− r)

δ(2−p)
2 dr < +∞ ⇒ f ∈ Hp

h(D).

Theorem 14. ([21, Theorem 4]) Let f ∈ Hp
h(D) and δ > 0. If 1 < p ≤ 2, then

lim
r→1−

(1− r)
δ(2−p)+2

p Ah(r, f) = 0.

In [21], the following version of Landau’s theorem for a class of harmonic
Hardy mappings is also established.

Theorem 15. ([21, Theorem 5]) Let f be a harmonic in D with ‖f‖p ≤M and
f(0) = λf(0)− 1 = 0, where M is a positive constant, λf(z) =

∣
∣|fz(z)| − |fz(z)|

∣
∣

and p ≥ 1. Then f is univalent in Dρ0, where

ρ0 = ϕ(r0) = max
0<r<1

ϕ(r), ϕ(r) = r

(

1−
√

t

1 + t

)

,
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with

t =
4

π
· 2

1
pM

r(1− r)
1
p

.

Moreover, f(Dρ0) contains a univalent disk DR0
with

R0 =
r0ϕ(r0)

2r0 − ϕ(r0)
.

In Theorem 15, we remark that max0<r<1 ϕ(r) does exist, since

lim
r→0+

ϕ(r) = lim
r→1−

ϕ(r) = 0.

2.3. Integral mean problem of Girela and Peláez. A classical result of
Hardy and Littlewood asserts that if p ∈ (0,∞], α ∈ (1,∞) and f is an analytic
function in D, then

Ip(r, f
′) = O

(
1

1− r

)α

as r → 1

if and only if

Ip(r, f) = O

(

log
1

1− r

)α−1

as r → 1,

where

Ip(r, f) =

(
1

2π

∫ 2π

0

|f(reiθ)|p dθ
)1/p

, r ∈ (0, 1).

We refer to [29, 32, 33, 38, 40, 41, 43, 62] for many other related discussions
concerning the case of analytic functions. Indeed the above result of Hardy and
Littlewood provides a close relationship between the integral means of analytic
functions and those of its derivative [32, 40, 41]). In [38, Theorem 1(a) ], Girela
and Peláez refined the above result for the case α = 1 as follows.

Theorem 16. If p ∈ (0,∞) and f is an analytic function in D such that

Ip(r, f
′) = O

(
1

1− r

)

as r → 1

then

(2.5) Ip(r, f) = O

(

log
1

1− r

)β

as r → 1, for all β > 1
2
.
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In [38, p.464, Equation (26)], Girela and Peláez asked whether or not β in
(2.5) can be substituted by 1/2. In [23], the present authors settle this problem
affirmatively for a more general class of harmonic mappings in the unit disk. In
addition, we also obtain several analogous results for harmonic mappings (see
also [14]).

Later in [23], the authors generalized Theorem 16. In the case of analytic
function f , ∇f equals f ′(z) and therefore, the following theorem also contains a
solution to the open problem of Girela and Peláez [38, p.464, Equation (26)].

Theorem 17. ([23, Theorem 1]) If p ∈ (2,∞) and f is harmonic function in D

such that

Ip(r,∇f) = O

(
1

1− r

)

as r → 1,

then

Ip(r, f) = O

(

log
1

1− r

)1/2

as r → 1.

Theorem 18. ([23, Theorem 2]) If p ∈ (2,∞) and f is harmonic function in D

such that

(2.6) Ip(r,∇f) = O

(
1

1− r

)

as r → 1,

then

I∞(r, f) = O

(

log
1

1− r

)1/p

as r → 1.

The following result is a generalization of [38, Theorem 2 ] for the harmonic
case.

Theorem 19. ([23, Theorem 3]) If p ∈ (0, 2] and f is a harmonic function in D

satisfying the condition (2.6), then

Ip(r, f) = O

(

log
1

1− r

)1/p

as r → 1.

Moreover, this result is sharp and one of the extremal functions is f(z) = 1/(1−
z)1/p, where p ∈ (0, 2].

Next two theorems provide coefficient estimates and a distortion theorem for
harmonic Hardy mappings.

Theorem 20. ([23, Theorem 4]) Let f be a harmonic in D such that

f(z) =

∞∑

n=0

anz
n +

∞∑

n=1

bnz
n,
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and ‖f‖p < M for some p ∈ [1,∞) and M > 0. Then |a0| ≤ ‖f‖p and for any
n ≥ 1,

|an|+ |bn| ≤
2(1/p)+2M(1 + np)n+(1/p)

π(pn)n
.

In particular,

(2.7) |an|+ |bn| ≤
4M

π

as p→ ∞. For p = ∞, the estimates of (2.7) is sharp and the extremal functions
are

fn(z) =
2Mα

π
arg

(
1 + βzn

1− βzn

)

,

where |α| = |β| = 1.

Theorem 21. ([23, Theorem 5]) Let f be a harmonic in D with ‖f‖p < M for
some p ∈ [1,∞) and M > 0. Then, for any n ≥ 1,

|fz(z)|+ |fz(z)| ≤
2(1/p)+2M(1 + p)1+(1/p)

πp(1− |z|2) .

In particular,

(2.8) |fz(z)| + |fz(z)| ≤
4M

π(1− |z|2)
as p→ ∞. For p = ∞, the estimates of (2.8) is sharp and the extremal functions
are

f(z) =
2Mα

π
arg

(
1 + φ(z)

1− φ(z)

)

,

where |α| = 1 and φ is a conformal automorphism of D.

We remark that Theorem 21 is a generalization of [30, Theorems 3 and 4].

3. Real harmonic functions

Let Rn = {x = (x1, . . . , xn) : x1, . . . , xn ∈ R} denote the real vector space of
dimension n. It is often convenient to identify each point x = (x1, . . . , xn) ∈ Rn

with an n× 1 column matrix so that

x =





x1
...
xn



 .

For a = (a1, . . . , an), x ∈ Rn, we define the Euclidean inner product 〈·, ·〉 by
〈x, a〉 = x1a1 + · · ·+ xnan
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so that the Euclidean length in Rn is defined by

|x| = 〈x, x〉1/2 = (|x1|2 + · · ·+ |xn|2)1/2.
Denote a ball in Rn with center x′ and radius r by

B
n(x′, r) = {x ∈ R

n : |x− x′| < r}.
In particular, Bn denotes the unit ball Bn(0, 1). Set B2 = D, the open unit disk
in the complex plane C.

As in the plane case, a function f of an open subset Ω ⊂ Rn into R is called
harmonic if ∆f = 0, where ∆ denotes also for the n-dimensional Laplacian
operator

∆ =
n∑

k=1

∂2

∂x2k
.

3.1. Schwarz lemma for real harmonic functions. Recently, Knezević and
Mateljević [55] proved that if f is a K-quasiconformal mapping of D into itself,
then

|fz(z)|+ |fz(z)| ≤ K
1− |f(z)|2
1− |z|2 .

Kalaj and Vuorinen [45] proved that if u is a real harmonic function of D into
(−1, 1), then

|∇u(z)| ≤ 4

π

1− u2(z)

1− |z|2 , z ∈ D,

where∇u = (ux, uy) denotes the gradient of u. There are also many other authors
discussed Schwarz’s lemma for harmonic functions (resp. harmonic mappings),
see for examples [9, 16, 17, 18, 27, 45, 55, 64].

The classical Schwarz-Pick lemma tell us that if f is an analytic function from
D into itself, then

ρ(f(z), f(w)) ≤ ρ(z, w) for z, w ∈ D,

where ρ(z, w) denotes the hyperbolic distance between z and w in D given by

ρ(z, w) =
1

2
log

(

1 + | z−w
1−zw

|
1− | z−w

1−zw
|

)

= arctanh
∣
∣
∣
z − w

1− zw

∣
∣
∣.

For an analytic function f on D into itself, Beardon and Minda [4] defined

f ∗(z, w) =
[f(z), f(w)]

[z, w]
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as the hyperbolic difference quotient, where

[f(z), f(w)] =
f(z)− f(w)

1− f(z)f(w)
and [z, w] =

z − w

1− zw
,

z, w ∈ D. They also investigated some properties of hyperbolic derivative of f .
In [14], the authors discussed the hyperbolic difference quotient for real harmonic
functions. It may now be appropriate to call next result as a Schwarz-Pick lemma
for real harmonic functions.

Theorem 22. ([14, Theorem 1]) Let u be a real harmonic function of D into
(−1, 1). Then

Lh(u) = sup
z 6=w

[
ρ(u(z), u(w)

ρ(z, w)

]

= sup
z∈D

[
(1− |z|2)||∇u(z)|

1− u2(z)

]

≤ 4

π
.

Moreover, Lh(u) = 4/π if and only if

u(z) =
2

π
Im

(
1 + φ(z)

1− φ(z)

)

,

where φ is an automorphism of the unit disk D.

The following result is a generalization of [45, Theorem 1.12].

Theorem 23. ([14, Theorem 2]) Suppose that u : D → (−1, 1) is real harmonic
on planar hyperbolic domain D. Then

ρD(u(z), u(w) ≤
4

π
ρD(z, w), z, w ∈ D.

Let σ(z, w) = |[z, w]| denote the pseudo-hyperbolic distance between z and w
in the plane hyperbolic domain D.

Theorem 24. ([14, Theorem 3]) Let u be a real harmonic function of a planar
hyperbolic domain D into (−1, 1). Then, for z, w ∈ D,

σD
(
u(z), u(w)

)
≤ 4

π
arctan(σD(z, w)) ≤

4

π
σD(z, w).

The following result is an analogy of [37, Theorem 1].

Theorem 25. ([14, Theorem 4]) Let u be a real harmonic function of D into R.
If

Bu = sup
z 6=w

[ |u(z)− u(w)|
ρ(z, w)

]

<∞,

then, for z, w ∈ D,

∣
∣(1− |z|2)|∇u(z)| − (1− |w|2)|∇u(w)|

∣
∣ ≤ 3

√
3

2
Buσ(z, w).
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We remark that the constant 3
√
3/2 in Theorem 25 is better than the constant

3.31 in [37, Theorem 1].

Next, we generalize [42, Lemma] into the following form.

Theorem 26. ([14, Theorem 5]) Let f : D → Bn ⊂ Cn be a harmonic mapping
with f(0) = 0. Then

|f(z)| ≤ 4

π
arctan |z|

and this inequality is sharp for each point z ∈ D.

The following two results are the generalization of [63, Theorems A and B].

Theorem 27. ([14, Theorem 6]) Let ω be a majorant satisfying (2.3), and let
G ⊂ Rn be a Λω-extension in Rn. If f is a real harmonic function of G into R

and continuous up to the boundary ∂G, then

f ∈ Λω(G) ⇐⇒ |f | ∈ Λω(G) ⇐⇒ |f | ∈ Λω(G, ∂G),

where Λω(G, ∂G) denotes the class of continuous functions f on G ∪ ∂G which
satisfy (2.2) with some positive constant C, whenever z ∈ G and w ∈ ∂G.

For any x1, x2 ∈ G ⊂ Rn, let

dω,G(x1, x2) := inf

∫

γ

ω(d(x, ∂G))

d(x, ∂G)
ds(z),

where the infimum is taken over all rectifiable curves γ ⊂ G joining x1 to x2. We
say that f ∈ Λω,inf(G) whenever for any x1, x2 ∈ G,

|f(x1)− f(x2)| ≤ Cdω,G(x1, x2),

where C is a positive constant which depends only on f (see [44]).

Theorem 28. ([14, Theorem 7]) Let ω be a majorant satisfying (2.3). If f is a
real harmonic function of G ⊂ Bn into R, then

f ∈ Λω,inf(G) ⇐⇒ |f | ∈ Λω,inf(G).

3.2. Generalization of a result of Girela and Peláez. Let f = (f1, . . . , fn)
be a vector-valued and real harmonic function from Bn into Rn, that’s, for each
i ∈ {1, 2, . . . , n}, fi is a harmonic function from Bn into R. We denote the
Jacobian of f by Jf , where

Jf =

(
∂fi
∂xj

)

n×n

.
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Let H(Bn,Rn) be the set of all real harmonic functions of f from Bn into Rn.
Also, let Hp(Bn,Rn) denote the harmonic Hardy class consisting of all functions
f ∈ H(Bn,Rn) such that

‖f‖p = sup
0<r<1

Mp(f, r) <∞,

where p ∈ (0,∞),Mp
p (f, r) =

∫

∂Bn |f(rζ)|pdσ(ζ) and dσ is the normalized surface
measure on ∂Bn.

The following result is a generalization of Theorem 17.

Theorem 29. If p ∈ (2,∞) and f ∈ H(Bn,R) (n ≥ 3) such that

Mp(r,∇f) = O

(
1

1− r

)

as r → 1,

then

Mp(r, f) = O

((

log
1

1− r

)1/2
)

as r → 1.

3.3. Landau-Bloch’s theorems for holomorphic mappings. For general
holomorphic mappings of more than one complex variable, no Landau-Bloch
constant exists (cf. [73]). In order to obtain some analogs of Landau-Bloch’s
theorem for mappings with several complex variables, it is necessary to restrict
the class of mappings considered, see [20, 25, 26, 51, 72, 73].

By using the Schwarz’s lemma and distortion theorems, we can obtain a
schlicht Bloch constant for vector-valued harmonic functions in the Hardy space.

Theorem 30. ([14, Theorem 5]) Suppose that f ∈ Hp(Bn,Rn) satisfies ‖f‖p ≤
K0 for some constant K0 > 0 and Jf(0) − 1 = |f(0)| = 0, where p ≥ 1. Then
f(Bn) contains a univalent ball Bn(0, R), where

R ≥ max
0<r<1

ϕ(r) ≥ max
0<r<1

{

r

2(nK(r))n−1
√

2[1 +m2(nK(r))2(n−1)]

}

,

ϕ(r) = rρ(r)

[
1

(nK(r))n−1
−m(

√
2/2−

√

1/2− ρ2(r))

]

with

ρ(r) = 1/
√

2[1 +m2(nK(r))2(n−1)], K(r) = 21/pK0/[r(1− r)(n−1)/p]

and

m =
4M

π
[(3 +

√
2)n+ 2

√
2]n.
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We remark that, as

lim
r→0+

ϕ(r) = lim
r→1−

ϕ(r) = 0,

the maximum of ϕ(r) in Theorem 30 does exist.

4. Some properties of planar p-harmonic mappings

A 2p times continuously differentiable complex-valued function f = u+ iv in a
domainD ⊆ C is p-harmonic if f satisfies the p-harmonic equation ∆ · · ·∆

︸ ︷︷ ︸

p

f = 0,

where p is a positive integer and ∆ represents the complex Laplacian operator
defined in the introduction.

It is known that a mapping f is p-harmonic in a simple connected domain D
if and only if f has the following representation:

(4.1) f(z) =

p
∑

k=1

|z|2(k−1)Gp−k+1(z),

where ∆Gp−k+1(z) = 0 in D for each k ∈ {1, . . . , p} (cf. [15, Proposition 2.1]).

Obviously, when p = 1 (resp. 2), f is harmonic (resp. biharmonic). Through-
out the section we consider p-harmonic mappings in the unit disk D.

Definition 3. We say that a univalent p-harmonic mapping f with f(0) = 0 is
starlike with respect to the origin if the curve f(reit) is starlike with respect to
the origin for each r ∈ (0, 1).

Proposition 1. If f is univalent, f(0) = 0 and d
dt
(arg f(reit)) > 0 for z 6= 0,

then f is starlike with respect to the origin (cf. [65]).

Definition 4. We say that a univalent p-harmonic mapping f with f(0) = 0

and ∂f(reit)
∂t

6= 0 whenever 0 < r < 1, is said to be convex if the curve f(reit) is
convex for each r ∈ (0, 1).

Proposition 2. If f is univalent, f(0) = 0 and d
dt
(arg d

dt
f(reit)) > 0 for z 6= 0,

then f is convex (cf. [65]).

Our results in this direction are Theorems 31 and 32.

Theorem 31. ([24, Theorem 3.1]) Let f be a univalent p-harmonic mapping of
D with the form

f(z) =

p
∑

k=1

λk|z|2(k−1)G(z),
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where G is a locally univalent harmonic mapping and λk (k = 1, 2, . . . , p) are
complex constants. Then f is convex (resp. starlike) if and only if G is convex
(resp. starlike).

Theorem 32. ([24, Theorem 3.2]) Let f be a p-harmonic mapping of D satisfying
f(z) = |z|2(p−1)G(z), where G is harmonic, orientation preserving and starlike.
Then f is starlike univalent.

4.1. Regions of variabilities of certain class of p-harmonic mappings.

Recently, Yanagihara [75, 76], and Ponnusamy and Vasudevarao [66, 67] have
discussed the regions of variability for certain classes of univalent analytic func-
tions in D. Then Chen and Huang [13] generalized the corresponding results of
[66, 76] to general cases.

Definition 5. Let Hp denote the set of all p-harmonic mappings of D with the
normalization fzp−1(0) = (p − 1)! and |f | ≤ 1. Here we prescribe that H0 = ∅.
For a fixed point z0 ∈ D, we also let

Vp(z0) = {f(z0) : f ∈ Hp \ Hp−1}.

Then we have

Theorem 33. ([24, Theorem 4.1])

(1) If p = 1, then V1(z0) = {1};
(2) If p ≥ 2, Vp(z0) = D.

By the same proof of (1) in Theorem 33, we obtain the following generalization
of Cartan’s uniqueness Theorem (see [7] or [69, page 23]) for harmonic mappings.

Theorem 34. ([24, Theorem 4.2]) Let f be a harmonic mapping in D with
f(D) ⊆ D and fz(0) = 1. Then f(z) = z in D.

Lemma 2. ([49, Lemma 2.1]) Suppose that f(z) = h(z) + g(z) is a harmonic
mapping of D with h(z) =

∑∞
n=1 anz

n and g(z) =
∑∞

n=1 bnz
n for z ∈ D. If

Jf(0) = 1 and |f(z)| < M, then

|an|, |bn| ≤
√
M2 − 1, n = 2, 3, . . . ,

|an|+ |bn| ≤
√
2M2 − 2, n = 2, 3, . . .

and λf (0) ≥ λ0(M), where

λ0(M) =







√
2√

M2 − 1 +
√
M2 + 1

if 1 ≤M ≤ π

2 4
√
2π2 − 16

π

4M
if M >

π

2 4
√
2π2 − 16

.
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4.2. Landau’s theorems for p-harmonic mappings. By using Theorem 1
and Lemma 2, the authors obtained the following results.

Theorem 35. ([24, Theorem 5.1]) Let f(z) =
∑p

k=1 |z|2(k−1)Gp−k+1(z) be p-
harmonic mapping of D satisfying ∆Gp−k+1(z) = f(0) = Gp(0) = Jf(0)− 1 = 0
and for any z ∈ D, |Gp−k+1(z)| ≤ M , where M ≥ 1. Then there is a constant
ρ (0 < ρ < 1) such that L(f) is univalent in Dρ, where ρ satisfies the following
equation:

λ0(M)− T (M)

(1− ρ)2

p
∑

k=2

(2k − 1)ρ2(k−1) −
p
∑

k=1

2T (M)ρ2k−1

(1− ρ)3
− 16M

π2
s0 arctan ρ = 0

with s0 ≈ 4.2, λ0(M) as above, and

T (M) =







√
2M2 − 2 if 1 ≤ M ≤ π√

π2 − 8
4M

π
if M >

π√
π2 − 8

.

Moreover, the range L(f)(Dρ) contains a univalent disk DR0, where

R0 = ρ

[

λ0(M)−
p
∑

k=2

T (M)ρ2(k−1)

(1− ρ)2
− 16M

π2
s0 arctan ρ

]

.

Theorem 36. ([24, Theorem 5.7]) Let f(z) = |z|2(p−1)G(z) be a p-harmonic
mapping of D satisfying G(0) = JG(0) − 1 = 0 and |G| ≤ M , where M ≥ 1
and G is harmonic. Then there is a constant ρ (0 < ρ < 1) such that L(f) is
univalent in Dρ, where ρ satisfies the following equation:

λ0(M)− 48M

π2
s0 arctan ρ−

2T (M)ρ

(1− ρ)3
= 0.

Moreover, the range L(f)(Dρ) contains a univalent disk DR0, where

R0 = ρ2p−1

[

λ0(M)− 16M

π2
s0 arctan ρ

]

,

s0, λ0(M) and T (M) are the same as in Theorem 35. Especially, if M = 1, then
f(z) = |z|2(p−1)z is univalent.

5. Landau’s theorem for p-harmonic mappings in Cn

As usual, C(X) denotes the set of all continuous functions f : X −→ C,
where X is a topological space.

Definition 6. Suppose Ω is an open domain of Cn. A function f = (f1, . . . , fm) :
Ω → Cm is said to be p-harmonic in Ω provided
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(a) for each i ∈ {1, . . . , m}, fi ∈ C(Ω) and
(b) each component fi of f is p-harmonic with respect to each variable sepa-

rately.

In particular, when p = 1 (resp. 2), f is called harmonic (resp. biharmonic).

By Definition 6 and (4.1), we have

Proposition 3. f : Bn → Cm is p-harmonic if and only if f has the following
representation:

f(z) = f(z1, . . . , zn) =

p
∑

k1,...,kn=1

|z1|2(k1−1) · · · |zn|2(kn−1)Gp−k1+1,...,p−kn+1(z),

where all Gp−k1+1,...,p−kn+1 : B
n → Cm are harmonic for k1, . . . , kn ∈ {1, . . . , p}.

Let Cn = {z = (z1, . . . , zn) : z1, . . . , zn ∈ C} the complex space of dimension
n and z the conjugate of z, that is, z = (z1, . . . , zn). We define its length by

|z| = 〈z, z〉 1
2 = (|z1|2 + · · ·+ |zn|2)

1
2 .

Denote a ball in Cn with center z′ and radius r by

B
n(z′, r) = {z ∈ C

n : |z − z′| < r}.
In particular, Bn denotes the unit ball Bn(0, 1). Obviously, B1 = D, the open
unit disk.

For a mapping f = (f1, . . . , fm) of a domain in C
n into C

m, we denote by
∂f/∂zk the column vector formed by ∂f1/∂zk, . . . , ∂fm/∂zk and by

fz =

(
∂f

∂z1
, . . . ,

∂f

∂zn

)

the matrix formed by these column vectors. Let

fz =

(
∂f

∂z1
, . . . ,

∂f

∂zn

)

.

For an n× n matrix A, we introduce the operator norm

|A| = sup
x 6=0

|Ax|
|x| = max{|Aθ| : θ ∈ ∂Bn}.

The authors established the following two lemmas to prove the next main result.
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Lemma 3. ([22, Lemma 2.1]) Let A =
(
ai,j(z)

)

n×n
be a matrix-valued harmonic

mapping of Bn(0, r) into the space of all n × n complex matrices, that’s, each
ai,j(z) is a harmonic mapping of Bn(0, r) into C. If A(0) = 0 and |A(z)| ≤ M
for z ∈ Bn(0, r), then

|A(z)| ≤ 4M

π

|z|
r

(

1 +
2(n− 1)r
√

r2 − |z|2

)

.

Lemma 4. ([22, Lemma 2.2]) Let f be a harmonic mapping of Bn into Cn with
|f(z)| ≤M for z ∈ Bn, where M is a positive constant. Then

max
{
|fz(z)|, |fz(z)|

}
≤ M [|z| + n(1 + |z|)]

1− |z|2 .

By applying Lemmas 3 and 4, the authors obtained the following result.

Theorem 37. ([22, Theorem 2.1]) Let

f(z) =

p
∑

k1,...,kn=1

|z1|2(k1−1) · · · |zn|2(kn−1)Gp−k1+1,...,p−kn+1(z),

where all Gp−k1+1,...,p−kn+1 are harmonic for k1, . . . , kn ∈ {1, . . . , p}. Suppose
f(0) = 0, | det fz(0)| − α = |fz(0)| = 0 and for any z ∈ Bn, k1, . . . , kn ∈
{1, . . . , p},

|Gp−k1+1,...,p−kn+1(z)| < M,

where α and M are positive constants. Then there is a constant ρ0 ∈ (0, 1) such
that f is univalent in |z| < ρ0. In specific ρ0 satisfies

0 =
α

(nM)n−1
− 4M [5n + 2

√
2(n+ 1)](2n− 1)ρ

π
√

1
2
− ρ2

−2

p
∑

(k1,...,kn)6=(1,...,1)

[(
n∑

i=1

(ki − 1)2
) 1

2ρ2(k1+···+kn)−2n−1M

+
[n+ (n+ 1)ρ]Mρ2(k1+···+kn)−2n

(1− ρ2)

]

.

and f(Bn) contains a univalent ball of radius at least R0, where

R0 = ρ0







α

[(2n+ 1)M ]n−1
− 2M [5n + 2

√
2(n+ 1)](2n− 1)ρ

π
√

1
2
− ρ2
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−
p
∑

(k1,...,kn)6=(1,··· ,1)

[
(∑n

i=1(ki − 1)2
) 1

2ρ
2(k1+...+kn)−2n−1
0 M

k1 + · · ·+ kn − n

+
2[n + (n+ 1)ρ0]Mρ

2(k1+···+kn)−2n
0

(1− ρ20)[2(k1 + · · ·+ kn)− 2n+ 1]

]
}

.

5.1. Pluriharmonic mappings. A continuous complex-valued function f de-
fined on a domain Ω ⊂ Cn is said to be pluriharmonic if for each fixed z ∈ Ω and
θ ∈ ∂Bn, the function f(z + θζ) is harmonic on the complex variable ζ , for |ζ |
smaller than the distance of z from ∂Ω (cf. [70, 77]). Moreover, a mapping f of
Bn into Cn is pluriharmonic if and only if f has a representation f = h+g, where
g and h are holomorphic mappings. Let Hn

n denote the set of all pluriharmonic
mappings of Bn into Cn. It is not difficult to know that f ∈ Hn

n is harmonic.
Especially, functions in H1

1 are planar harmonic mappings.

Let f : Ω → Rn be a continuous mapping of domain Ω ⊂ Rn. Then f is called
quasiregular if f ∈ W 1

n,loc(Ω) and

|f ′(x)|n ≤ KJf(x) for almost all x ∈ Ω,

where K (K ≥ 1) is a constant. Here f ∈ W 1
n,loc(Ω) means that the distributional

derivatives ∂fj/∂xk of the coordinates fj of f = (f1, . . . , fn) are locally in Ln

and Jf(x) denotes its determinant (cf. [68, 71]).

Definition 7. A pluriharmonic mapping f of Bn into Cn is said to be a (K,K1)-
quasiregular pluriharmonic mapping if for any z ∈ Bn and θ ∈ ∂Bn,

|fz(z)|n ≤ K| det fz(z)| and K1|fz(z)θ| ≤ |fz(z)θ|,
where K ≥ 1 and K1 > 1 are constant.

Obviously, a (K,K1)-quasiregular pluriharmonic mapping f of Bn into Cn is
K-quasiregular mapping if fz ≡ 0 (see [73]).

The following is a Landau’s Theorem for a class of (K,K1)-quasiregular pluri-
harmonic mappings.

Lemma 5. ([22, Lemma 3.2]) Let f ∈ Hn
n with |f(z)| < M for z ∈ Bn. Then

max
{
|fz(z)|, |fz(z)|

}
≤ 4M

π(1− |z|2)
and

max
{
| det fz(z)|, | det fz(z)|

}
≤ (4M)n

πn(1− |z|2)n+1
2

.
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Lemma 6. ([22, Lemma 3.3]) Let A =
(
ai,j(z)

)

n×n
be a matrix-valued holomor-

phic mapping of Bn(0, r) into the space of all n×n complex matrices, that’s, each
ai,j(z) is a holomorphic mapping of Bn(0, r) into C. If A(0) = 0 and |A(z)| ≤M
for z ∈ Bn(0, r), then

|A(z)| ≤ M

r
|z|.

By using Lemmas 5 and 6, we have

Theorem 38. ([25, Theorem 3]) Suppose f is a (K,K1)-quasiregular plurihar-
monic mapping of Bn into Cn with | det fz(0)| = 1. Then f(Bn) contains a
schlicht ball with radius at least

R0 =
(1− 1

K1
)2π2n−1

24n−1m(M∗)2n−1
max
0<t<1

ϕ(t) ≥
(1− 1

K1
)2π2n−1

24n−1m(M∗)2n−1
ϕ
(1

2

)

,

where

ϕ(t) =
t2n

[− log(1− t)]2n−1
, M∗ =

K
1
n (1 +K1)

K1
and m ≈ 4.199556.

Here max0<t<1 ϕ(t) does exist, since

lim
t→0+

ϕ(t) = lim
t→1−

ϕ(t) = 0.

Theorem 39. ([22, Theorem 3.1]) Let

f(z) =

p
∑

k1,...,kn=1

|z1|2(k1−1) · · · |zn|2(kn−1)Gp−k1+1,...,p−kn+1(z),

where all Gp−k1+1,...,p−kn+1 ∈ Hn
n for k1, . . . , kn ∈ {1, . . . , p}. Suppose f(0) = 0,

| det fz(0)| − α = |fz(0)| = 0 and for any z ∈ B
n, k1, . . . , kn ∈ {1, . . . , p},

|Gp−k1+1,...,p−kn+1(z)| < M,

where α and M are positive constants. Then there is a constant ρ0 ∈ (0, 1) such
that f is univalent in |z| < ρ0. In specific ρ0 satisfies

απn−1

(4M)n−1
− 4(m3 +m4)Mρ

π

−2

p
∑

(k1,...,kn)6=(1,...,1)

[(
n∑

i=1

(ki − 1)2
) 1

2ρ2(k1+···+kn)−2n−1M +
4Mρ2(k1+···+kn)−2n

π(1− ρ2)

]

= 0.

and f(Bn) contains a univalent ball of radius at least R0, where

R0 = ρ0

{
απn−1

(4M)n−1
− 2(m1 +m2)Mρ0

π
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−
p
∑

(k1,...,kn)6=(1,...,1)

[
(∑n

i=1(ki − 1)2
) 1

2ρ
2(k1+···+kn)−2n−1
0 M

k1 + · · ·+ kn − n

+
8Mρ

2(k1+···+kn)−2n
0

π(1− ρ20)[2(k1 + · · ·+ kn)− 2n+ 1]

]
}

.

m3 ≈ 4.200 and m4 ≈ 2.598 are constants.
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[38] D. Girela and J.A. Peláez, Integral means of analytic functions, Ann. Acad. Sci. Fenn.
29(2004), 459–469.

[39] A. Grigoryan, Landau and Bloch theorems for planar harmonic mappings, Complex
Var. Elliptic Equ. 51(2006), 81–87.

[40] G.H. Hardy and J.E. Littlewood, Some properties of conjugate functions, J. Reine
Angrew. Math. 167(1931), 405–423.

[41] G.H. Hardy and J.E. Littlewood, Some properties of fractional integrals, Math. Z.
34(1932), 403–439.

[42] E. Heinz, On one-to-one harmonic mappings, Pacific J. Math. 9(1959), 101–105.
[43] F. Holland and J.B. Twomey, On Hardy classes and area function, J. London Math.

Soc. 17(1978), 275–283.
[44] R. Kaufman and J.M. Wu, Distances and the Hardy-Littlewood property, Complex

Variables Theory Appl. 4(1984), 1–5.
[45] D. Kalaj and M. Vuorinen, On harmonic functions and the Schwarz lemma, Proc.

Amer. Math. Soc., To appear.
See also arXiv:1010.4905v3 [math.CV] from http://arxiv4.library.cornell.edu
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