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1. Introduction

Harmonic quasiconformal (briefly, hqc) mappings in the plane were studied
first by O. Martio in [23], today they are investigated both in the planar and
the multidimensional setting from several different points of view. Among topics
considered are: boundary behaviour, including Holder and Lipschitz continuity
and more general moduli of continuity, behavior with respect to natural metrics,
especially quasihyperbolic metric, distortion estimates, bi-Lipschitz properties
with respect to different metrics, characterization of boundary maps. Different
tools are used: conformal moduli of curve families, Poisson kernels, estimates
from the theory of second order elliptic operators, notions of capacity, subhar-
monic functions, Hilbert’s transformation. Both theories of harmonic mappings
and quasiconformal mappings are well developed, it is of interest to consider how
these results can be strengthened in presence of both harmonicity and quasicon-
formality. Some of the results are unexpected and elegant, e.g. preservation of
boundary modulus of continuity in the case of B™ ([3]), bi-Lipschitz property with
respect to quasihyperbolic metric (n = 2) ([21]), Holder continuity is preserved
for uniformly perfect domains ([7]). For example, bi-Lipschitz properties of such
mappings were studied extensively, see [15] and [26] for further references. Also,
characterizations of the boundary mappings admitting hqc extension were given
in [29] and [18].
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2. Quasiconformal mappings

Conformal invariance has played a predominant role in the study of geometric
function theory during the past century. Some of the landmarks are the pio-
neering contributions of Grétzsch and Teichmiiller prior to the Second World
War, and the paper of Ahlfors and Beurling [2] in 1950. These results lead to
farreaching applications and have stimulated many later studies [13]. For in-
stance, Gehring and Viisala [10], [33] have built the theory of quasiconformal
mappings in R” based on the notion of the modulus of a curve family intro-
duced by Ahlfors and Beurling [2], which is an essential tool in investigation of
quasiconformal mappings.

Let us consider a family I' of curves in R° = R" U {oo}. We say that a
non-negative Borel measurable p : R®™ — R is an admissible metric for I' if

L(y) = /pds > 1 for each locally rectifiable v € T
Y

Let F(T') be the set of all admissible metrics for I'. Finally, for each p > 1 we
define p-modulus of I" by

M,(I') = inf dm.
W)=t [
The case p = n is most important, in that case we write simply M(['). —= is
the extremal length of T'.

Definition 2.1. A domain A C R is a ring if C'(A) has exactly two components.

If the components of C'(A) are Cy and C, we denote A = R(Cy, C1), By =
ConNAand By = C; N A. To each ring A = R(Cy, C1), we associate the curve
family I'y = A(By, By, A) and the capacity of A is defined by cap A = M(I'4).
Next, the modulus of A is defined by cap A = w,,_;(mod A)}~™.

Let f: D — D’ be a homeomorphism. If I' is a family of curves in D, then I
denotes the family {f oy |y € I'} of curves in D’. We set

(T ()
K =
where the suprema are taken over all families of curves I' C D such that M(T)
and M (") are not simultaneously 0 or co.

Ko(f) = sup

Note that both quantities are equal to one if f is conformal mapping.

Definition 2.2. If f : D — D’ is a homeomorphism, K;(f) is the inner di-
latation and Ko(f) is the outer dilatation of f. The maximal dilatation of f is
K(f) = max{K;(f), Ko(f)}. If K(f) < K < o0, f is K-quasiconformal. f is
quasiconformal (qc) if K(f) < oo.
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Equivalently, f is K-quasiconformal iff

M(T
% < M) < KM(T),
for every family of curves I in D. This is the geometric definition of quasicon-

formal mappings.

Definition 2.3. Let A : R®™ — R" be a linear bijection. The numbers

|det(A)] A" |A]
Hi(A) = Ho(A) = H(A) = —=
where [(A) = inf}j4=1 ||Az||, are called the inner, outer and linear dilatation of
A, respectively.

They have the following geometric interpretation: The image of the unit ball
B™ under A is an ellipsoid E(A). Let B;(A) and Bp(A) be the inscribed and
circumscribed balls of E(A), respectively. Then

m(E(A)  ar---apy

M= By
Ho() = ol — ()= 2,

where a; > ag > - -+ > a, are the semi-axes of E(A).

Next we turn to a more interesting task: Finding conditions on quasiconfor-
mality in the case of a C' mapping in terms of its derivative. This is an analytic
approach to quasiconformal mappings.

Module estimates will play crucial role here. In order to do that we define

iy @) SN /2C0]
Ho(f/(x) = REE5E HAF (@) = 15

where J¢(z) # 0 is Jacobian of f.
Theorem 2.4. [33, Theorem 15.1] Suppose that f : D — D’ is a diffeomorphism.
Then

Ki(f) =sup Hr(f'(z)),  Ko(f)=sup Ho(f'(x)).

xzeD zeD

Theorem 2.5. [33, Theorem 15.2] Let f : D — D’ be a homeomorphism. If f
is differentiable at a point a € D and if Ko(f) < oo, then

[f(@)l" < Ko(f) - |J¢(a)l-
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Corollary 2.6. A diffeomorphism f: D — D’ is K-qc iff the double inequality

SO @) < K1)

holds for every x € D.

Example 2.7. (Linear mapping) Let A : R®™ — R™ be a linear bijection. Then
A'(z) = A for all x € R". From Theorem 2.4 we obtain

Ki(A)=Hi(A)  Ko(A) = Ho(A).
Thus A is qc.

Example 2.8. (Stretching) Let a # 0 be a real number, and set f(z) = |z|* .
Then from theorem 2.4 it follows that

Ki(f)=lal,  Ko(f)=la|"™" ifla[>1,
Ei(f)=lal'"™  Ko(f)=lal™" ifla] <L
Thus f is qc. In Example 2.10 we prove the sharp Holder estimate for f.

—
E}

FiGUre 1. Radial mappings.

Example 2.9 (Radial mappings). Now we consider radial mappings of a more
general type:

f(z) = p(lz]) - ﬂ

where ¢ is continuously differentiable on [0, 4+00), ¢'(r) > 0 and ¢(0) = 0 ([19]).
Now we want to calculate the Jacobi matrix of f at a given point x. In fact, we
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are interested in [(f'(z)) and |f'(z)|. It is easier to work in a new rectangular
coordinate system, one coordinate is along vector x, the other coordinates are in
the tangent plane (n — 1-dimensional hyperplane) to the sphere through z (see
picture below).

Then we have

af1" £lr)
)

ij=1

0 o(r)

Indeed, the rate of stretching along the first coordinate axis is ¢'(r) by defini-

tion of f. In the tangent hyperplane we have a similarity transformation by a

coefficient @ (see picture below), where Ar is ”infinitesimal” displacement.

F1GURE 2. The stretching rate.

Hence
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)] = max {7, 2}

Y e S
Hol o)) = Jp(x) o () <30(7"))n1 '

This is bounded iff sup, -, “O;(Q'T < +o00 and sup, . % < +00.

w0 ()"
P min { @), 22}

T

This is bounded iff sup,, % < +o0 and sup, % < 400, which is the

same condition we obtained for Hp.

Hi(f'(x)) =

Conclusion: f is qc-mapping iff

/ .
sup ) < 400 and sup <p(7/”)
r>0 SO(T) r>0 T @ (T)

< +00.

One can write this result in a different form:
Let o : (0,1) — (u,v), where 0 < u < v < 1. For f(x) = |z|*(*)=1 2 we have
o(r) =) and
re'(r)
w(r)
and the condition for qc-ty of f is that

r-a(r) - In(r) + a(r)

=r-o(r) - In(r) + a(r)

is bounded above and bounded away from zero.

This is, of course, true if a(r) = « € (0,1). In that case

a-rot 0
Ta—l
Jy =
O ,,,.Cl{*l
Since 0 <a<1,l=a-r* |f(z)]=r", Ji(z) =a- (r*H)" and
,r,afl n 1
Ho(f/(e)) = L 1

a- (7»04—1>n o
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and

o (Oé ,7»04—1>n _ an—l'

Note that H; > Hp, and we see that the constant of qc-ty is K = ﬁ From

here we have o = K'Y= The constant @ = K=" is the best possible
exponent.

Example 2.10 (Holder continuity of radial mappings). ([9, 19, Appendix]) Let
flx) =|z|*tx, 2 € R", a € (0,1). We prove that f is Holder continuous with
exponent a;, i.e.

Ve,y e R"  |f(z) = fy)| < Clz—y[*

with C' = 217, Note that this Holder estimate is sharp, since equality holds for
r = —y. See also [9, 19].

We write the function f in the following form
x

(2.11) flz) = [z]* —

x|
Without loss of generality we can assume that |z| > |y| > 0. Put k = % and
T =1 Y= Then k >1and |Z] = |g| = 1. By the equality (2.11) we need
to prove
T (0% y [e%
== " | < Cle -yl
[yl

By dividing previous inequality by |y|® it follows that
|k —gy| < Clkz — g|®.

||
|z]

This inequality is equivalent with

Kz —g|* < C* k@ — g
By definition of the inner product it is equivalent with
k2 — 2k (Z,9) + 1
(k2 —2k(Z,9) + 1)~

(2.12) C? >

Inequality

k2 — 2k (Z,9) + 1

(k2 —2k(z,9) + 1)~

ensures (2.12). Because |(Z,7)| < 1, it is sufficient to prove that
k* — 2kt + 1 < 922

(k2 — 2kt +1)>

C? > max

f(k,t) =
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for any ¢ € [—1,1]. The function f(k,t) can be written in the form

(k= 1)+ 2k (1—1)

[k 1) = (k=124 2k(1—1t))

By differentiating f(k,t) with respect to t we obtain

of =2k (RO = D)1= k) + (1 — ) (K> = 1) + 2k*(1 — t)))

= 0.
ot (k2 — 2k + 1)ot] <

Hence, f(k,t) is decreasing as a function of ¢ when —1 < ¢ < 1. By this reason,

fk,t) < fk,—1) = RO 2kt 41 ( ke + 1 )

(K2+2k+ 1) (k+ 1)«

By concavity of function u® follows

a k%41 k+1\
k: +1 — 2+ < ( g ) _2170{
a (k+D)> = (k+D> )
RN

Consider a homeomorphism f : D — D’. Suppose that z € D, x # oo and
f(x) # oo. For each r > 0 such that S"~!(z,r) C D we set

(2.13) Lz, f,r) = max [f(y) = f(z)], Uz, f,r)= min [f(y)— f(z)].

ly—z|=r ly—z|=r

Definition 2.14. The linear dilatation of f at x is the number

L Lz, f,r)
e ) =l T
If z = o0, f( ) # oo, we define H(z, f) = H(0, f o u) where u is the inversion
u(z) = =5. If f(x) = 0o, we define H(z, f) = H(z,uo f).

Example 2.15. Mapping f : B® — B", f(z) = |z|* 'z has H(0, f) = 1.

Theorem 2.16. [33, Theorem 22.3] Suppose that f : D — D’ is a homeomor-
phism such that one of the following conditions is satisfied for some finite K :

1. M(T4) < K- M(I")) for all rings A such that A C D,
3. Ki(f) < K.

Then H(z, f) is bounded by a constant which depends only on n and K.
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3. Planar hqc mappings

In [23], Martio gave sufficient conditions for K-conformality of a harmonic
mapping from the unit disk onto itself. He also posed the following question:

Question 1. If u is harmonic in the unit disk D, and f is the boundary
function on T = 0D, find necessary and sufficient conditions that lim, . u,(2)
and lim, - ug(2) exists at each ¢ € T.

In [29], Pavlovi¢ gave a characterization of the boundary function ensuring
the quasiconformality of the boundary function.

Theorem 3.1. Let u be a harmonic homeomorphism of D. Then the following
conditions are equivalent:

(a) u is qc;
(b) w is bi-Lipschitz in the euclidean metric;
(c) f is bi-Lipschitz and the Hilbert transformation of its derivative is in L™.

In [18], the analogous result was proved for the half-plane. In [28], Partyka and
Sakan gave explicit estimations of the bi-Lipschitz constants for u expressed by
means of the maximal dilatation K of u and |u~!(0)|. Additionally if u(0) = 0,
they used Mori’s theorem as in [29], to get asymptotically sharp estimates as
K — 1.

Definition 3.2. A mapping f : (X,dx) — (Y, dy) is bi-Lipschitz if it is bijective
and both f and f~! are Lipschitz continuous.

Bi-Lipschitz property of harmonic quasiconformal mappings on the unit disc
was investigated in [26]. In [21], the following theorem was proved.

Theorem 3.3. Suppose D and D' are proper domains in R?. Ifu: D — D' is
K-qc and harmonic, then it is bilipschitz with respect to quasihyperbolic metrics
on D and D'.

The proof is based on the theorem of Astala and Gehring from [§].

In [26], Mateljevi¢ and Vuorinen extended Theorem 3.3 to domains in R”
under the hypothesis that K < 27! and u is of class C'!.

3.1. Moduli of continuity in Euclidean metric. It is well known that if
f is a complex-valued harmonic function defined in a region G of the complex
plane C, then |f|P is subharmonic for p > 1, and that in the general case is not
subharmonic for p < 1. However, if f is holomorphic, then |f|? is subharmonic
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for every p > 0. Here we consider k-quasiregular harmonic functions (0 < k < 1).
We recall that a harmonic function is quasiregular if

0f(2)] < klOf(2)],  2€G,

where

~ 9,
8f(z):%(g—£+ia—£) and 8f(z):%(g—£—ig—£), 2 =T+ 1.

We prove that |f|P is subharmonic for p > 4k/(1 + k)? =: q as well as that the
exponent ¢ (< 1) is the best possible (see Theorem 3.4). The fact that ¢ < 1
enables us to prove that if f is quasiregular in the unit disk D and continuous
on D, then &(f,d) < const.w(f,d), where &(f,d) (respectively w(f,d)) denotes
the modulus of continuity of f on D (respectively dD); see Theorem 3.8.

Theorem 3.4. [20] If f is a complex-valued k-quasiregular harmonic function
defined on a region G C C, and q = 4k/(k + 1)?, then | f|? is subharmonic. The
exponent q s optimal.

Recall that a continuous function u defined on a region G C C is subharmonic
if for all zy € G there exists € > 0 such that

1 [ .
(3.5) u(zp) < —/ u(zo + re') dt, 0<r<e,
2w Jo

If u(zg) = |f(20)*> = 0, then (3.5) holds. If u(z) > 0, then there exists a
neighborhood U of zy such that u is of class C*(U) (because the zeros of u are
isolated), and then we may prove that Au > 0 on U. Thus the proof reduces to
proving that Au(z) > 0 whenever u(z) > 0. In order to do this we will calculate

Au.

It is easy to prove that If u > 0 is a C? function defined on a region in C, and
a € R, then next two statements holds

(3.6) A(®) = au® ' Au+ ala — Du*?|Vul?,
(3.7) |Vul? = 4|0u)* and Au = 400u.

For a continuous function f : D — C harmonic in I we define two moduli of
continuity:
w(f,8) = sup{|f(e”) = f(e")] :[e” —€"| <6, t,0 €R}, 620,
and

&(f,0) =sup{|f(2) — f(w)| : |z —w| <6, z,weD}, §>0.
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Clearly w(f,9) < &(f,0), but the reverse inequality need not hold. To see this
consider the function

f(re?) = Z( J'r" cosn , re € D.

n2

n=1

This function is harmonic in D and continuous on D. The function v(8) = f(e%),
|0| < m, is differentiable, and

dv = (=1)"'sinnd
a0 n

n=1

0

5, |8| < Tr.

This formula is well known, and can be verified by calculating the Fourier coef-
ficients of the function 6 — 6/2, |0| < . It follows that

[f(e%) = fe) < (m/2)l0—t],  —m<0 t<m,

and hence w(f,0) < M, 6 > 0, where M is an absolute constant. On the other
hand, the inequality &(f,d) < CMd, C' = const, does not hold because it implies
that |0f/0r| < C'M, which is not true because

o > n—1

i0 r
= for § = 0 1.
o (re”) E —, for T 0<r<

n=1

However, as was proved by Rubel, Shields and Taylor [30], and Tamrazov [32],
if f is a holomorphic function, then @(f,0) < Cw(f,d), where C' is independent
of f and d. Here is an extension that result to quasiregular harmonic functions.

Theorem 3.8. [20] Let f be a k-quasiregular harmonic complex-valued function

which has a continuous extension on D, then there is a constant C' depending
only on k such that &O(f,9) < Cw(f,9).

This theorem was deduced from Theorem 3.4 by use of some simple properties
of the modulus w(f,d). Let

wo(f,8) = sup{| f(e”) — f(e")| : |0 — | <6, t,0 € R}.
It is easy to check that
(3.9) C~un(£.8) < w(f,6) < Cun(£,9),
where C' is an absolute constant, and that

wo(f, 01 + 62) < wolf,61) +wol(f,d2), 01, d2 > 0.
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Hence, wy(f,2"9) < 2"wo(f,6), and hence wo(Ad) < 2 wy(d), for A > 1,6 > 0.
From these inequalities and (3.9) it follows that

(3.10) W(f, ) < 20 w(f,8), A>1,6>0,
and
(311) w(f, 51 + 52) < Cw(f, 51) + CW(f, 52), 51, 52 > 0,

where C' is an absolute constant. As a consequence of (3.10) we have, for 0 <
p <l

12 [T g b

where C' depends only on p.

4. HQC mappings in domains in R”

Let B" = {z € R" : |z| < 1} and do is the normalized surface measure on the
unit sphere S"!. Let us consider the following question:

Question 2. If u is a hqc mapping on the unit ball and u|gn-1 has some
continuity property, does it follow that u has the same property on the ball?

If this property is Lipschitz continuity, the answer is affirmative [4, 6]. If this
property is the modulus of continuity, the answer is also affirmative [3].

It is known, even for n = 2, that Lipschitz continuity of ¢ : T" — C', where
T ={ze€ C:|z| =1}, does not imply Lipschitz continuity of u = P[¢].

Here, for any n > 2,

POl = [ P@.&)0(e)ir(e), € B

where P(x,£) = = |§‘|n is the Poisson kernel for the unit ball, and ¢ : S"~! — R"

is a continuous mapping.

It was shown in [4] that Lipschitz continuity is preserved by harmonic exten-
sion, if the extension is quasiregular. The analogous statement is true for Holder
continuity without assumption of quasiregularity.

Theorem 4.1. Assume ¢ : S™ ' — R" satisfies a Lipschitz condition:

|6(&) — o) < LIE—nl, &ne s
and assume u = P[¢]| : B" — R" is K-quasireqular. Then

u(z) —u(y)| < 'z —y|, x,y € B”
where C" depends on L, K and n only.
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In [6], the authors gave the estimate L, < KL, where L,, L, denote the
Lipschitz constants of u, ¢, respectively. Also in [6], Question 1 is solved and
extended to the n-dimensional case.

4.1. Moduli of continuity of hqc mappings in higher dimensions. The
following problem is considered: can one control the modulus of continuity w,
of a harmonic quasiregular (briefly, hqr) mapping u in B™ by the modulus of
continuity w; of its restriction to the boundary S"~!, i.e. is it true that w, < Cw;?

In fact this problem has been studied extensively for harmonic functions and
mappings without assumption of quasiregularity. We recall some of known re-
sults. For the unit ball the answer is positive in the case w(d) = 0%, 0 < a <1
(Hoélder continuity) and negative in the case w(d) = Ld (Lipschitz continuity). In
fact, for bounded plane domains the answer is always negative for Lipschitz con-
tinuity (see [1]). However, it is proved in [11], that for general plane domains one
has “logarithmic loss of control”: w, () < Cw¢(d)log(1/6). In [3], the following
results were proved.

Theorem 4.2. There is a constant ¢ = q(K,n) € (0,1) such that |u|? is subhar-
monic in 2 C R™ whenever u : 2 — R" is a K-quasiregular harmonic map.

Theorem 4.3. Ifu:B" — R" is a continuous map which is K -quasireqular and
harmonic in B", then w,(§) < Cws(0) for 6 > 0, where f = u|sn—1 and C is a
constant depending only on K, wy and n.

In the case n = 2, these theorems were proved by using properties of analytic
functions [20]. In [3], Theorem 4.2 was proved by using a linear algebra extremal
problem. In [17], the optimal constant ¢ is find in simple way.

We note that every every continuous map u : B' —  which is hqc in B",
where Q is bounded and has C? boundary, is Lipschitz continuous, see [16].
Also, every holomorphic quasiregular mapping on a domain 2 C C" (n > 1)
with C? boundary is Lipschitz continuous, see [31]. The same paper contains
an example of a holomorphic quasiregular map in a domain 2 C C? (with non-
smooth boundary) which is not Lipschitz.

In view of the above, one is tempted to make the following conjecture: every
hgc map u : B® — €2 is Lipschitz continuous. However, this is false, as we show
by an example for n = 3 given in [3] by V. Bozin.

Example 4.4. We use the following notation: X = (z,y,2), II* = {(z,y,2) :
z > 0}. We construct a mapping f : [TT — R3 such that

1. f is continuous on II+.
2. f is not Lipschitz on L = {(0,0,2) : 0 < z < 1}.
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3. fis hqc on IT*.

Of course, then the same is true for the restriction of f to the closed unit ball
centered at (0,0,1).

Set g(X) = X/|X|?, this mapping is, up to a constant, the gradient of a
harmonic function 1/|X|, and therefore harmonic for X # 0. We have
1
X
where Uy = X/|X|. Note that |g(X)| < 1/|X]|? and ||Dg(X)| < Cp/|X|*. Now

set
FX) = fo(X)+ > fulX

where fo(X) = (z,y, —22), fu(X) = cng(X — X,,) and X,, = (0,0, —r,,). We are
going to show that one can choose sequences 7, and ¢,, such that the above three
conditions are satisfied, for the moment we require that they are strictly positive
and that lim,, ,, 7, = 0 monotonically.

We claim that the condition

Dg(X) = (I —3U% - Uy),

[e.9]

> 5 < oo ()

n=1 "

is sufficient for continuity up to the boundary. Indeed, for every X € I+,

SR e < 3o < oo

and therefore the series >~ | f,(X) converges absolutely and uniformly on TI+.

Next, the condition
0

Z —’; = 400 (NL)
is sufficient for property 2. In fact, for X = (0,0,2) € IT'* we have £ f,(X) =

(zi‘;’;)g es, where es = (0,0, 1) and

0
EP (X) =-

- €3.

) ¢
2 .
F Ty

Hence, if (NL) holds, then |2 £(0,0,z)| — oo as z — 0 and this implies that f
is not Lipschitz continuous on L.

Now we look for a sufficient condition for quasiconformality. First note that a
matrix A € M5(R), A # 0 is K-quasiconformal iff its normalization A = A/||A||
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is K-quasiconformal. Also, for each compact H C GL3(R) there is a K > 1 such
that every A € H is K-quasiconformal.

We omit an easy proof of the following lemma, which is true for vectors in
any real inner product space, although for our purposes M3(R) = R? is the only
case of interest.

Lemma 4.5. Let A € M3(R), A#0 and 0 < e < V2. Then for any matrices
By, ..., By satisfying ||A — Bj|| <€, 1 < j <k we have |A — B| < €, where
B=DBy+- -+ By

Let Ap = diag(1,1,-2) = Dfy. Choose 0 < § < V2 such that H = {B :
|Ap — BJ| < 0} is a compact subset of GL3(R). Hence, there is a Ky > 1 such
that every B € H is a Ky-qc matrix.

Set Ax =1 —3UL-Uyx, X € IIT, X # 0. Of course, Ax = Ay,. Clearly,
Ax is continuous in X and A1) = Ag. Hence there is an € > 0 such that
|[Ax — Aol| < 0 whenever [X — e3| < e. Equivalently, there is an n > 0 such
that tan Z(es, X)) < n implies ||Ax — Ag|| < d or, in coordinates, ||[Ax — Aol < 0
whenever X = (z,y,2) € IIT satisfies 7”?342 <.

Next choose 3 > 0 such that |4y — B|| < § implies || Ay — B|| < 0.

Now we can show that the condition

220, Z (rncfnp)?’ <pB for all p>0 (QCY)

is sufficient for quasiconformality of f. First note that, for z > 0, D (0,0, z) is a
constant multiple of Ag. Now consider X = (x,y,2) € II" with p = /22 + ¢y >
0. Then

TnS%

Df(X) = Dfo+Y_ Dfu(X)

= A+ Z cnAx_x,

n=1
= Ap+ Z cnAx—_x, + Z cnAx_x,

P P
rpn<Lt rp>E

The sum T is finite (possibly empty) and for each term in that sum we have

2 2
1£i£§£§n
zZ+ 1y, Tn
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Hence, ||Ax_x, — Ao|| < 6 for each term in that sum. Now we estimate norm of

R:
IRl < > eullAx_x,ll

IN
S
]
=
I | o
><1:

<%
c
< Gy i
T; (P2 + r2)3/2
-n
c
< 2\/500 .
ng (rn +p)?
< B

Hence ||(Ao+R)—Ao|| < B and therefore ||/~10—A?\+/R|| < 6. Now we see that
Df(X) can be represented as a sum of terms satisfying assumptions of Lemma,

therefore || D f(X) — Ag|| < &, hence Ef?)?) € H. So, Df(X) is a Ky-qc matrix
and so is D f(X). Since it is easy to verify that f is one-to-one it follows that f
is a Ky-quasiconformal map.

It is easily seen that the condition (QC}) is equivalent to the following one:
ch < Mr? foralln>1 (QC)
k=n

where M is constant depending on 1, Cy and 5. However, the exact value of M is
of no importance. Namely, once we have sequences r,, and ¢, satisfying (C), (NL)
and (QC) for some M, it suffices to multiply ¢, with suitably small constant to
get M as small as desired, since conditions (C') and (NL) are invariant under
such change of c,.

Observe that the sequences r, = 272"/% and ¢, = 272" satisfy the conditions
(C), (NL) and (QC), hence there is a non-Lipschitz ghc map on B" continuous
up to the boundary.

As concluding remark we note that an analogous construction can be carried
in any dimension k£ > 2. Also, by multiplying the z-component of our function
by a factor —1/2 and taking a tail of the series >~ f,(X), one can get the
constant of quasiconformality as close to 1 as desired.
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5. Moduli of continuity of quasiconformal mappings in
higher dimensions

Clearly, for general quasiconformal mappings u : £2; — €y one can not ex-
pect that the modulus of continuity behaves as in the above theorem, even for
)y = B". However, for bounded 2y, Holder continuity of u|so, implies Holder
continuity of u, but with possibly different Holder exponent, see [27] and [24].

The following theorem is the main result in [24].
Theorem 5.1. Let D be a bounded domain in R™ and let f be a continuous

mapping of D into R™ which is quasiconformal in D. Suppose that, for some
M>0and0<a<l,

(5.2) [f (@) = f(y)l < M|z —y|*
whenever x and y lie on 0D. Then
(5.3) f(2) = fy)] < M|z =y

for all x and y on D, where B = min(a, K}/(lfn)) and M’ depends only on M,
a, n, K(f) and diam(D).

The exponent [ is the best possible, as an example of a radial quasiconformal
map f(z) = |z|*'2, 0 < a < 1, of B" onto itself shows (see [33], p. 49). Also, the
assumption of boundedness is essential. Indeed, one can consider g(z) = |z|%x,
|z| > 1 where a > 0. Then g is quasiconformal in D = R” \ B" (see [33],
p. 49), it is identity on 9D and hence Lipschitz continuous on dD. However,
lg(ter)—g(e1)] < t*T1 t — oo, and therefore g is not globally Lipschitz continuous
on D.

P. Koskela posed the following question:

Question 3. Is it possible to replace 8 with « if we assume, in addition to
quasiconformality, that f is harmonic?

In the special case D = B" this was proved, for arbitrary moduli of continuity
w(9), in [3]. Our main result is that the answer is positive, if 9D is a uniformly
perfect set (cf. [12]). In fact, we prove a more general result, including domains
having a thin, in the sense of capacity, portion of the boundary. However, this
generality is in a sense illusory, because any hqc mapping extends harmonically
and quasiconformally across such portion of the boundary.

In the case of smooth boundaries much better regularity up to the boundary
can be deduced, see [14]; related results for harmonic functions were obtained by

1].
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A compact set K C R”, consisting of at least two points, is a-uniformly perfect
(o > 0) if there is no ring R separating K (i.e. such that both components of
R™\ R intersect K) such that mod(R) > «. We say that a compact K C R" is
uniformly perfect if it is a-uniformly perfect for some o > 0.

Here D denotes a bounded domain in R". Let
[y = {z € 9D : cap B(z,¢) N 9D = 0 for some € > 0},
and I'y = 9D \ T'y. The following result is proved in [7].

Theorem 5.4. Assume f : D — R" is continuous on D, harmonic and quasi-
conformal in D. Assume f is Holder continuous with exponent o, 0 < a < 1,
on 0D and Ty is uniformly perfect. Then f is Holder continuous with exponent
aonD.

If 'y is empty we obtain the following

Corollary 5.5. If f : D — R™ is continuous on D, Hélder continuous with
exponent o, 0 < a < 1, on 0D, harmonic and quasiconformal in D and if D 1is
uniformly perfect, then f is Holder continuous with exponent o on D.

6. Open problems

1. Is Holder continuity on the boundary preserved for hqc mappings in any
bounded domain?

2. Generalize characterizations from [18] and [29] to n > 2.

3. Characterize moduli of continuity of boundary values of functions in hqc(B").
Note that these include non-Lipschitz ones.

4. Is any hqc mapping bi-Lipschitz continuous with respect to quasihyperbolic
metric in bounded domains in R" for n > 27
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