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Abstract. In this paper we introduce and study the spaces (matrix spaces)
(X, \p), (X, \,p) and 12 (X, )\, p) of locally convex topological vector
space X —valued double sequences which generalize several existing sequence
spaces. Besides investigations of conditions connected with the comparison of
these classes in terms of A and p we study topological structure of these spaces
when topologized through a paranorm or through a family of paranorms.

Keywords. Double sequence space, Matrix space, locally convex topological
vector space, paranormed space.

2010 MSC. Primary 46A45, Secondary 46A15.

1. Introduction

Throughout this paper let (X,3) be a Hausdorff locally convex topologi-
cal vector space (IcTVS) over the field of complex numbers C' and X* be its
topological dual. We denote by U the fundamental system of balanced, convex
and absorbing neighbourhoods U of zero vector §. We write g, to denote the
gauge (Minkowski functional) of U € U, i.e., g,(x) = inf{ao > 0 : 2 € aU}.
D = {g, : U € U} denotes the collection of continuous seminorms generating
the topology S of X. For details about IcTVS we refer [5, 16].

By a generalized matrix, a generalized double sequence or a vector double
sequence we mean a double sequence T = (x,,,) with elements from X. Let
P = (Pmn) be a double sequence of strictly positive real numbers and A = (\,,,,)
be a double sequence of non-zero complex numbers. We introduce the following
classes of vector double sequences and propose to study them in this paper.
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(1.1) (X, \p) =T = (Tpn) : Trun € X,m,n > 1
' and (g, (ApmnZmn))P™ — 0 as m +n — oo for each g, € D};

A(X,\p) ={Z = (Tmn) : Tyn € X, m,n > 1 and there exists
(1.2) x € X such that (g, (AmnZmn — x))P™ — 0 as m+n — oo
for each g, € D};

and

13) { P(X,\p) =4{Z = (Tmn) : Tmn € X,m,n > 1 and
1.3

sup (g, (AmnTmn) )P < oo for each g, € D}.

If Ay =1 for all m,n then ¢2(X, A\, p) will be denoted by ¢2(X,p) and when
Pmn = 1 for all m,n then ¢3(X, A, p) will be denoted by (X, ). Similarly we
define c*(X,p), A(X,\), I2.(X,p) and 12 (X, \).

We observe that the above defined classes are the generalizations of various
sequence spaces, for instance,

(i) spaces of single scalar sequences ¢y(p), ¢(p) and l(p) [6, 7], D (p), Do (p)
[11], co(N), c(A) and 1 (N) [12];

(i) spaces of Banach space X-valued single sequences co(X, A, p), ¢(X, A, p) and
lo(X,A),p) [13], co(X), ¢(X) and [ (X) [8]; spaces of IcTVS X —valued
single sequences ¢o(X), ¢(X) and l(X) [2], co(X, p), ¢(X,p) and I (X, p)
[15]; T(X) [14]

(iii) spaces of scalar double sequences cffy, 5 [9], Coo, C, lsooo [3] and M, Cyc
[1] can easily be obtained as special cases of the above introduced classes
when X, p = (pmn) and A = (\,,) are suitably chosen.

By space of vector double sequences or vector matrix space E(X) we mean
a vector space of double sequences in X with respect to coordinatewise addition
and scalar multiplication. We know that depending upon the mode of tending
m and n to oo the double infinite summation Y °_, > | has several different
meanings associated to it, however we shall denote Y > 5> by > > and
shall take it in the sense imy_o0 D > ocpin<n-

Throughout the paper we shall denote t,.,, = [Aun/ "™, H = H(p) =
SUP,, 1, Prn, M = M (p) = max(1, H) and Ala] = max(1, |o|). For z € X, §™"(z)
denotes the double sequence with = at (m,n)"—position and remaining terms
are 6; and 6(x) denotes the double sequence whose all terms are x.
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Definition 1.4. A paranormed space (E, q) is a topological vector space whose
pseudometric topology is given by the paranorm ¢ (a real subadditive function
with ¢(0) = 0, q(z) = ¢(—x) for all x € E and with continuous scalar multipli-
cation), see [16, p.15].

Now corresponding to K-, AK-, AD-, and C- properties of scalar sequence
spaces [4] and its vector version for sequence spaces [10], we define :

Definition 1.5. A topological sequence space (F(X), <) where E(X) is a vector
double sequence space in X is said to be

(i) a GK-space if the mapping P, : E(X) = X, Pn(T) = xp, is continuous
for each m,n > 1;

(i) a GAD-space if it is a GK-space and ®?(X) is dense in E(X) with respect
to S, where ®*(X) = {T = (Zpn) : Tmn € X and z,,, = 0 for all but
finitely many m,n > 1};

(iii) a GAK-space if it is a GK —space and for each T = (2,,,) in E(X), SN (T) —
T as N — oo where SY(T) =33 0 om0 (Timn);

(iv) a GC-space if Ry 1 X — E(X), Ryn(7) = §™(x) is continuous for each
m,n > 1.

2. §(X,\p), (X, A,p) and I5,(X, A, p)

Here we investigate conditions on p = (py,) and A = (A,,) so that a class
(X, A\, p), (X, A\, p) or I2 (X, )\, p) is contained in or equal to a similar class.

Throughout this section, unless stated otherwise, we shall take p = (pmn)
and ¢ = (¢mn) in I%, space of all bounded scalar double sequences.
Lemma 2.1. 2(X,\,p) C (X, u,p) if and only if
(2.2) lim inf ¢,,, > 0.

m-+n—00

Proof. Sufficiency of the condition can easily be proved. For necessity, suppose
that lim,, 1n oo inf ¢, = 0. Then there exist sequences (m(k)) and (n(k) of
integers such that for each k£ > 1
B Ay [ < gm0
We now choose z € X and g, € D such that g, (z) =1 and define T = (z,,) by
Ty = AL kTYPmny o for m = m(k), n = n(k), k > 1, and
= 0, otherwise.

Thus for each g, € D

1 1
(9 Amtyne) Ty ) )P mEm® = E(QU(Z))”’”““)"““) < EA[(QU(Z))M(”)]
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implies that T = () € 3(X, A, p), but for each k > 1
Am(k)n(k) k
shows that T ¢ ¢2(X, A, p). This completes the proof. u

(9y (Hm(kyn(k) Tm(k)n(k) ) ) mEm ) = (g, (2))Pmonte > 1

Similarly, we can prove:

Lemma 2.3. 2(X, u,p) C (X, \,p) if and only if
(2.4) lim supt,,, < oo.

m+n—00
Combining Lemmas 2.1 and 2.3, we easily get:

Theorem 2.5. ¢3(X, \,p) = A(X, u,p) if and only if
(2.6) 0< lim inft,, < lim supt,, < oc.

m—+n—o0 m—+n—o0
Lemma 2.7. If p = (pmn) € 12, and ¢ = (¢un), not necessarily in I%,, then
(X, \,p) C (X, )\ q) if and only if

(2.8) lim inf %% > .

m—+n—00 pmn

Proof. (2.8) is sufficient can easily be proved. For necessity of (2.8), suppose
that 2(X,\,p) C A(X, ), q), but lim,,, e inf fﬁ = 0. Then there exist
sequence (m(k)) and (n(k)) of integers such that for each k > 1
kG kynk)y < Pm(kyn()-
We now choose z € X and g, € D such that g,(2) = 1 and define the
sequence T = (Zy,y) by

Ty = ALk Y/Pmn for m=m(k)n=n(k), k> 1, and
= 0, otherwise.

Thus we see that T € c2(X, A, p), but for each k£ > 1
(gv()\m(k)n(k) xm(k)n(k)))Qm(k)n(k) — L Imknk) /Pmkn(k) > =k < 6_1/2,

implies that T ¢ ¢2(X, A, q), a contradiction. This completes the proof. [ |

Similarly we can prove:

Lemma 2.9. If ¢ = (qun) € 2

[oops

(X, N\, q) C (X, \p) if and only if

and p = (Pmn) not necessarily in 12, then

[oops

(2.10) lim sup Imn o,

m+n—o00 Pmn
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On combining Lemmas 2.7 and 2.9 we easily get :

Theorem 2.11. Forp = (pmn), ¢ = (Gmn) € 1%, A(X,\,p) = A(X, )\, q) if and
only if

(2.12) 0< lim inf 2™ < lim sup ™ < .

m+n—o00 Pmn m+n—o00 Pmn
Theorem 2.13. (a) 3(X,\,p) C (X, i, q) if and only if (2.2) and (2.8) hold.
(b) (X, u,q) C (X, \,p) if and only if (2.4) and (2.10) hold.
Proof. Proof easily follows by Lemmas 2.1, 2.3, 2.7, and 2.9. [ ]

Under the given conditions the containment in Theorem 2.13 (a) or (b) may
be strict. We give below an example for the part (a), similar construction can
be made for part (b).

Example 2.14. Take z € X and g, € D such that ¢g,(z) = 1 and define a
sequence in X such that ,, = (m + n)" ™z for all m, n > 1. Now take
Pmn = (m +n)~L if m + n is odd integer, Py, = (m +n)~2, if m + n is even
integer, ¢mn = (M +n)"% Apn = 3™ and fi,,,, = 20" for all m and n. Thus
for any g, € D and m,n > 1

(9o (HomnTmn )™ < 2(m + 1)~ Al(g, (2))]
implies that T = (z,.,) € c3(X, 11, ¢) but for even integers m + n
(9 A Zmn ) )P = 31/(m+n)(m + n)—l/(m+n)

implies that T = (z,,) € c3(X,\, p), however the conditions (i) and (ii) of
Theorem 2.13 (a) are satisfied.

Lemma 2.15. If for a sequence T = (x,,) there exits | € X such that
(2.16) (9 AmnTmn —1))P™ — 0 as m +n — oo, for each g, € D,

then [ is unique.

Proof. If (2.16) holds for [, I € X then from

(gU (h — l2))pmn/M < (gu()‘mnxmn - ll))pmn/M + (gu()‘mnxmn - l2))pmn/M

it follows that (g, (I1 — l2))P™/™ — 0 as m +n — oo. Thus, g, (l; — l3) = 0, for
each g, € D and X is Hausdorff therefore, [y = l;. This completes the proof. m

Lemma 2.17. If p = (pn) € (2 and ¢ = (Gun), not necessarily in 1%, then
A(X,\,p) C (X, )\ q) if and only if (2.8) holds.
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Proof. Proof of sufficient part is straightforward hence omitted. For necessity
suppose that ¢*(X,\,p) C (X, ), q) but lim,, 00 inf 222 = 0. Then there
exist sequences (m(k)) and (n(k)) of integers such that kgm)nk) < Pmk)nk) for
all k> 1. Now choose z € X and g, € D such that ¢, (z) = 1 and consider the
sequence T = (&,,,) defined by

Ty = AL ETYPmny N1 for m = m(k), n =n(k), k> 1, and

mn”?

= AL otherwise,
where [ € X. Then we easily see that T = (2,,,) € ¢*(X, A\, p). Now,
(gv()‘m(k)n(k)xm(k)n(k) - l))Qm(k)n(k) = (gv(k_l/pm(k)n(k)2))qm(k)n(k) > k_k > 61/2

for each k > 1, shows that (g, (AmnTmn — 1))P™ — 0 as m + n — oco. Moreover,
if possible, suppose that for Iy # I, (9, (AmnTmn — 1)) — 0, as m +n — o0
for each g, € D. Then for 0 <e <1 and g, € D

(9 Ameyn (i) Tmg)n) — l1))meme < M®) for all sufficiently large k.
and so for sufficiently large k

(9o Mm@ Tmciyngry = 1)Pm S < (g, Am(kyn () Emrynry — b)) Fmem®
< Gk:M(p) < EM(p).

Moreover, (g, (AmnTmn — 1))P™ — 0 as m + n — oo and therefore

(gU()‘m(k)n(k)xm(k)n(k) — l))pM(k)n(k) < M)

for all sufficiently large k. Thus,
(g, (I — 1y))Pmtem@m/me) < e

for all sufficiently large k, which leads to g, (I —1;) = 0 for each g, € D or | = [y,
a contradiction. Hence T = (z,) € *(X, ), q), a contradiction. This completes
the proof. n

Similarly, we can prove :

Lemma 2.18. If ¢ = (gmn) € (2 and p = (pmn), not necessarily in 12, then
A(X, N\, q) CA(X, N\ p) if and only if (2.10) holds.

On combining Lemmas 2.3.10 and 2.3.11 we have :

Theorem 2.19. *(X, \,p) = A(X, \,q) if and only if (2.12) holds.

Proof of the following results (Lemma 2.20 to Theorem 2.26) connected with
I2.(X, )\, p) can easily be disposed of by proceeding along the case of c3(X, A, p)
discussed above :

Lemma 2.20. I? (X, \,p) C I2.(X,u,p) if and only if (2.2) holds.
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Lemma 2.21. I2 (X, u,p) C 12 (X, \,p) if and only if (2.4) holds.

On combining Lemmas 2.20 and 2.21 we get:
Theorem 2.22. 2 (X, \,p) = 2 (X, u,p) if and only if (2.6) holds.

Lemma 2.23. If p = (pn) € 12 and q = (¢mn) not necessarily in 1%, then
(X, \,p) CP2(X, ) q) if and only if (2.10) holds.

Lemma 2.24. If ¢ = (qun) € 1% and p = (pmn) is not necessarily in 12, then

(X, )\ q) CE(X,\p) if and only if (2.8) holds.

On combining Lemmas 2.23 and 2.24 we get the following theorem:

Theorem 2.25. If p = (Dyn), ¢ = (Gmn) € 15 then 2 (X, N\, p) = 2 (X, X, q) if
and only if (2.12) holds.

Theorem 2.26. For p = (pmn) € I2, and ¢ = (¢mn) € I2, we have

(a) 2(X,\,p) CI2(X,u,q) if and only if (2.2) and (2.10) hold, and
(b) 12.(X, p,q) C 12 (X, \ p) if and only if (2.4) and (2.8) hold.

Moreover examples (similar to Example 2.14) can be constructed to illustrate
that under the mentioned conditions the containment in Theorem 2.26 may be
strict.

3. Topological Structure

Throughout this section we take p = (pnn) € 5. f T = (2,,) and 7§ =
(Ymn) € (X, N, p) then T+ 7 = (Zmn + Ymn) € (X, X, p) follows from

<gU<)\m”<xm” + ymn>>>pmn/M < (gU (Amnxmn»pmn/M + (gU (Amnymn))pmn/Ma

gu € D. Moreover for scalar «
(90 (@A) )M < Ala] (g Amnimn) )™, g, € D,

implies that aZ = (axm,) € (X, \,p). Thus 3(X, A, p) is a linear space over
the field of complex numbers with respect to coordinate-wise addition and scalar
multiplication. 8 = (Y ), where y,,,, = 6 for all m,n > 1, is the zero vector of
c2(X, A\, p). Similarly *(X, \,p) and 2 (X, \, p) are also linear spaces over the
field of complex numbers. Further for each U € U, we define

G,(T) = sup(gU()\mnazmn))pm"/M and d,(7,y) =G, (T — 7).

Theorem 3.1. (i) (2(X,\,p),G,) is a paranormed space, and
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(il) (A(X, A, p),d,) and (I3,(X, N, p), d,,) are topological (pseudometric) groups,

» U YU
in which the mapping (o, T) — T is continuous at « =0 and T = 6.
However, (*(X,\,p),G,) and (I*2(X,\,p),G,) are paranormed spaces if
and only if inf p,,,, > 0.

Proof. (i) For G, to be a paranorm we prove the continuity of scalar multi-
plication only, other conditions are straight forward.
(a) Let ay — 0 as k — oo and G, (7" —7) — 0 as k — oo. Suppose
lag| <1 for all k£ > 1, then we have

(3.2) G, (T <G, (@ —7) + G, (7).
Let € > 0. Since T € c2(X, A, p) so there exists N such that
(90 AmnZyn) )Pm/M <€ for all m +n > N.
Also since «ay, — 0 therefore there exists K such that
(90 (rXmn@mn) )P = o P M (g, (N n ) )P M < €

for all k > K and 2 < m +n < N. Hence (g, (@AmnTmn ) )P /M < €
for all m,n > 1 and for all k > K or G, (%) < € for all k > K, i.e.,
G, (a,T) — 0 as k — oo. Thus from (3.2) we get that G, (ax %) — 0
as k — oo.
(b)  Let a be a scalar and G, (z*¥) — 0 as k — oo. Then we have
G, (a7") < Ala]G,, (%), which implies that G, (aT*) — 0, as k — oo.
Thus, (a) and (b) together give continuity of scalar multiplication [16, see
p. 17].

(ii) In view of definition of d,, it is straight forward to verify that I2 (X, A, p) is
a pseudometric group. Further from G, (aZ) < Ala| G, (T) the continuity
of (a,T) = aT at a = 0 and T = § follows easily.

Let inf,,, P = 0, 0 < |of < 1, x € X such that g,(z) = 1. Then
T = (Zyn) defined by z,,,, = ALz, myn > 1, is in [, (X, \, p) but

Gy (az) =sup |afm/M (g, (x)pr/M =1
shows that the mapping ae — o is not continuous, hence G, fails to be a
paranorm on [2 (X, \, p).
Now suppose that inf,, , pmn = [ > 0 then for any T € 2 (X, \, p)

G, (ax) = sup |a|pm”/M(gU()\mnxmn))p’”"/M

m,n

< max(|a|, |0z|l/M) G, (7)
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and hence the mapping o« — a7 is continuous. Thus if inf,, ,, pp, > 0 and
we proceed along the lines of proof of (i) above we can easily show that G,
is a paranorm on 2 (X, A\, p).

Similarly the case of ¢?(X, A\, p) can be disposed of. This completes the proof
of the theorem. |

We now observe that the collection G = {G,, : U € U} of all paranorms
G, on A(X, A, p) defines a linear topology oG on c2(X, \,p) where we say that
the net © — 0 in oG if and only if the net © — 6 with respect to each G, € §
[16, p. 38]. We shall denote this topological vector space by (c3(X, A, p),cG).
Similarly if we take inf,,,, pm, > 0 then (¢*(X,\,p),0G) and (I2,(X, A, p),cG)
are also topological vector spaces.

Moreover X is Hausdorff therefore these spaces are also Hausdorff. For
instance if T = (z,n) € 3(X,\,p) and T # 0 then there exists some z,,, # 0.
Since X is Hausdorff therefore there exists a g, € D such that g, (2,,,) # 0 and
so G, (T) # 0, i.e., (A(X,\, p),0G) is Hausdorft.

In the following we denote by od the topology such that a net @ — 7 in od
if and only if d, (7%, Z) — 0 for each U € U.

Theorem 3.3. If X is complete then

(i) (A(X,\, p),0G) is complete (topological vector space), and
(i) (A(X,\,p),0d) and (12, (X, \,p),cd) are complete (topological groups).

Proof. (i) For the completeness of (c2(X, A, p),0G), let {Z'} be a Cauchy net
in (c2(X,\,p),cG) over the directed set I and ¢ > 0. Then for each G,
there exists 7g € I such that

(3.4) G, (T —7) < eforall 4,5 > i
This implies that sup(g, (Amn (i, — 22,.))P™/™ < e. Thus for each

m,n > 1, (z! ) is a Cauchy net in X. Since X is complete so for each
m,n > 1 there exists Z,,, in X and hence T = (z,,,) such that when the
limit is taken over j in (3.4) we get G, (' —Z) < € for i > iy and for each
UeU. Thus T — 7 in 0G. Now if we take an 7 > iy then we have

(gU()‘mn xmn))pmn/M < GU (EZ — f) + (gU()\mn xfnn))l’mn/M < ¢

for all sufficiently large m and n, whence (g, (Amn ZTmn))P™/™ — 0 as
m,n — oo. Thus T € c3(X, \, p).

(ii) Completeness of ¢*(X,\,p) and [ (X, \, p) can easily be proved on the
lines of (i).

This completes the proof. [ ]
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Theorem 3.5. (i) (3(X,\,p),0G) is a GK-, GAD-, GAK- and GC-space;
and
(i) f inf pp, > 0 then (3(X, \,p),0G) and (12, (X, \,p),0G) are GK- and GC-

spaces.

Proof. (i) For each m,n > 1, the continuity of linear map Fj,, : c3(X, A\, p) —
X where F,,,,,(T) = Zpy, follows from

Ju (an(f)) =9y ("L‘mn) < |)\mn|_1 [GU (E)]M/pm”.

Thus (X, A, p) is a GK-space.

Let T = (2yn) € (X, A\, p), € > 0 and G, € G. Then there exists N
such that (g, (Amn Tomn) )P/ < € for all m +n > N. Clearly T = (Yn)
defined by

_ Tn, mMm+n < N
Ymn = 0, otherwise,

is in ®*(X) and G, (T — ) < e. Hence ®?(X) is dense in c2(X, A, p). This
proves that ¢3(X, A, p) is a GAD- space.

Now, (g, (Amn Tomn))P/™M < € for all m +n > N implies that G, (T —
SN(T)) < e. Thus SN(T) — T as N — oo with respect to each G,,, and
hence c3(X, A\, p) is a GAK-space.

Further for each m,n > 1 the continuity of R, : X — (X, \,p),
Ry () = 0™ (x), follows from

Gy (R (@) = [AgunPM (g, ()™, G, €G.
Hence (c3(X, \, p),0G) is a GC-space.

Proof of (ii) is similar hence omitted. This completes the proof. n
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