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Abstract. In this paper we prove pluripolarity of graphs of quasianalytic
functions of several variables in the sense of Gonchar.

Keywords. Pluripolar sets, quasianalytic functions.

2010 MSC. Primary 32U15.

1. Introduction

Let f be a function, defined and continuous on a compact set K of complex
space C", and let p,(f) be the least deviation of K from the rational functions
of degree less than or equal to n:

pulf) =t [ =7l

where |-|| ;- is the uniform norm and the infimum is taken over all rational func-
tions of the form
> anz”

|| <m
rm(2) = ————.

(2) S Doz

laj<m
Here oo = (ay, a, ..., ) is a multi-index.

As usual, we denote by e,,(f) the least deviation of on K from its polynomials
approximation of degree less or equal to m. Obviously, p,.(f) < e, (f) for every
m=1,2.3,...In papers ([1, 2]) Gonchar proved in the one dimensional case that
the class of functions

R(K) = (£ € O(K) + lim ¥/pu(F) < 1)
m—o0
possess one of the most important property of analytic functions. Namely, if

lim {/pm(f) <1

m—o0
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and f(z) = 0 on the set £ C K C C of positive logarithm capacity, then
f() =0, z€eK.

By analogy with class,

B(K) = {f € C(K): lim %/en(f) < 1},

m—o0

which is called the class of quasianalytic functions of Bernstein (see [3, 4, 5]),
we call R(K) the class of quasianalytic functions of Gonchar. It is known that
functions that are analytic on K can be characterized by condition (Bernstein’s
theorem)

lim Y/en,(f) < 1.

m—r0o0

2. Main Theorem

In paper ([6]) K. Diederich and J.E. Fornaess constructed examples of smooth
functions, whose graphs are not pluripolar in C2. In recent work ([4]) D. Coman,
N. Levenberg and E.A. Poletsky have proved that if f € B(K), K = [a,b] C R,
then its graph T'; is not pluripolar in C2.

In this paper we prove following more general theorem.

Theorem 2.1. If f € R(K), K C C", then its graph Ty pluripolar in C"*1.

Proof. According to the hypothesis of the theorem there exists a sequence of

natural numbers my and a corresponding sequence of rational functions

_ Pmy

Ty, = —
Amy,

such that
pmk(f) - Hf _kaHK S amka

where o : 0 < a < 1 is some fixed number. Without loss of generality we can
assume that

1
1l < 50 Pl 1 Nl =1

According to Bernstein-Walsh inequality (see [8]),
()] < VG and g, ()] < eV
for any z € C" and k € N. Put
V*(z, K) = limV(z, K),

2zl —z

where .
V(z, K) = Sup{Eln [pm (2)] < [Pl < 1}
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is the extremal function of Green. We introduce the following auxiliary sequence
of plurisubharmonic functions
1 n
uy(z,w) = Fk In }qu(z) Sw —pmk(z)}, (z,w) € C™*
For (z,w) € C"™ we have
1

g (2) - 0=y ()] € 7 Iy () 0]+ [ (2))

1 1
< max{=— 102{p, (2], = In2lg (2) - )
1 1 1 In2
= —In|pp, , — In|q, —1 —.
{1 o, (2), g ()] + - I ]} +
From here we obtain the following estimate

In2

mk'

1
u(5,w) < max{V* (2, K), V*(z, K)+ —Infuwl} +
my,
Consequently, the sequence of plurisubharmonic functions ug(z, w) is locally uni-
formly bounded from above.

Let

u(z,w) = kh_)rglouk(z, w).

The function u(z,w) is also locally bounded from above, i.e.,
u(z,w) < V*(z, K).
We denote by

u*(z,w) = " u}%—gl(z w)u(z', w')

the regularization of function u(z,w). The set
E={(z,w) € C""": u(z,w) < u*(z,w)}
is pluripolar in C"*!(see [7, 8]).
Let now (z,w) € I'y be a fixed point. (Note that ¢,,(z) # 0 for z € K). Then
1

"< lim In gy, (2)] ™
k—ro00

_ bmy (=)

)

1
u(z,w) = T Ingyn, ()|

[ 1
=Ina + lim |gny, (2)| ™.
k—o0
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If (z,w) € (K x C)\I'y, then

pmk (Z) m_k

qmy, ()

- - 1
u(z,w) = T 210 g, ()0 = Py (2)] = T Iy, (2) 7 [0

1
— T 10 gy, (2)] 7.

k—o0

It follows that .

T g (2)] ™5 # 0

k—o0
at a point z € K, then (z, f(2)) belongs to the pluripolar set E. Therefore, to
complete the proof of the theorem it is enough to show that the set

- L L
A= {z € K : lim |gy, (2)|™ = O} = {Z € K: lim gy, (2)|™ = 0}
k—ro00 k—o00

is pluripolar.

Assume that A is not pluripolar, i.e., plurisubharmonic capacity cap(A) > 0.
We consider the following sequence of subharmonic functions

95(2) = limd, (7)), 2z € C,
2=z
where

Vp(z) = Sup|qms(2)|1/ms-

It is clear that the sequence ¥5(z) is locally uniformly bounded, 0 < 19 w(2)
eV =K) and is not monotonically increasing. In addition, 9;(2) — 0 on
except for the pluripolar set

F= :L:jl{z € C": 9(2) < 0%(2)}

VAN

since by definition the sequence ¥ (z) tends to zero on A.

Since ¥;(2) is monotonic, for every € : 0 < ¢ < cap(A) there exists an open
set Us, cap(U.) < e, such that the sequence ¥;(z) converges uniformly on the
set Ac = A\U. (see, for example, [7]). It follows that there exists a compact
set Ag C A, cap(Ag) > 0 such that the sequence of subharmonic functions
V5(z) converges uniformly to zero on the set Ay. Consequently, the sequence

[ (2)]

Now, we use the so-called 7- capacity, introduced by A. Sadullaev (see [7]).
Let K be compact set from some polydisk U C C". We consider a polynomial
Tn(2), degT,,(2) < m, normalized by the condition ||7,[/, = 1, for which the
norm |7, 5 is minimal among all such polynomials. Then the limit

1
(2.2) lim || T, )| = (K, U)
m—0o0

also converges uniformly to zero on the compact set Ay.
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exists and, in fact,

1

(2.3) Tl = 7(K,U)

for every m € N. Moreover,

(2.4) T(K,U) = exp{—supV*(z, K)}.

zeU

It follows from (2.2), (2.3) and (2.4) that

1 1

(2.5) gmy [l = 1T [ = 7(K,U) >0,

where U DD K, as [|gm, || =1 and |[gn, || > 1. It follows from inequality (4)
1

that the sequence g, (z)|™ does not converges uniformly to zero on the set

Ag. We arrived at a contradiction. Hence the set A is pluripolar, completing the
proof. [ ]
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