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Abstract. In this paper, an attempt has been made to defineπ by using the greatest lower bound and the least upper bound properties

of the real number system. Using this definition, the usual formulas for the perimeter and area of a circle are proved. Though the

formulas are well-known, their proofs are not found in text books. This paper tries to fill that gap.
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1. Introduction

For the first time when a child sees a circular region, she thinks

it should have an area since it is a closed figure with a very

regular smooth boundary. She is then told that a circle does

have an area and a perimeter whose formulas are, respectively,

πr2 and 2πr . The number π is not rational but can be approxi-

mated well, for all practical purposes, to 22/7. She continues

with her usual trust in her teachers and guardians, for good.

It is natural for a child to raise doubts and her teachers have

the responsibility of clearing these. In this case, the doubts are

the following:

1. Why does the same number π work for both the perimeter

and the area?

2. Why does the same π work for all circles?

3. And what is π?

The teachers do their best in giving the explanation that it

has been found experimentally by taking bigger and bigger

circles that the ratio of the perimeter of a circle to its dia-

meter is nearly a constant. Further, they say that this fact will

be used to prove the area formula later using techniques from

higher mathematics. In smaller circles, there is more error

in the measurements and that is evened out with larger and

larger radii. We see that the explanation is far from answer-

ing the genuine questions of the child. It answers an altogether

different question. Further, there are deeper questions

unasked.

Length of a straight line is well defined since our measure-

ment tools are straight. As a circle is not straight, its circum-

ference has a length is questionable. A rectangle has an area

is acceptable since measurement of an area uses squares. But

whether a circle has an area is again questionable. Our aim, in

this paper, is to clear these doubts in a manner that a school

student can understand. The only requirement is the concept of

a greatest lower bound of a set of real numbers. For generality,

we also consider the approach of least upper bounds and finally

show that both the approaches lead to the same π .

The concepts are simple enough. Let A be a non-empty

subset of the set of real numbers R. A real number α is a lower

bound of A if α ≤ x for each x ∈ A. A real number β is an

upper bound ofA if β ≥ x for each x ∈ A. A real number γ is

a greatest lower bound of A if γ is a lower bound of A and no

number greater than γ is a lower bound of A. Similarly, a real

number δ is a least upper bound of A if δ is an upper bound of

A and no number less than δ is an upper bound of A. The two

properties of R are:

Greatest Lower Bound Property. Each non-empty subset of

R having a lower bound has a greatest lower bound.

Least Upper Bound Property. Each non-empty subset of R

having an upper bound has a least upper bound.

In fact, the two properties of R are equivalent. Moreover,

whenever they exist, the greatest lower bound and the least

upper bound are unique. Our approach is similar to defining√
2 as the greatest lower bound of the set of all positive rational

numbers whose squares are greater than 2, and also as the least

upper bound of the set of all positive rational numbers whose

squares are less than 2.

In Section 2, we take the simpler approach of using the

greatest lower bounds for defining the perimeter and area of
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a circle and the number π . Next, we derive the well known

formulas for the perimeter and area of a circle. In Section 3,

we redefine π by taking the polygons inscribed in a circle, and

prove that both the approaches lead to the same π . Section 4

concludes the paper.

2. Simpler πππ

We use the words circumference for the path itself and peri-

meter for the length of the circumference. Since the sides of

a polygon are straight line segments, the circumference of a

polygon has length. Since squares and rectangles have well

defined areas, parallelograms and triangles also have areas.

Again, polygons can be triangularized, and thus have areas.

We use the perimeters and areas of polygons to define the

perimeter and area of a circle.

Let C be a circle of radius r > 0. Denote by �(P ) the

perimeter and by k(P ) the area of any polygon P . Consider

the sets

P(C) = {�(P ) : P is a polygon circumscribing C}

A(C) = {k(P ) : P is a polygon circumscribing C}

Both L(C) and K(C) are non-empty and have zero as a lower

bound. By the greatest lower bound property of R, there exist

greatest lower bounds of the sets P(C) and A(C).

Definition 2.1. Let C be a circle of radius r > 0. The peri-

meter of C is the greatest lower bound of P(C). The area of

C is the greatest lower bound of A(C).

Due to Definition 2.1, the perimeter and area of any circle

are real numbers. Notice that we neglect the units. First of all,

we want to show that the perimeter and area of a circle do not

depend on the centre.

Theorem 2.1. All circles with radii of the same length have

equal perimeters and equal areas.

Proof. Let C,C ′ be circles with centres O,O ′, each of

radius r > 0. Let P be a polygon that circumscribes C.

Suppose P touches C at the points A1, A2, . . . , An. Con-

struct the radii OA1,OA2, . . . , OAn. Mark a point on

the circle C ′ as B1. Construct the radius O ′B1. Construct

the radii O ′B2,O
′B3, . . . , O

′Bn so that ∠B1O
′B2 =

∠A1OA2, . . . ,∠Bn−1O
′Bn = ∠An−1OAn, where the points

B1, B2, . . . , Bn are on the circumference ofC ′. Draw tangents

to C ′ at these points. This gives rise to a polygon P ′ that cir-

cumscribesC ′ and is congruent to P . Then, �(P ) = �(P ′) and

k(P ) = k(P ′).
Conversely, given any polygon P ′ circumscribing C ′,

we can construct a congruent polygon P that circum-

scribes C, in a similar way. Here also, �(P ′) = �(P ) and

k(P ′) = k(P ).

Therefore, P(C) = P(C ′) and A(C) = A(C ′). Taking

greatest lower bounds, we see that perimeters of C,C ′ are

equal, and so are the areas of C and C ′. �

Thus it makes sense to talk of the perimeter and the area of

a circle of radius one (a unit circle) no matter wherever in the

plane it is drawn.

Theorem 2.2. The perimeter of a unit circle is twice its area.

Proof. LetO be the centre of a unit circle S. Let P be a poly-

gon that circumscribes S. Consider two consecutive vertices

ofP , say,A andB. Suppose the sideAB touches S atD. Since

OD = 1, AB equals twice the area of the triangleOAB. Sum-

ming over all such trianglesOAB, we see that 2k(P ) = �(P ).

See Figure 1.

Figure 1. Figure for Theorem 2.2

Therefore, P(C) = {2k(P ) : P is a polygon circumscri-

bingC}. By taking greatest lower bounds of these sets, we see

that the perimeter of S is twice its area. �

Definition 2.3. The real number π is the area of a unit circle.

Due to Theorem 2.2, π is also equal to half the perimeter

of a unit circle. We next derive the well used formulas for the

perimeter and area of a circle of any radius.

Theorem 2.4. Let C be a circle of radius r > 0. Then the

perimeter of C is 2πr and the area of C is πr2.

Proof. Let C be a circle with centre O and radius r > 0.

Due to Theorem 2.1, we take a unit circle S having centre
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as O. Let P be a polygon that circumscribes C, touching C

atA1, A2, . . . , An. Construct the radiiOA1,OA2, . . . , OAn.

Let these radii intersect S at the points B1, B2, . . . , Bn.

Construct tangents to S at the points B1, B2, . . . , Bn. These

tangents are parallel to the sides of the polygon P and they

make a polygonQ that circumscribesS. Moreover,Q is similar

to P . Since the radii OAi and OBi are in the ratio r : 1, we

have �(P ) = r�(Q) and k(P ) = r2
k(Q).

Conversely, starting with any polygon Q that circum-

scribes S, a polygon P that circumscribes C can also be con-

structed so that �(P ) = r�(Q) and k(P ) = r2
k(Q). It follows

that

P(C) = {r�(Q) : Q is a polygon circumscribing S}

A(C) = {r2
k(P ) : Q is a polygon circumscribing S}

Taking greatest lower bounds, we see that perimeter of C is

2πr and area of C is πr2. �

3. Redefining πππ

That is enough for π at school. However, the approach lacks

generality. For example, the length of a curve does not require

rectifiability; only bounded variation suffices. This means, for

circles, instead of defining perimeter and area via circumscrib-

ing polygons, we must try inscribed polygons. This approach

requires some basic results from geometry, which we want to

clear off now.

Proposition 3.1. If the equal sides AB and AC of an

isosceles triangle ABC are extended to AD and AE, then

DE ≥ BC.

Proof. If the extension is trivial, i.e., when the pointsD andE

coincide with B and C, respectively, then DE = BC. Other-

wise, joinDE. Without loss of generality, supposeBD < CE.

Draw a line DF parallel to BC, and let it intersect CE at F .

See Figure 2.

The angle ∠DFE = ∠BCF = ∠ABC + ∠BAC >
1
2 (∠ABC+∠ACB)+ 1

2∠BAC, a right angle. Hence∠DFE is

the biggest angle in the �DEF . Its opposite sideDE is there-

fore biggest of the three. That is, DE > DF . Since ADF is

also an isosceles triangle andAD > AB, we haveDF > BC.

To sum up, DE > DF > BC. �

Figure 2. Figure for Proposition 3.1

Proposition 3.2. Any polygon inscribed in a circle has

smaller perimeter and smaller area than that of the equilateral

triangle that circumscribes the circle.

Proof. Let C be a circle, P a polygon inscribed in C, and

T an equilateral triangle that circumscribes C. Draw radii of

the circle C joining the centre of C and the vertices of P .

Extend these radii to intersect the boundary ofT . For notational

convenience, take two consecutive vertices of P as A and B.

Extend the line segments OA and OB to meet the sides of T

at D and E, respectively. This includes the degenerate cases

that D and A coincide, and/or E and B coincide. There are

two cases to consider:

(a) The points D and E are on the same side of T .

(b) The points D and E are on the two adjacent sides of T .

In the case (a), �OAB is an isosceles triangle and the sides

are extended to the pointsD andE. By Proposition 3.1,DE ≥
AB. See Figure 3.

Figure 3. Figure for Proposition 3.2

In the case (b), let the vertex of the triangle T common to

both the adjacent sides beF . In the triangleDFE,DF+FE >
DE. ButDE ≥ AB, by Proposition 3.1. Thus, corresponding

to the radiiOA andOB, we see that the sideAB of the polygon

P is less than or equal to the lengths of the corresponding line

segments on T .

Considering all the radii of the circle as drawn earlier, and

taking sum over all pairs of consecutive radii forming the sides

of the polygon P , we find that the perimeter of P is less than
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or equal to the perimeter of the triangle T . This proves (1).

Proof of (2) is trivial since P is contained in T . �

Let C be a circle of radius r > 0. Consider the sets

L(C) = {�(P ) : P is a polygon inscribed in C}

K(C) = {k(P ) : P is a polygon inscribed in C}

Due to Proposition 3.2, �(P ) ≤ 6
√

3r , the perimeter of T ,

and k(P ) ≤ 3
√

3r2, the area of T , where T is an equilateral

triangle circumscribing C. That is, both the sets L(C) and

K(C) have upper bounds. By the least upper bound pro-

perty of R, there exist least upper bounds of the sets L(C)
and K(C).

Definition 3.1. Let C be a circle of radius r > 0. Perimeter

of C, denoted by �(C), is the least upper bound of L(C).
Area of C is the least upper bound of K(C), and is denoted

by k(C).

Due to Definition 3.1, the perimeter and area of any circle

are real numbers. Once again, Proposition 2.1 holds true even

with Definition 3.1.

Theorem 3.2. If radii of two circles C,C ′ are equal, then

�(C) = �(C ′) and k(C) = k(C ′).

Proof. Proof is similar to that of Proposition 2.1. �

In particular, all unit circles have the same perimeter and

the same area. Further, the connection of area to perimeter of

a unit circle as stated in Theorem 2.2 also holds.

Theorem 3.3. Let S be a unit circle. Then �(S) = 2k(S).

Proof. Let S be a unit circle with centre at O. Consider a

polygonP inscribed in S. Join the centreO to the vertices ofP

forming radii of length one each. LetA,B be two consecutive

vertices of P . Draw a perpendicular BD to OA,D being a

point on OA. Since OA = 1 and BD < AB, we find that

2k(�OAB) = OA · BD < OA · AB = AB. Summing over

all such �OAB in P , we obtain: 2k(P ) < �(P ). Since for

each inscribing polygon P , we have �(P ) ≤ �(S), this yields

the inequality 2k(S) ≤ �(S). See Figure 4.

For the other inequality, consider any polygon P inscribed

in S, a unit circle with centre O. Join O to the vertices of P

forming radii of length one each, as earlier. Construct angle

bisectors of each pair of consecutive radii forming new radii.

Figure 4. Figure for Theorem 3.3

Consider all the new points so obtained on S along with

the vertices of P . They form a new polygon P ′ inscribed

in S.

Let C,D be two consecutive vertices of P . Let E be the

vertex of P ′ mid-way between C and D on S. The points

C,E,D are now three consecutive vertices of P ′. Let F be

the point of intersection of CD and OE. Now, ∠OFC is a

right angle. SinceOE = 1, we see that CD = 2CF = 2CF ·
OC = 2k(OCED). Summing over all the radii of P , we

obtain: �(P ) = 2k(P ′). But 2k(P ′) ≤ 2k(S). It then follows

that �(S) ≤ 2k(S). �

We use a unit circle for defining π as earlier. Due to the new

definition of perimeter and area of a circle, we use πu.

Definition 3.4. The real number πu is equal to k(S), where S

is a unit circle.

Due to Theorem 3.3, πu is also equal to half of �(S) for a

unit circle S. We next derive the well used formulas for the

perimeter and the area of a circle of any radius.

Theorem 3.5. LetC be a circle of radius r > 0. Then �(C) =
2πu r and k(C) = πur

2.

Proof. Let C be a circle of radius r > 0 with centre O. Due

to Theorem 3.2, take a unit circle S with centreO. Let P be a

polygon inscribed in S. Construct the radii joining O to the

vertices of P . LetQ be the polygon inscribed in C formed by

the points of intersection of these radii (extended, if necessary)

with C.

For notational convenience, Let A,B be two consecu-

tive vertices of P and let A′, B ′ be the corresponding ver-

tices of Q. Since triangles OAB and OA′B are similar,

A′B ′ = r × AB and k(�ODE) = r2
k(�OAB). Sum-

ming over all such triangles we find that �(P ) = r �(Q) and

k(P ) = r2
k(Q).
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Conversely, starting from any polygon Q inscribed in

C, a similar construction shows that there exists a poly-

gon P inscribed in S such that r �(P ) = �(Q) and

r2
k(P ) = k(Q).

Therefore,

L(C) = {r �(P ) : P is a polygon inscribed in S}
K(C) = {r2

k(P ) : P is a polygon inscribed in S}

Taking least upper bounds, we see that �(C) = r �(S) and

k(C) = r2
k(S). Due to Definition 3.4, �(C) = 2πu r and

k(C) = πur
2. �

Thus, we see that a more general approach for defining π

using the inscribed circles can also be taken. Whatever be the

approach, by defining the radian unit for measuring angles as

“in a unit circle, an arc length of θ subtends an angle of θ

radian at the centre” the arc length and area of a sector with

an angle of θ radian at the centre of a circle of radius r turn

out to be r θ and r2 θ/2, respectively. The radian measure of

the angle contained in a circle is thus 2π (or, 2πu). The order

formulas of trigonometric ratios for small arguments can then

be derived.

Proposition 3.6. For 0 < θ < 1/2, tan θ − sin θ < 2θ3.

Proof. Let A,B be two points on the unit circle S that sub-

tend an angle θ at the centre O of S. Let the tangent at A

meet the extended line OB at C. Draw AD perpendicular

to OB.

Figure 5. Figure for Lemma 3.6 and Theorem 3.7

Then arc AB = θ. Write p = AD. Then 0 < p < θ ,

tan θ = p/
√

1 − p2, and sin θ = p. Look at Figure 5. Now,

tan θ − sin θ < 2θ3 if p(1/
√

1 − p2 − 1) < 2p3 if

1/
√

1 − p2 < 1 + 2p2

if 1 < (1 + 2p2)2(1 − p2) = 1 + 4p2 + 4p4 −
p2(1 + 4p2 + 4p4)

if 0 < 4 + 4p2 − 1 − 4p2 − 4p4 if 4p4 < 3.

This is the case since 0 < p < 1/2. �

Theorem 3.7. π = πu.

Proof. Since angles can be bisected repeatedly, we restrict to

the angles π/2k , and thereby, to regular polygons with number

of sides 2k . Let S be a unit circle. LetP be a regular polygon of

2n sides that circumscribes S. IfAi andAi+1 are two consecu-

tive points whereP tauches S, draw a radiusOBi bisecting the

angle AiOAi+1. The points A1B1A2B2 · · ·B2n−1A2nB2n form

the regular polygon Q of 2n+1 sides inscribed in S. We want

to estimate the difference between the areas of P and Q.

Look at Figure 5. k(P ) − k(Q) = 2n+1 times the differ-

ence between the area of �AOC and �AOB. This equals

2n+1(tan θ − sin θ)/2, where θ = π/2n+1. Due to Proposi-

tion 3.6, k(P )− k(Q) < π3/22n+2.

Now, given any ε > 0, a suitable n can be chosen so that

π3/22n+2 < ε. Thus, the last estimate says that given any

ε > 0, there exist numbers α = k(P ) ∈ K(S) and β =
k(Q) ∈ A(S) such that α − β < ε. Therefore, the greatest

lower bound of K(S) coincides with the least upper bound of

A(S). Hence, π = πu. �

4. Conclusions

In this paper, we have introduced four approaches to defining

π . The approaches show, as a side result, that the same π

works for perimeter as well as area of a circle giving rise to the

well known formulas as 2πr and πr2, respectively. Though,

for school children, the greatest lower bound approach using

the circumscribing polygons of Section 2 is sufficient, we also

took the more general approach of inscribed polygons. The fact

that both the approaches lead to the same π uses the estimate

tan θ − sin θ < 2θ3 for small θ . These results, inturn, depend

on the sector formulas that in a unit circle, the area of a sector

with an angle θ is θ/2 and the length of the arc that subtends

an angle θ at the centre is θ . We ask the reader to prove these

results rigorously following a similar approach.
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1. Introduction

The theory of wavelets has its implicit origin in the beginning

of 19th century in the work of Fourier when he declared in

1807 that a periodic function of period 2π can be written as

the sum of its Fourier series a0 +∑∞
k=1(ak cos kt + bk sin kt),

where a0 = 1
2π

∫ 2π
0 f (t)dt , ak = 1

π

∫ 2π
0 f (t) cos ktdt and

bk = 1
π

∫ 2π
0 f (t) sin ktdt for k ≥ 1. The concept of func-

tions and integrals was not lucidly developed at that time.

After about 6 decades of the Fourier declaration a conti-

nuous function of period 2π was constructed with a diver-

gent Fourier series at a point. The development of Lebesgue

integrals and concepts of functional analysis at the end of

19th century and begining of 20th century contributed towards

the representation of a function in L2[0, 2π ], by its Fourier

series which converges to f in L2-norm. At the begining of

the last century mathematicians started thinking of creating

other orthonormal bases for L2 other than the one given by

Fourier. In 1909 Haar created another complete orthonormal

system for L2[0, 1]. This became actually the starting point of

modern wavelet theory. Haar started with the simple function

ψ = χ[0, 1
2 )

− χ[ 1
2 ,1)

, where χS denotes the characteristic func-

tion of the set S. Letψj

k (t) = 2
j

2ψ(2j t−k) for j ≥ 0 and 0 ≤
k ≤ 2j . Then he showed that {ψj

k : j ≥ 0, 0 ≤ k ≤ 2j } is an

orthonormal basis for L2[0, 1]. There were some criticisms of

Haar wavelets as they are not continuous and approximations

of continuously differentiable functions would not be appro-

priate. In the second decade of 20th century mathematicians

tried to replace Haar wavelets by continuous and smooth

wavelets. Let h be the function defined as

h(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2t, 0 ≤ t ≤ 1
2

2(1 − t), 1
2 ≤ t ≤ 1

0, t /∈ [0, 1]

. (1)

Then h is a continuous function. Schauder used this func-

tion to create a Schauder basis for Banach space C[0, 1]

which is not Schauder basis for C1[0, 1], the Banach space

of all continuously differentiable functions. In 3rd, 4th and

5th decades of last century several mathematicians like Little-

wood, Lusin, Franklin, Schauder were engaged in creating

different types of wavelet-like bases for Lebesgue spaces

and Hardy spaces. The period of 1980’s was most produc-

tive as experts from mathematics, physics and engineering

interacted. In 1985 Mallat [9], an expert in image process-

ing, discovered the usefulness of orthonormal wavelet bases

created by Stromberg and others. Mathematicians like Meyer

[11] and Daubechies [3] discovered smooth wavelet bases

for L2(R) of type ψj

k (t) = 2
j

2ψ(2j t − k), j, k ∈ Z having

compact supports and continuous derivatives. The wavelet

bases of Daubechies became more effective tool than Haar

system for analysis and synthesis of images and signals.

Wavelets appeared in many areas of science and technology.

In creation of wavelets simple concrete operators like multipli-

cation operators, composition operators and dilation operators

are used together with the famous Fourier transform. The

operators of multiplication and composition create another
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class of operators known as weighted substitution operators on

function spaces. These operators are very useful in study of iso-

metries, dynamical systems and wavelet theory [15,16]. In this

expository article we have presented an interaction of these

operators with wavelet theory on some Hilbert spaces. A class

of weighted substitution operators may provide a wavelet type

basis for functional Hilbert spaces.

2. Preliminaries

Let (X,F , μ) be a σ -finite measure space. Let 1 ≤ p < ∞.

Then by Lp(X) we denote the set of all complex-valued mea-

surable functions f onX such that
∫
X

|f |pdμ < ∞. If f, g ∈
Lp(X), then we say that f = g whenever f (x) = g(x) for

almost every x ∈ X. This relation of equality splits Lp(X)

into equivalence classes. For sake of convenience the set of all

equivalence classes is also denoted byLp(X). Under pointwise

vector operations Lp(X) is a vector space. For f ∈ Lp(X),

we define ‖f ‖ = (
∫
X

|f |pdμ) 1
p . With this norm Lp(X) is a

Banach space and it is known as Lebesgue space of scalar-

valued functions of order p. The space L2(X) is a Hilbert

space with inner product defined as 〈f, g〉 = ∫
X
f ḡdμ.

By L∞(X) we denote the Banach space of all essentially

bounded measurable functions. If E is a Banach space, then

Lp(X,E) is defined as Lp(X,E) = {f/f : X → E such that
∫
X

‖f (x)‖pdμ < ∞}. Lp(X,E) is called Lebesgue space of

E-valued (vector-valued) functions of order p. Lp(X,E) is

also a Banach space. Ifp = 2, thenL2(X,E) is a Hilbert space

with the inner product defined as 〈f, g〉 = ∫
X
〈f (x), g(x)〉dμ.

Definition 2.1. Let (X,F , μ) be a measure space. Then a

mapping ϕ : X → X is said to be a measurable transfor-

mation if ϕ−1(S) ∈ F for every S ∈ F . A measurable

transformation ϕ is said to be non-singular if μ(ϕ−1(S)) = 0

wheneverμ(S) = 0. Every measurable transformationϕ on X

induces the measure μϕ−1, defined by μϕ−1(S) = μ(ϕ−1(S))

for S ∈ F . If μ is a σ -finite measure, then by the Radon-

Nikodym theorem there exists a non-negative function fϕ such

that μϕ−1(S) = ∫
S
fϕdμ for S ∈ F . The function fϕ is

called the Radon-Nikodym derivative of μϕ−1 with respect

to μ. A measurable transformation ϕ : X → X is called

measure preserving if μϕ−1(S) = μ(S) for every S ∈ F . It is

called ergodic if ϕ−1(S) = S implies that either μ(S) = 0 or

μ(X\S) = 0. Let ϕ : X → X be a non-singular measurable

transformation. If f ∈ Lp(X), then the mapping f → f ◦ ϕ
is a linear transformation on Lp(X). It is called substitution

or composition operator induced by ϕ and we denote it by

Cϕ . Similarly, if w : X → C is a measurable function, then

f → w · f is a linear transformation on Lp(X). It is called

multiplication operator induced byw and we denote it byMw.

An obvious question one can ask is: when are these linear

transformations continuous (bounded) on Lp(X)? An answer

of this question is given in the following theorem. For details

of proofs we refer to [15,20].

Theorem 2.2. Let (X,F , μ) be a σ -finite measure space, let

ϕ : X → X be a non-singular measurable transformation and

let w : X → C be a measurable function. Then

(1) Cϕ is a bounded operator on Lp(X) iff fϕ ∈ L∞(X) iff

there exists a constant M > 0, such that μϕ−1(S) ≤
Mμ(S) for every S ∈ F . In caseCϕ is continuous ‖Cϕ‖ =
‖fϕ‖

1
p∞ for 1 ≤ p < ∞.

(2) Mw is a bounded operator on Lp(X) iff w ∈ L∞(X).
In case Mw is bounded ‖Mw‖ = ‖w‖∞.

(3) IfCϕ is a bounded operator onL2(X), thenC∗
ϕCϕ = Mfϕ ,

where C∗
ϕ denotes the adjoint of Cϕ .

Note.

(a) The results of the above theorem are valid on

Lp(X,E), where E is a Banach space.

(b) In case of Lp(X,E) we can also define multipli-

cation operators induced by operator-valued weights

w : X → B(E), where B(E) is the Banach algebra

of all bounded linear operators on E.

(c) Characterizations of boundedness of Cϕ and Mw

from Lp(X) to Lq(Y ) are also studied, where Y is

another measure space [20].

Examples 2.3.

(1) Let X be a locally compact abelian group and m be the

Haar measure. Let y ∈ X and letϕy(x) = y ·x. ThenCϕy is

a bounded composition operator on Lp(X). In particular,

if X = R with addition as binary operation, then the

map x → x + y induces composition operator on Lp(R)

for y ∈ R. These operators are known as translation

operators.

(2) Every essentially bounded measurable function w

defines a bounded multiplication operator on Lp(X).
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If w : R → B(E) is a bounded function, then Mw is a

bounded operator on Lp(R, E).

(3) Every measure preserving mapping gives rises to an iso-

metry on Lp(X).

(4) Let a > 0 and t ∈ R. Then define ϕat (s) = as − t .

By Theorem 2.2, ϕat induces the substitution operator Cϕat
on Lp(R) given by Cϕat f (s) = f ◦ ϕat (s) = f (as − t).

It can be easily proved that ‖Cϕat ‖ = a−1/p. It is an iso-

metry iff a = 1. We denote it by Cat .

The operator Cat is product of two composition operators

which are defined by two binary operations on R, namely

multiplication and addition. Thus we get a doubly indexed

family of composition operatorsCat onLp(R). If a = 1, we get

the group of all translation operators. If t = 0, we get the group

of dilation operators. These simple looking operators are very

useful in study of dynamical systems and wavelet theory.

Definition 2.4. By a semigroup of operators on a Banach

space E, we mean a mapping T : R
+ → B(E) such that

T (0) = I and T (s + t) = T (s)T (t) for s, t ∈ R
+. If T satis-

fies above conditions for every s, t ∈ R, then T is called the

group of operators. It is clear that every semigroup of opera-

tors is commutative. If T is continuous with respect to strong

operator topology on B(E), then T is called strongly conti-

nuous semigroup or a c0-semigroup. If T is a c0-semigroup,

then the infinitesimal generator A of T is defined as Ax =
limt→0+ T (t)x−x

t
, whenever this limit exists. ByD(A)we denote

the domain of A which is a dense linear subspace of E.

Examples 2.5.

(1) Let t ∈ R and let ϕt : R → R be the map defined as

ϕt(s) = s − t . Then ϕt induces composition operators on

Lp(R). These operators are known as translation opera-

tors. The mapT : R → B(Lp(R)) given byT (t) = Ct is a

c0-semigroup with infinitesimal generator A as Af = f ′.
More generally, if ϕt : X → X is a non-singular mea-

surable transformation such that μϕ−1
t (S) ≤ μ(S) and

ϕt+s = ϕt ◦ ϕs for s, t ∈ R
+, then T (t) = Cϕt is a c0-

semigroup of operators on B(Lp(X)) [19].

(2) Let Cϕ be a composition operator on L2(R). Then by

Theorem 2.2 part(3) C∗
ϕCϕ = Mfϕ . Since C∗

ϕCϕ is a posi-

tive operator, fϕ ≥ 0. Let T : R
+ → B(L2(R)) be

defined as T (t) = (C∗
ϕCϕ)

t . Then T is a c0-semigroup on

L2(R). The infinitesimal generator A is given by Af =
Mlnfϕf [19].

(3) Let t ∈ R
+ and let Mwt be the multiplication opera-

tor induced by wt(s) = etg(s), where g is an essentially

bounded function on X. Then T : R
+ → B(Lp(X))

defined as T (t) = Mwt is a c0-semigroup on Lp(X), and

in particular on Lp(R).

(4) Consider the family {Cat : a > 0 and t ∈ R} of composi-

tion operators defined in Example 2.3. If a = 1, then we

have c0-semigroup of translations. If a �= 1, then the map

Ta : R → B(Lp(R)) defined by Ta(t) = Cat is homo-

morphism from additive group R to multiplicative semi-

group B(Lp(R)). Since a �= 1, Ta(0) �= I , and hence it

is not a c0-semigroup. However the mappings s → s − t
a

give rise to c0-semigroups for every a > 0. In general the

semigroup of mappings s → s-at generate c0-semigroups.

It can be shown that T is a c0-semigroup on Lp(R).

(5) Let w : R → B(E) be a bounded strongly measurable

function, whereE is a Banach space. Then it can be shown

thatMw is a bounded multiplication operator onLp(R, E)

given by (Mwf )(s) = w(s)f (s). If g is a bounded func-

tion on R and wt(s) = etg(s)A, where A ∈ B(E). Then wt
induces the multiplication operatorMwt on Lp(R, E) and

the map T : R → B(Lp(R, E)) defined by T (t) = Mwt

is a c0-semigroup [17,19].

Definition 2.6. Let the mapping F on L1(R) be defined as

(Ff )(s) = ∫
R
f (t)e−2πistdt . Then clearly F is linear and Ff

is a bounded continuous function on R. F is called Fourier

transformation or just Fourier transform. The function Ff is

denoted as f̂ . If f, g ∈ L1(R), then convolution of f and g

denoted as f ∗ g is defined as (f ∗ g)(s) = ∫ f (t)g(s − t)dt .
If g is fixed, then convolution gives rise to an operator on

L1(R). The Fourier transform has been defined on L2(R). Let

f ∈ L2(R). Then there exists a sequence {fn : n ∈ N} in

L1(R) such that f̂n ∈ L2(R) for each n ∈ N and lim fn = f

in L2−norm. We define f̂ = lim f̂n in L2(R). This limit exists

and f̂ ∈ L2(R). For details see [5].

We shall record some classical results about these operators

in the following theorem

Theorem 2.7.

(1) If f and g are in L1(R), then f ∗ g is in L1(R) and

‖f ∗ g‖L1 ≤ ‖f ‖L1‖g‖L1 and F(f ∗ g) = F(f )F (g).

(2) If f ∈ L1(R) and g ∈ L2(R), f ∗ g ∈ L2(R) and

‖f ∗ g‖L2 ≤ ‖f ‖L1‖g‖L2 .
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(3) If f ∈ L1(R) ∩ L2(R), then Ff ∈ L2(R) and ‖Ff ‖L2 =
‖f ‖L2

(4) If f and g are in L1(R)∩L2(R), then 〈Ff, Fg〉 = 〈f, g〉

It is well known thatL1(R) is a commutative Banach algebra

with convolution operation.

3. Weighted Substitution Operators and
Evolution of Wavelets

Definition 3.1. LetH(X) be a Banach space of functions over

a set X with pointwise vector operations, θ : X → C be

a map and let ϕ : X → X be a self map. Then the map

f → θ · f ◦ ϕ is a linear transformation on H(X) and we

denote it byWθ
ϕ . In caseWθ

ϕ is continuous fromH(X) toH(X)

it is called weighted substitution operator on H(X) induced

by the pair (θ, ϕ). In caseH(X,E) isE-valued Banach space

of functions, where E is a Banach space, we can take B(E)-

valued weight function θ .

In this exposition we are interested in weighted composition

operators on Lp(X), where (X,F , μ) be a σ -finite measure

space. Let θ : X → C be essentially bounded measurable

function and ϕ : X → X be a non-singular measurable trans-

formation. Define μθϕ on S as μθϕ(S) = ∫
ϕ−1(S)

|θ |pdμ. Then

μθϕ is an absolutely continuous measure with respect to μ. Let

f θϕ denote the Radon-Nikodym derivative ofμθϕ . In the follow-

ing theorem boundedness of the weighted composition opera-

tor Wθ
ϕ is characterized in terms of boundedness of f θϕ .

Theorem 3.2. Let (X,F , μ) be a measure space, θ : X → C

be (essentially) bounded measurable function and ϕ : X → X

be a non-singular measurable transformation. ThenWθ
ϕ is con-

tinuous on Lp(X) iff (f θϕ )
1
p belongs to L∞(X).

Outline of the proof. If g ∈ Lp(X), then

‖Wθ
ϕ g‖p =

∫

X

|θ · g ◦ ϕ|pdμ

=
∫

X

|g ◦ ϕ|pdμθϕ

=
∫

X

f θϕ |g|pdμ

= ‖M
(f θϕ )

1
p
g‖p.

From this the proof follows.

Some simple results aboutWθ
ϕ are recorded in the following

theorem:

Theorem 3.3. LetWθ
ϕ be a weighted composition operator on

Lp(X). Then

(1) Wθ
ϕ is zero operator iff θ vanishes on ϕ−1(S) a.e., when-

ever μ(S) < ∞.

(2) Wθ
ϕ is an isometry on L2(X) iff fϕ|θ |2 = 1 a.e.

(3) Wθ
ϕ is unitary iff ϕ−1(S) = S and fϕ|θ |2 = 1 a.e.

Examples 3.4.

(1) Let t, u ∈ R, let ϕt(s) = s−t and let θu(s) = e2πius . Then

ϕt induces the composition operator Cϕt and θu induces

the multiplication operator on Lp(R). The pair (θu, ϕt )

induces the weighted composition operatorWθu
ϕt

onLp(R)

given by

(Wθu
ϕt
f )(s) = θt (s) · f ◦ ϕt(s)

= e2πius · f (s − t)

It is clear that Wθu
ϕt

is an isometry on Lp(R). We denote

Cϕt by Ct,Mθu byMu andWθu
ϕt

byWu
t . As we know, Ct is

known as translation operator andMu is known as modula-

tion operator. We have seenCuMt is also a weighted com-

position operator induced by the pair (θu ◦ ϕt , ϕt ) and we

call it modulated translation operator. This is clear from the

followingCtMuf = Ct(θuf ) = (θuf )◦ϕt = θu◦ϕtf ◦ϕt .
It is clear that CtMt = MtCt iff t = 0.

(2) Let a > 0. Define ϕa(t) = at and θa(t) = √
a for t ∈ R.

The map ϕa induces the composition operators Cϕa on

Lp(R) and θa induces the multiplication operator Mθa

on Lp(R). MθaCϕa is a weighted composition operators

on Lp(R) induced by the pair (θa, ϕa). This operator is

denoted byDa and it is called the dilation operator induced

by a. It is clear that (Daf )(s) = √
af (at). The follow-

ing properties of the operator Da on Lp(R) are easy to

show

(a) Da is invertible and (Da)
−1 = D1/a .

(b) ‖Da‖ = a
p−2

2 and Dais unitary on L2(R).

Some more results about these operators given in the above

examples are recorded in the following theorem for further use

in subsequent sections.
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Theorem 3.5. Let a > 0 and let t ∈ R and let f, g ∈ L2(R).

Then

(1) F(Daf ) = D 1
a
F (f ), where F denotes the Fourier trans-

form.

(2) F(Ctf ) = M−tF (f ) and F(Muf ) = CuF(f ).

(3) CtDaf (s) = √
af (as − t) = DaC t

a
f (s).

(4) 〈f,CtDag〉 = 〈D 1
a
C−t f, g

〉
.

(5) Wu
t f = e−2πiutW t

uf

(6) 〈f,Wu
t g〉 = e2πiut 〈W−u

−t f, g〉.

Let ψ be in L2(R), let a > 0 and t ∈ R. Then the function

CtDaψ belongs to L2(R) as Da and Ct are bounded opera-

tors on L2(R). It is clear that CtDaψ(s) = √
aψ(as − t) =

DaC t
a
ψ(s). Let G = {CtDa : a > 0 and t ∈ R}. Then G is a

subset of B(L2(R)). Let �ψ = {CtDaψ : a > 0 and t ∈ R}.
Then �ψ is a bounded family in L2(R), which is orbit of ψ

in L2(R) under action of G. If a = 0, then �ψ is the family

of all translates of ψ and if t = 0, then �ψ is the family of

normalised dilates of ψ . The basic question about �ψ is under

what conditions on ψ , �ψ is an orthonormal family or a maxi-

mal orthonormal family. In case �ψ is a maximal orthonormal

family (L2-basis),ψ is called a wavelet or a mother wavelet and

CtDaψ are called wavelets produced by ψ and the weighted

substitution operatorsCtDa . SinceL2(R) is a separable Hilbert
space, a countably infinite maximal orthonormal subfamily of

�ψ would be good enough to represent the functions inL2(R).

Definition 3.6. An element ψ ∈ L2(R) is called a wavelet

if the family �ψ = {CkD2j ψ : j, k ∈ Z} is a maximal

orthonormal subset of L2(R). It is clear that CkD2j ψ(s) =
2
j

2ψ(2j s − k), s ∈ R.

These wavelets generated by ψ and operators CkD2j are

denoted by ψk
j and they are called Daubechies wavelets [2].

The wavelets of type C t
a
D 1

a
ψ(s) = 1√

a
ψ
(
s−t
a

)
are known as

Grossman-Morlet wavelets. Daubechies’s family of wavelets

is a countably infinite subfamily of the family of Grossman-

Morlet wavelets.

4. Orthonormal Family Induced by
Translation Operators

If a = 1, then the family G defined in the last section reduces

to c0-group of translation operators on L2(R) and hence gives

rise to a dynamical system onL2(R). If k ∈ Z, thenCk is given

by Ckf (s) = f (s − k) and Ckf is called translate of f by

integer k, which is an old function evaluated at new points.

We are interested in the orthonormal family of translates i.e.,

we want to find f ∈ L2(R) such that the family {Ckf : k ∈ Z}
is orthonormal. Clearly if f = χ[−1,1), then {Ckf : k ∈ Z} is

not orthonormal, but if f = χ[0,1], then {Ckf : k ∈ Z} is

orthonormal. If f = χ[0, 1
2 )

− χ[ 1
2 ,1)

, then {Ckf : k ∈ Z}
is orthonormal. If {Ckf : k ∈ Z} is an orthonormal family,

then it is a Hilbert space basis of subspace K = span{Ckf :

k ∈ Z} and every function g in K can be represented as

g =∑k∈Z
〈g,Ckf 〉Ckf .

We shall record the characterization of orthonormal families

induced by translation operators in the following theorem in

terms of Fourier transform.

Theorem 4.1. Let f ∈ L2(R). Then

(1) Ckf : k ∈ Z is an orthonormal family iff
∑

k∈Z

|Ff (s + k)|2 = 1 for every s ∈ R.

(2) If {Ckf : k ∈ Z} is an orthonormal basis, then g ∈ K

iff Fg(s) = Ff (s) ·∑k∈Z
αne

−2πiks for some sequence

{αn} ∈ l2(Z).

Outline of the proof.

(1) It is clear that 〈Ckf,Cnf 〉 = 〈f,Cn−kf 〉. Thus

〈Ckf,Cnf 〉 = 1 iff n − k = 0. Hence 〈f,Ckf 〉 = 1 iff

k = 0. Now

〈f,Ckf 〉 =
∫
f (s)f (s − k)ds

=
∫

|Ff (t)|2e2πiktdt (by Parsevals formula)

=
∑

n

∫ 1

0
|Ff (t + n)|2e2πiktdt

=
∫ 1

0

∑
n
|Ff (t + n)|2e2πiktdt

= δ(k) for all k ∈ Z

By uniqueness of Fourier series this is true iff
∑

n|Ff (t + n)|2 = 1 for t ∈ R.

(2) Let g ∈ K = span{Ckf }. Then g(s) = ∑k〈g,Ckf 〉
Ckf (s). Thus

Fg(t) =
∑

k
〈g,Ckf 〉e−2πiktFf (t)

= Ff (t)
∑

k
〈g,Ckf 〉e−2πikt
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Using the Riesz-Fisher theorem and Plancherel’s theorem

we can prove the implication other way.

Remark 4.2. If Cϕ is a composition operator on L2(R), and

Cϕk is the composition operator induced by k iterates of ϕ, then

it would be worthwhile to characterize all f ∈ L2(R) such

that {Cϕkf : k ∈ Z
+} is an orthonormal family in L2(R).

Sometimes {Ckf : k ∈ Z} is not orthonormal. But in some

cases we can find g related to f such that {Ckg : k ∈ Z} is

orthonormal. This we record without proof in the following

theorem [24].

Theorem 4.3. Let f ∈ L2(R) with compact support and
∑

n∈Z
|Ff (t+n)|2 = 1 for t ∈ R. Then there exists g ∈ L2(R)

such that {Ckg : k ∈ Z} is orthonormal and span{Ckg : k ∈
Z} = span{Ckf : k ∈ Z}.

It is clear that the set G′ = {Ck : k ∈ Z} is the group

of all translation operators induced by integers. An action π

of G′(on L2(R)) is given by π : G′ × L2(R) → L2(R) as

π(Ck, f ) = Ckf . Let ϕ ∈ L2(R) such that orbit of ϕ under

action of π consists of orthonormal functions. In other words

{Ckϕ : k ∈ Z} is an orthonormal family in L2(R). Let Vo =
span{Ckϕ : k ∈ Z}. Then Vo is a closed subspace with {Ckϕ :

k ∈ Z}̇ as an orthonormal basis. For j ∈ Z let ϕj : R → R be

defined as ϕj (s) = 2j s and letCϕj be the substitution operator

induced by ϕj . Let Vj = Cϕj V0. Thus f ∈ V0 iff f ◦ ϕj ∈ Vj .
It can be shown that

(1) {Vj : j ∈ Z} is a nested sequence of closed subspaces of

L2(R).

(2) ∩j∈ZVj = {0}
(3) ∪j∈ZVj is a dense subset of L2(R).

For j, k ∈ Z, let ϕkj (s) = CkD2j ϕ(s) = 2
j

2 ϕ(2j s − k).

For f ∈ L2(R) define fj as fj (s) = ∑k∈Z
〈f, ϕkj 〉ϕkj (s). The

function fj is called trend of f at scale 2−j . Let dj (s) =
fj−1(s) − fj (s). Let Wj = V ⊥

j ∩ Vj+1. Then by projection

theorem Vj+1 = Vj ⊕Wj .

There exists atleast one function ψ in W0 such that {Ckψ :

k ∈ Z} is an orthonormal basis of W0. This ψ is the (mother)

wavelet and {ψk
j : j, k ∈ Z} is an orthonormal basis of L2(R).

Thus every function ϕ ∈ L2(R) such that
∑

k|ϕ̂(s + k)|2 = 1

for s ∈ R, gives rise to a mother wavelet ψ and hence creates

a wavelet basis for L2(R).

Examples 4.4.

(1) Let ϕ = χ[0,1), the characteristic function of [0, 1).

Then we know that {Ckϕ : k ∈ Z} is an ortho-

normal family and Ckϕ = χ[k,k+1). It can be shown that

CkD2j ϕ(s) = ϕkj (s) = 2jχ[ k

2j
, k+1

2j
) for j, k ∈ Z. {ϕkj :

k ∈ Z} is known as Haar scaling family of functions of

scale j and it turns out that it is an orthonormal family.

(2) Let h = χ[1, 1
2 )

−χ[ 1
2 ,1)

. Then Ckh = χ[k,k+ 1
2 )

−χ[k+ 1
2 ,k+1)

and {Ckh : k ∈ Z} is an orthonormal function. In this case

CkD2j h(s) = hkj (s) = 2jχ[ k

2j
, 2k+1

2j+1 )
− 2jχ[ 2k+1

2j+1 ,
k+1
2j
). The

family {hkj : j, k ∈ Z} is known as Haar system on R.

It turns out that it is an orthonormal family of functions

in L2(R). Let J be fixed positive integer. Let the set HJ
be defined as HJ = {ϕkJ : 0 ≤ k ≤ 2J − 1} ∪ {hkJ :

j ≥ J and 0 ≤ k ≤ 2j − 1} where ϕ = χ[0,1) and h =
χ[0, 1

2 )
−χ[ 1

2 ,1)
. ThenHJ is called the scale J Haar system

on [0, 1]. It is evident that HJ consists of Haar function

hkJ corresponding to intervals
[
k
2j ,

k+1
2j
)

for which j ≥ J

and that are contained in [0, 1].

In the following theorem we record the result of Haar

obtained in the begining of the last century and became a start-

ing point of wavelet theory.

Theorem 4.5.

(1) Let J ≥ 0. Then the Haar system HJ is an orthonormal

basis for L2[0, 1].

(2) The Haar system {hkJ : j, k ∈ Z} is an orthonormal basis

for L2(R), where h = χ[0, 1
2 )

− χ[ 1
2 ,1)

.

For proof we refer to [24]. The function h is known as Haar

wavelet in L2(R).

5. Multiresolution Analysis and Wavelets

Definition 5.1. A doubly infinite sequence {Vj : j ∈ Z} of

closed subspaces of L2(R) is said to be a multiresolution

analysis (MRA) if the following properties hold-

(1) {Vj : j ∈ Z} is an expanding sequence i.e., Vj ⊂ Vj+1

for j ∈ Z.

(2) ∪{Vj : j ∈ Z} is dense in L2(R) and ∩j∈ZVj = {0}.
(3) f ∈ Vj iff D2j f ∈ Vj+1.

(4) There exists ϕ ∈ V0 such that {Ckϕ : k ∈ Z} is a complete

orthonormal subset of V0.
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It has been shown in [8] that a wavelet can be created from

MRA. Framework for creation of wavelets was provided by

Mallat [9] and Meyer [11]. As we have seen that every function

ϕ ∈ L2(R) such that {Ckϕ : k ∈ Z} is an orthonormal set

creates an MRA {Vj : j ∈ Z}. In this case Vj is closed linear

span of {2 j

2 ϕ(2j x−k) : k ∈ Z}. An waveletψ associated with

an MRA is a function ψ in L2(R) such that {Ckψ : k ∈ Z}
is an orthonormal basis for V1 ∩ V ⊥

0 . The function ϕ in the

definition of MRA is called a scaling function.

Properties of an MRA. Let {Vj : j ∈ Z} be a multireso-

lution analysis with ϕ as the scaling function and let ϕjk =
CkD2j ϕ i.e., ϕjk (s) = 2

j

2 ϕ(2j s − k) for j, k ∈ Z. Let Pj be

the projection of L2(R) on Vj and let Qj = Pj+1 − Pj . Then

the following properties are true:

(1) {ϕjk : k ∈ Z} is an orthonormal basis for Vj for every

j ∈ Z.

(2) If f is a continuous function with compact support, then

‖Pjf − f ‖2 → 0 as j → ∞ and ‖Pjf ‖2 → 0 as

j → −∞.

(3) There exists a square summable sequence {αk} (i.e.

{αk} ∈ l2) such that ϕ =∑kαkCkD2ϕ in L2(R).

Examples 5.2.

(1) Let ϕ = χ[0,1). Then from Examples 4.4 {Ckϕ : k ∈ Z}
is an orthonormal family. Let V0 = span{Ckϕ : k ∈ Z}.
Then V0 is made up of all step functions belonging L2(R)

which are constant on intervals [k, k + 1), k ∈ Z. Thus

we get the scaling function. For each j ∈ Z, let Vj =
D2j Vj−1. Let I kj denote the dyadic interval [ k2j ,

k+1
2j ) for

k, j ∈ Z. Then Vj consists of step functions of L2(R)

which are constant on interval I kj for k ∈ Z. Thus Vj is

subspace of L2(R) consisting of all scale j dyadic step

functions. It can be shown that I kj = I 2k
j+1 ∪ I 2k+1

j+1 for

k, j ∈ Z. From this it is clear that if f is a scale j dyadic

step function, then it is also a scale j + 1 dyadic step

function. Hence Vj ⊂ Vj+1 for j ∈ Z. If f ∈ ∩Vj ,
then f is constant on [0,∞) and (−∞, 0), and hence

f = 0. Thus ∩Vj = {0}. If f is a continuous function

with compact support, then f ∈ span(∪j∈ZVj ). Hence

∪Vj is dense in L2(R). This shows that {Vj : j ∈ Z} is a

multiresolution analysis. This is known as Haar MRA.

(2) Let ϕ be a continuous linear function with support on

[0, 1]. Then V0 consists of all continuous functions of

L2(R) which is linear on interval I k0 = [k, k + 1), k ∈ Z.

Let Vj = D2j Vj−1. Then Vj consists of continuous func-

tions which are linear on I kj for every k ∈ Z. It can be

shown that {Vj } satisfies all conditions of MRA. This is

known as a piecewise linear MRA.

(3) Let g be a c∞− function on R such that

(a) g(s) = 1 whenever |s| ≤ 1
3

(b) g(s) = 0 for |s| > 2
3

(c) g(s) ∈ [0, 1], for s ∈ R and

(d)
∑

k |g(s + k)|2 = 1 for s ∈ R.

Then g is known as a smooth bell function over
[−1

2 ,
1
2

]
.

Such functions do exist and some of them can be con-

structed. For details we refer to [24]. Let ϕ be a func-

tion such that ϕ̂ is a smooth bell function over
[−1

2 ,
1
2

]
. Let

V0 = span{Ckϕ : k ∈ Z}. As earlier let Vj consists of func-

tions f such that D2−j f ∈ V0. Since ϕ̂ is a smooth bell func-

tion, we have
∑

k |ϕ̂(s + k)|2 = 1, and hence by Theorem 4.1

part (1) {Ckϕ : k ∈ Z} is an orthonormal basis ofV0. If f ∈ V0,

then by Theorem 4.1 part (2) we have D̂2−1f (s) = D2f̂ (s) =√
2α(2s)ϕ̂(2s), where α(s) = ∑k∈Z

αne
−2πiks and {αn} is

a sequence in l2. Since ϕ̂(2s) is supported on
[−1

3 ,
1
3

]
and

ϕ̂(s) = 1 for s ∈ [−1
3 ,

1
3

]
, we have ϕ̂(2s) = ϕ̂(2s)ϕ̂(s),

and thus we get D̂2−1f (s) = √
2α(2s)ϕ̂(2s)ϕ̂(s). Let α̃(s) be

extension of α(2s)ϕ̂(2s) of period 1. Since ϕ̂(2s) is bounded,

α̃ is in L2[0, 1] and has Fourier coefficients {α̃n(s)} in l2.

Hence by Theorem 4.1 part (2), f ∈ V1. Similarly, it can be

shown that Vj ⊂ Vj+1 for j ∈ Z. Thus {Vj : j ∈ Z} is a

nested sequence. With an application of Fourier transform it

can be shown that ∪Vj is dense in L2(R) and ∩Vj = {0}.
Thus {Vj : j ∈ Z} is an MRA. This is perhaps the first

example of smooth orthonormal wavelets given by Meyer [11].

Daubechies [3] constructed examples of orthonormal basis of

compactly supported smooth wavelets on L2(R). Let {Vj } be

an MRA and let ϕ be the scaling function. Then ϕ ∈ V0 ⊂ V1.

Since {ϕk1(s) : k ∈ Z} is an orthonormal basis for V1, we can

write

ϕ(s) =
∑

k

〈ϕ, ϕk1〉ϕk1(s)

=
∑

k

〈ϕ, ϕk1〉2
1
2ϕ(2s − k)

Let α(k) = 〈ϕ, ϕk1〉. Then {α(k) : k ∈ Z} ∈ l2(Z). The

sequence {α(k) : k ∈ Z} is known as scaling filter induced
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by ϕ. In the following theorem we present without proof a

construction of a mother wavelet with the help of an MRA for

L2(R) [24].

Theorem 5.3. Let {Vj : j ∈ Z} be an MRA with scaling

function ϕ and scaling filter {α(k)}. Let ψ(s) =∑k β(k)2
1
2ϕ

(2s − k), where β(k) = (−1)kα(1 − k). Then ψ is a mother

wavelet and {ψk
j : j, k ∈ Z} is a complete orthonormal set in

L2(R).

Examples 5.4.

(1) Consider the Haar MRA. Here ϕ = χ[0,1) is the scaling

function. In this case scaling filter {α(k)} is given by

α(k) = 1√
2
, if k = 0, 1,

= 0, if k /∈ {0, 1},

This follows from the fact that ϕ(s) = ϕ(2s) +
ϕ(2s − 1) = 1√

2
ϕ0

1(s)+ 1√
2
ϕ1

1(s). In this case

β(k) = 1√
2
, if k = 0,

= − 1√
2
, if k = 1,

= 0, if k /∈ {0, 1},

ψ(s) = 1√
2
ϕ0

1(s)+ 1√
2
ϕ1

1(s)

= ϕ(2s)+ ϕ(2s − 1)

= χ[0, 1
2 )

+ χ[ 1
2 ,1)

By the last theorem {ψk
j : k, j ∈ Z} is a wavelet Hilbert

space basis for L2(R).

(2) Let us consider piecewise linear MRA given by

example 5.2 (2). The scaling function ϕ̃ in this case is

given by

ˆ̃ϕ(s) =
√

3ϕ̂(s)
√

1 + 2 cos2(πy)
,

where

ϕ(s) = (1 − |s|)χ[−1,1](s).

In this case

ψ̂(s) = −e−πis sin2 πs

2

(
1 + 2 sin2 πs

2

1 + 2 cos2(πs)

) 1
2

ˆ̃ϕ
( s

2

)

= d
( s

2

)
ϕ̂
( s

2

)
.

Taking the inverse Fourier transform one gets, ψ(s) =
∑

k d(k)ϕ
k
1(s), where d(k) = −√

6
∫ 1

0 e
−2πi(k+1)s

sin2 πs
( 1+2 sin2 πs

2
(1+2 cos2 2πs)(1+2 cos2 πs)

) 1
2 ds. For details we refer

to [24].

(3) For k ∈ N let b0 = χ[ −1
k+1 ,

1
k+1

] and let bn(s) = b0 ∗ bn−1

for n ∈ N. Clearly, bk is (k − 1) times continuously

differentiable function on R. Let αk be taken such that

b(s) = αkbk(s) and
∫ 1
−1 b(s)ds = 1. Let θ be an anti-

derivative of b(s) i.e. θ(s) = ∫ s−∞ b(t)dt . It is clear that

and θ(s) ∈ [0, 1] for s ∈ R. g(s) = ( sin π
2 θ(s)
)

and

l(s) = cos
(
π
2 θ(6s)

)
. Then θ, g and l are k-times conti-

nuously differentiable. The scaling function ϕ for Meyer

MRA is given by

ϕ̂(s) = 0, for |s| ≥ 2

3

= 1, for |s| ≤ 1

3

= g

(
s + 1

2

)
, for s ∈

(
1

3
,

2

3

)

= l

(
s − 1

2

)
, for s ∈

(
−2

3
,−1

3

)
.

It can be shown that ϕ̂(s) = m0(s)ϕ̂
(
s
2

)
, where m0(s)

is the period 1 extension of ϕ̂(2s)χ[− 1
2 ,

1
2 )

. The wavelet

function is given by ψ̂(s) = e−πism0
(
s+1

2

)
ϕ̂
(
s
2

)
. It can

be shown that 0 ≤ ψ̂(s) ≤ 1 for all s and ψ̂(s) = 0,

whenever s ∈ [ − 1
3 ,

1
3

]
or s ∈ [ 43 ,∞

)
. Also ψ̂(s) =

g
(
s − 1

2

)
for s ∈ ( 13 , 2

3

)
, ψ̂(s) = l

(
s
2 − 1

2

)
for s ∈ [ 23 , 4

3

]

ψ̂(s) = g
(
s
2 + 1

2

)
for s ∈ [− 4

3 ,− 2
3

]
and ψ̂(s) = l

(
s+ 1

2

)
.

See [24] for details.

(4) Letϕ be a scaling function andψ be the wavelet associated

with some MRA on L2(R). Then define the following

functions on R × R as

(a) �(s, t) = ϕ(s)ϕ(t)

(b) �1(s, t) = ϕ(s)ψ(t)

(c) �2(s, t) = ψ(s)ϕ(t)

(d) �3(s, t) = ψ(s)ψ(t).
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Let�k1,k2
j (s, t) = 2j�(2j s− k1, 2j t− k2),�

(i)k1,k2
j (s, t) =

2j�(i)(2j s − k1, 2j t − k2), for 1 ≤ i ≤ 3 and j, k1, k2 ∈ Z.

Then the following hold

(1) The family {�(i)k1,k2
j : 1 ≤ i ≤ 3 and j, k1, k2 ∈ Z} is a

Hilbert space basis for L2(R × R).

(2) Let J ∈ Z be fixed. Then the family {�k1,k2
j : k1,

k2 ∈ Z} ∪ {�(i)k1,k2
j : 1 ≤ i ≤ 3, j ≥ J and k1, k2 ∈ Z} is

an orthonormal basis for L2(R × R).

Let {Vj : j ∈ Z} be a multiresolution analysis onL2(R) and

let ϕ and ψ be the corresponding scaling function and mother

wavelet. These two functions have some nice properties which

we record in the following theorem.

Theorem 5.5.

(1)
∫∞
−∞ ψ(s)ds = 0

(2)
∣∣∫∞

−∞ ϕ(s)ds
∣∣ = 1

(3) ϕ̂(k) = 0 for all non-zero k ∈ Z

(4)
∑

k∈Z
ϕ(s + k) = 1

Note.

(1) Not every L2-function is a mother wavelet and not every

L2-function is a scaling function for an MRA.

(2) An MRA creates a mother wavelet but every mother

wavelet does not come from an MRA [1]. Wang [21]

proves that an orthonormal wavelet ψ comes from an

MRA iff
∑

j

∑
k|ψ̂(2j (s + 2kπ))|2 = 1 a.e. on [−π, π ].

LetMW denote the set of all mother wavelets ofL2(R). The

following theorem of Gripenberg [7] characterises the wavelets

of L2(R) in terms of Fourier transform.

Theorem 5.6. Let ψ ∈ L2(R) such that
∫∞
−∞ |ψ |2ds = 1.

Then ψ ∈ MW if and only if
∑

j∈Z+ |ψ̂(2j s)|2 = 1 for almost

every s ∈ R and
∑

j∈Z
ψ̂(2j s)ψ̂(2j (s + 2kπ)) = 0 for almost

every s ∈ R and every k of type 2p + 1, p ∈ Z.

Generalizations of MRA’s

Definition 5.7. Let {Vj : j ∈ Z} be an increasing sequence

of closed subspaces of L2(R). Then it is called a generalized

multiresolution analysis (GMRA) if

(1) D2j (Vj ) = Vj+1 for j ∈ Z.

(2) ∩Vj = {0} and ∪jVj = L2(R)

(3) There exists a subset {ϕi : i ∈ Y ⊂ Z
+} of V0 such

that the set {Ckϕi : i ∈ Y, k ∈ Z} is a frame for the

subspace V0 i.e. there exists α, β > 0 such that α‖f ‖2 ≤
∑ |〈f,Ckϕi〉|2 ≤ β‖f ‖2 for f ∈ V0.

The following theorem of Papadakis [13] shows that every

orthonormal wavelet is associated with a GMRA.

Theorem 5.8. Let ψ ∈ MW . Then ψ is associated with a

GMRA {Vj : j ∈ Z} such that {Ckψ : k ∈ Z} is an orthonor-

mal basis for V1 ∩ V ⊥
0 .

During the last one decade or so several other generali-

zations of MRAs were presented to take care of all orthonormal

wavelets. One such generalization is in terms of invariance

of the composition operators induced by translations. To be

specific, let α ∈ R and let ϕα : R → R be the translation

map defined by ϕα(s) = s − α for every s ∈ R. Let Cα
be the composition operators on L2(R) induced by ϕα i.e.

(Cαf )(s) = f ◦ ϕα(s) = f (s − α) for all f ∈ L2(R) and

α ∈ R. It is well known that each Cα is a unitary operator,

and G = {Cα : α ∈ R} is a group under multiplication such

that CαCβ = Cα+β i.e. α → Cα is a homomorphism from

additive group R to multiplicative semigroup B(L2(R)), the

Banach algebra of all bounded linear operators on L2(R). The

group {Cα : α ∈ R} gives rise to a continuous dynamical

system π on L2(R) given by π(α, f ) = Cαf , for α ∈ R and

f ∈ L2(R). The orbit of f ∈ L2(R) is the set of all trans-

lates of f . If α ∈ Z, then we get a discrete dynamical sys-

tem on L2(R). If {Vj : j ∈ Z} is an MRA such that each

Vj is an invariant subspace of Cα for every α ∈ R, then it is

called a translation invariant MRA. The translation invariance

is a strong condition. There are spaces which are not transla-

tion invariant [18]. It has been shown in [12] that the Fourier

transform ϕ̂ of the scaling function ϕ of a translation invari-

ant MRA is a characteristic function of a measurable subset of

R. If Cα(Vj ) ⊂ Vj+1 for every j ∈ Z and every α ∈ R, then

{Vj : j ∈ Z} is called a weakly translation invariant MRA.

Weakly invariant MRA’s have been studied in [22]. Invariance

and weak invariance restrict the application to a small class of

wavelets. For n ∈ Z
+, let Gn = {Cα : α = k

2n for k ∈ Z
}
.

Then Gn is a subgroup of G for every n and ∪n∈ZGn is the

set of all composition operators induced by dyadic rationals.

Clearly G0 is the group of composition operators induced by

integers. If part (3) of Definition 5.7 is replaced by the state-

ment that V0 is invariant under G0 i.e. CkV0 ⊂ V0 for every
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k ∈ Z, then again we get a generalization of MRA and we call

it invariant generalised MRA and denote it by IGMRA. Let

IMW denote the set of all mother wavelets associated with a

IGMRA {Vj : j ∈ Z}. For n ∈ Z
+, let IMWn denote the set

of all mother wavelets such that the correspondingV0 is invari-

ant under subgroupGn. Clearly IMW0 is the set of all wavelets

and IMW∞ ⊂ · · · ⊂ IMWn+1 ⊂ IMWn ⊂ · · · ⊂ IMW2 ⊂
IMW1 ⊂ IMW0. Let Mn be the complement of IMWn+1 in

IMWn. Then Mn consists of all those wavelets for which V0

is invariant under Gn, but not under Gn+1 for n ∈ Z
+ and let

M∞ = IMW∞. For ψ ∈ MW and k ∈ Z define the set Skψ
as intersection of support of ψ̂ and support of its translate by

2πk i.e Skψ = Support (ψ̂ + 2kπ)∩ support ψ̂

Let Sψ denote the set of all integers k such that Skψ is non-

empty. The set Mn was studied in [23] and the wavelets in

each class Mn, n ≥ 1 were constructed. Some of results are

recorded in the following theorem

Theorem 5.9. Let ψ ∈ MW . Then

(1) ψ ∈ M0 iff an odd integer belongs to Sψ
(2) ψ ∈ Mn, n ≥ 1 if 2n divides every integer in Sψ but

2n+1 does not divide atleast one integer in Sψ .

(3) ψ ∈ M∞, iff |ψ̂ | is a characteristic function.

Examples 5.10.

(1) The wavelet bases for Lebesgue spaces other than L2(R)

have also been explored. If we put the counting measure

on Z, thenL2(Z) = l2(Z), the Hilbert space of all square-

summable doubly infinite sequences of complex numbers.

Since Z is a group, we have translation operator Ck on

l2(Z). A complete orthogonal wavelet type system can be

obtained for l2(Z) using operatorsCk . For details we refer

to [5,6]. More generally ifG is a locally compact Abelian

group with Haar measure, then L2(G) is a Hilbert space.

Again translation operators Ck are bounded operators on

L2(G) and they have been used to study wavelet bases for

L2(G). For further details see [4].

(2) Motivated by examples of wavelet bases for L2-spaces

one can think of exploring wavelets type basis for func-

tional Hilbert spaces H(X) over a set X. By a functional

Hilbert space overXwe mean a Hilbert space of complex-

valued functions on X such that evaluation functionals

Ex , defined as Ex(f ) = f (x) are continuous on H(X)

for every x. This class include some Hardy spaces like

H 2(D),H 2(π+). Since X does not always have an alge-

braic structure, we can not make use of translation opera-

tors. But there may be plenty of composition operators

and multiplication operators onH(X), which may help in

constructing a wavelet type basis forH(X). In this regard

we pose the following problem.

Problem. LetH(X)be a functional Hilbert space and let

ß= {Ai : i ∈ �} be a family of bounded linear operators

on H(X). ψ ∈ H(X) and let ßψ = {Aiψ : i ∈ �}. Then

under what conditions on ß and ψ , ßψ is an orthonormal

basis for H(X). The family ß may consist of weighted

substitution operators as in case of L2(R).

(3) It would be nice to characterize weighted substitution

operators under which the set MW is invariant. It is

known that ifA is a unitary operator such thatA(M̂W) ⊂
M̂W , then A is a weighted composition operator of a

special type [14].

(4) Let H be a Hilbert space. Then it would be worthwhile

to investigate interaction between wavelets on L2(R, H)

and weighted composition operators induced by operator-

valued weights.
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Louis de Branges [10] in the year 1985. The conjecture

asserts that the coefficient of a univalent function f (z) =
z +∑∞

n=2 anz
n in the unit disk D = {z ∈ C : |z| < 1} satis-

fies |an| ≤ n with strict inequality unless f is a rotation of the
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Koebe function

k(z) = z

(1 − z)2
.

In fact, de Branges proved the Milin conjecture (1971) on

logarithmic coefficients, which in turn implied the Robertson

conjecture (1936) on odd univalent functions, the Rogosin-

ski conjecture (1943) on subordinate functions, and finally

the Bieberbach conjecture. Milin’s conjecture asserts that the

logarithmic coefficients γn of a univalent function f (z) =
z+∑∞

n=2 anz
n defined by

log

(
f (z)

z

)
= 2

∞∑

n=1

γnz
n

satisfy the inequality

n∑

k=1

(n+ 1 − k)

(
k|γk|2 − 1

k

)
≤ 0, n = 1, 2, . . . .

The logarithmic coefficients of the Koebe function are γn =
1/n and trivially satisfy the Milin’s conjecture. The Robertson

conjecture asserts that the inequality

1 + |c3|2 + · · · + |c2n−1|2 ≤ n

is satisfied by every odd univalent function of the form g(z) =
z + c3z

3 + c5z
5 + · · · . Rogosinski conjecture asserts that

|bn| ≤ n for any analytic function g(z) =∑∞
n=1 bnz

n subordi-

nate to a normalized univalent function. The proof that Milin

conjecture implies the other conjectures can be found in the

books on univalent functions, see for example, [11].

The long quest for the proof of the conjecture lead to many

profound contributions in geometric function theory, particu-

larly the development of various tools for its resolution. These

include Loewner’s parametric method, the area method and

Grunsky inequalities, Milin’s and FitzGerald’s methods of

exponentiating the Grunsky inequalities, Baernstein’s method

of maximal functions, and variational methods. Several sub-

classes of univalent functions were also introduced from geo-

metric considerations and investigated in an attempt to settle

the conjecture. Certain subclasses are described below.

Let A be the class of all analytic functions in D and nor-

malized by f (0) = 0 = f ′(0) − 1. Let S be the subclass of

A consisting of univalent functions. A domain D is starlike

with respect to a point a ∈ D if every line segment joining

the point a to any other point in D lies completely inside D.

A domain starlike with respect to the origin is simply called

starlike. A domain D is convex if every line segment joining

any two points in D lies completely inside D; in other words,

the domainD is convex if and only if it is starlike with respect

to every point in D. A function f ∈ S is starlike if f (D) is

starlike (with respect to the origin) while it is convex if f (D)

is convex. The classes of all starlike and convex functions are

respectively denoted by S∗ and C. Analytically, these classes

are characterized by the equivalence

f ∈ S∗ ⇔ Re

(
zf ′(z)
f (z)

)
> 0,

and

f ∈ C ⇔ Re

(
1 + zf ′′(z)

f ′(z)

)
> 0.

More generally, for 0 ≤ α < 1, let S∗(α) and C(α) be the

subclasses of S consisting of respectively starlike functions of

order α, and convex functions of order α. These classes are

defined analytically by the equivalence

f ∈ S∗(α) ⇔ Re

(
zf ′(z)
f (z)

)
> α,

and

f ∈ C(α) ⇔ Re

(
1 + zf ′′(z)

f ′(z)

)
> α.

Another generalization of the class of starlike functions is the

class S∗
γ of strongly starlike functions of order γ , 0 < γ ≤ 1,

consisting of f ∈ S satisfying the inequality
∣∣∣∣arg

(
zf ′(z)
f (z)

)∣∣∣∣ <
γπ

2
, z ∈ D.

Another related class is the class of close-to-convex functions.

A function f ∈ A satisfying the condition

Re

(
f ′(z)
g′(z)

)
> α, 0 ≤ α < 1,

for some (not necessarily normalized) convex univalent func-

tion g, is called close-to-convex of order α. The class of all

such functions is denoted by K(α). Close-to-convex functions

of order 0 are simply called close-to-convex functions. Using

the fact that a function f ∈ A with

Re(f ′(z)) > 0

is in S, close-to-convex functions can be shown to be univalent.

A function f ∈ A is starlike with respect to symmetric points

of order α if

Re

(
2zf ′(z)

f (z)− f (−z)
)
> α, 0 ≤ α < 1.
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These functions are also univalent and the class of all such

functions is denoted by S∗
s (α). When α = 0, this class is

denoted by S∗
s . Coefficient estimates for functions in all these

classes can be obtained from the coefficient estimates for func-

tions with positive real part.

Starlikeness and convexity are hereditary properties in the

sense that every starlike (convex) function maps each disk

|z| < r < 1 onto a starlike (convex) domain. However, Brown

[9] showed that it is not always true that f ∈ S∗ maps each

disk |z − z0| < ρ < 1 − |z0| onto a domain starlike with

respect to f (z0). He did prove that the result is true for each

f ∈ S and for all sufficiently small disks in D. This motivates

the definition of uniformly starlike functions, though it was

introduced independently of the work of Brown [9]. For this

purpose, the notions of starlikeness and convexity of curves

are needed. Let γ be a curve in D. Then the curve γ is starlike

with respect to w0 if arg(γ (t)−w0) is a non-decreasing func-

tion of t . The arc γ is convex if the argument of the tangent to

γ (t) is a non-decreasing function of t .

Definition 1.1 ([13, Definition 1, p. 364], [12, Definition 1,

p. 87]). A function f ∈ S is uniformly starlike if f maps

every circular arc γ contained in D with center ζ ∈ D onto a

starlike arc with respect to f (ζ ). The function f ∈ S is uni-

formly convex if f maps every circular arc γ contained in D

with center ζ ∈ D onto a convex arc. The classes of uniformly

starlike functions and uniformly convex functions are denoted

respectively by UST and UCV .

This article surveys results on uniformly starlike and uni-

formly convex functions. While there is quite a bit of literature

on uniformly convex functions, not much is known about uni-

formly starlike functions. The survey by Rønning [41] provides

a summary of early works on uniformly starlike and uniformly

convex functions.

2. Uniformly Starlike Functions

2.1 Analytic Characterization and Basic Properties

The following two-variable analytic characterization of the

class UST is important for obtaining information about func-

tions in this class.

Theorem 2.1 [13, Theorem 1, p. 365]. The function f is in

UST if and only if

Re

(
(z− ζ )f ′(z)
f (z)− f (ζ )

)
≥ 0, z, ζ ∈ D. (2.1)

By taking ζ = −z in the above theorem, evidently the class

UST ⊂ S∗
s and hence |an| ≤ 1 for f ∈ UST . A better bound

|an| ≤ 2/n for f ∈ UST , proved by Charles Horowitz, was

also reported in Goodman [13, Theorem 4, p. 368]. The proof

involved showing UST is a subclass of UST ∗ consisting of

functions f ∈ A for which eiαf ′(z) have positive real part for

some real number α.

Open Problem 2.1. Determine the sharp coefficient esti-

mates for functions in the class UST of uniformly starlike

functions.

Using Theorem 2.1, Goodman [13] showed that the function

F1(z) = z

1 − Az
∈ UST ⇔ |A| ≤ 1√

2
.

Similarly, if F2(z) = z+ Azn, n > 1, and

|A| ≤
√

2

2n
,

then he showed that F2 is in UST . Merkes and Salamasi [26]

improved the bound to be

|A| ≤
√
n+ 1

2n3
.

For n �= 2, the bound need not be sharp. The sharp upper

bound was obtained by Nezhmetdinov [27, Corollary 4, p. 47].

The class UST can also be seen to be preserved under the

transformations e−iαf (eiαz) and f (tz)/t , where α ∈ R and

0 < t ≤ 1. For a given locally univalent analytic function

f ∈ A, the disk automorphism is the function �f : D → C

given by

�f (z) := f (ϕ(z))− f (λ)

(1 − |λ|2)f ′(λ)
, ϕ(z) = z+ λ

1 + λz
.

A family F is linearly invariant if �f ∈ F whenever f ∈ F .

The familiesS of univalent functions andC of convex functions

are linearly invariant families. The disk automorphism of the

function F1 with A = 1/2 is not in UST . This shows that the

class UST is not a linearly invariant family.

To provide another application of the above theorem, expand

the function

(z− ζ )f ′(z)
f (z)− f (ζ )
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in its Taylors series in powers of z and ζ respectively. Use of

the inequality |cn| ≤ 2 Re c0 for a function p(z) = c0 + c1z+
c2z

2 + · · · with positive real part in D yields the following

result:

Theorem 2.2 [13, Lemma 1, p. 365]. Let f ∈ UST , and

define p0, p1, q0, q1 by

p0(ζ ) = f (ζ )

ζ
, p1(ζ ) = f (ζ )(1 − 2a2ζ )− ζ

ζ 2
,

q0(z) = f (z)

zf ′(z)
, q1(z) = f (z)− z

z2f ′(z)
.

Then

|p1(ζ )| ≤ 2 Re (p0(ζ )), and |q1(z)| ≤ 2 Re (q0(z)).

Theorem 2.2 and the coefficient estimate |an| ≤ 2/n for

f ∈ UST yield the growth inequality for UST :

r

1 + 2r
≤ |f (z)| ≤ −r + 2 ln

1

1 − r
, |z| = r < 1.

This inequality provides the lower bound for the Koebe con-

stant for the family UST :

1

3
≤ K(UST ) ≤ 1 −

√
3

4
.

The upper bound follows from the function f given by f (z) =
z+ √

3z2/4.

Open Problem 2.2. Determine the sharp growth, distortion

and rotation estimates, as well as the Koebe constant for the

class UST .

Another application of Theorem 2.1 follows from the simple

identity

f (z)− f (ζ )

(z− ζ )f ′(z)
=
∫ 1

0

f ′(tz+ (1 − t)ζ )

f ′(z)
dt.

Using this identity, Merkes and Salamasi [26, Theorem 4,

p. 451] showed that

f ∈ UST if Re

(
f ′(w)
f ′(z)

)
> 0, z, w ∈ D.

If f ∈ UST , they also showed that

Re

(
f ′(w)
f ′(z)

)1/2

> 0, z, w ∈ D,

and the exponent 1/2 is best possible.

2.2 Convolution and Radius Problems

The convolution (or Hadamard product) of two analytic

functions

f (z) = z+
∞∑

n=2

anz
n and g(z) = z+

∞∑

n=2

bnz
n

is the analytic function

(f ∗ g)(z) := z+
∞∑

n=2

anbnz
n.

The term “convolution” is used since

(f ∗ g)(z) = 1

2πi

∫

|ζ |=ρ
f

(
z

ζ

)
g(ζ )

dζ

ζ
, |z| < ρ < 1.

The classes of starlike, convex and close-to-convex functions

are closed under convolution with convex functions. This was

conjectured by Pólya and Schoenberg [30] and proved by

Ruscheweyh and Sheil-Small [48]. Ruscheweyh’s monograph

[47] gives a comprehensive survey on convolutions. To make

use of this theory in the investigation of the class UST , Merkes

and Salamasi [26] proved the following result.

Theorem 2.3 [26, Theorem 1, p. 450]. Let f ∈ A. Then

f ∈ UST if and only if for all complex numbers α, β with

|α| < 1 and |β| < 1,

Re

(
f (z) ∗ z

(1−αz)(1−βz)
f (z) ∗ z

(1−αz)2

)

≥ 0, z ∈ D.

The following result of Rønning [43] is also useful in using

convolution technique to investigate UST .

Theorem 2.4 [43, Lemma 3.3, p. 236]. The function f ∈
UST if and only if

Re

(
f (z)− f (xz)

(1 − x)zf ′(z)

)
≥ 0, z ∈ D, |x| = 1. (2.2)

Let G denote the subset of A having the property P. If,

for every f ∈ F , r−1f (rz) ∈ G for r ≤ R, and R is the

largest number for which this holds, then R is the G-radius

(or the radius of the property P) in F . Thus, the radius of

a property P in the set F is the largest number R such that

every function in the set F has the property P in each disk

Dr = {z ∈ D : |z| < r} for every r < R. For example, a

starlike function need not be convex; however, every starlike

function maps the disk |z| < 2 − √
3 onto a convex domain
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and hence the radius of convexity of the class S∗ of starlike

functions is 2 − √
3.

Merkes and Salamasi [26] (using Theorem 2.3) and Rønning

[44] (using Theorem 2.4) independently showed that the UST -

radius of the class C of convex functions is 1/
√

2. Merkes and

Salamasi [26, Theorem 5, p. 451] also obtained a lower bound

for the UST -radius for the class of pre-starlike functions. For

α ≤ 1, the class Rα of prestarlike functions of order α consists

of functions f ∈ A satisfying
⎧
⎨

⎩

f ∗ z
(1−z)2−2α ∈ S∗(α), α < 1,

Re f (z)
z
> 1

2 , α = 1.

Note that R0 = C and R1/2 = S∗(1/2). The known radius

results are recorded in the following theorem.

Theorem 2.5.

(1) The UST -radius for the class of univalent functions S is

r0 ≈ 0.3691.

(2) The UST -radius r∗
0 for the class S∗ satisfies

0.369 < r∗
0 ≤ 1/

√
7.

(3) The UST -radius for the class of convex functions C is

1/
√

2.

(4) The UST -radius for the class of pre-starlike functions is

at least (1 + α)/(1 − α) for
√

2 − 1√
2 + 1

≤ α < 1.

Open Problem 2.3. Determine the (exact) UST -radius r∗
0 of

the class S∗ and the exact UST -radius of the class of pre-

starlike functions. Determine whether the class UST is closed

under convolution with convex functions.

For a given subset V ⊂ A, its dual set V∗ is defined by

V∗ :=
{
g ∈ A :

(f ∗ g)(z)
z

�= 0 for all f ∈ V
}
.

Nezhmetdinov [27, Theorem 2, p. 43] showed that the dual set

of the class UST is the subset of A consisting of functions

h : D → C given by

h(z) =
z
(

1 − (w+iα)
1+iα z
)

(1 − wz)(1 − z)2
, α ∈ R, |w| = 1.

He determined the uniform estimate |an(h)| ≤ dn for the nth

Taylor coefficient of h in the dual set of UST with a sharp

constant d = √
M ≈ 1.2557, where M ≈ 1.5770 is the

maximum value of a certain trigonometric expression. Using

this, he showed that
∞∑

n=2

n|an| ≤ 1√
M

⇒ f ∈ UST .

The bound 1/
√
M is sharp.

Open Problem 2.4. Rønning [44] proved that UST �⊂
S∗(1/2) and posed the problem of determining the largest α

such that UST ⊂ S∗(α). Nezhmetdinov [28] showed that

UST �⊂ S∗(α0) for some α0 ≈ 0.1483. Determine the largest

α such that UST ⊂ S∗(α).

3. Uniformly Convex Functions

3.1 Analytic Characterizations and
Parabolic Starlike Functions

Recall that a univalent function f is in the class UCV of uni-

formly convex functions if for every circular arc γ contained

in D with center ζ ∈ D the image arc f (γ ) is convex. From

this definition, the following theorem is readily obtained.

Theorem 3.1 [12, Theorem 1, p. 88]. The function f

belongs to UCV if and only if

Re

(
1 + (z− ζ )

f ′′(z)
f ′(z)

)
≥ 0, z, ζ ∈ D. (3.1)

Though the class C is a linear invariant family, the class UCV
is not. This was proved by Goodman [12, Theorem 5, p. 90]

by using the function

F(z) = z

1 − Az
.

This function F ∈ UCV if and only if |A| ≤ 1/3.

From the geometric definition or from Theorem 3.1, it is

evident that UCV ⊂ C. However, by taking ζ = −z in Theo-

rem 3.1, it is evident that UCV ⊂ C(1/2). In view of this inclu-

sion and the coefficient estimate for functions in C(1/2), the

Taylor coefficients an of f ∈ UCV satisfy |an| ≤ 1/n. Unlike

the uniformly starlike functions, uniformly convex functions

admit a one-variable characterization, and this readily yields

several important properties of functions in UCV . This one-

variable characterization, obtained independently by Rønning

[42, Theorem 1, p. 190], and Ma and Minda [23, Theorem 2,

p. 162], is the following result.

Mathematics Newsletter -20- Vol. 21 #1, June 2011



Theorem 3.2. Let f ∈ A. Then f ∈ UCV if and only if

Re

(
1 + zf ′′(z)

f ′(z)

)
>

∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ , z ∈ D. (3.2)

If f ∈ UCV , then equation (3.2) follows from (3.1) for a

suitable choice of ζ . For the converse, the minimum principle

for harmonic function is used to restrict ζ and z to |ζ | < |z| <
1. With this restriction, (3.1) immediately follows from (3.2).

To give a nice geometric interpretation of (3.2), let

�p := {w ∈ C : Re w > |w − 1|}.

The set �p is the interior of the parabola

(Im w)2 = 2Re w − 1

and it is therefore symmetric with respect to the real axis and

has (1/2, 0) as its vertex. Then f ∈ UCV if and only if

1 + zf ′′(z)
f ′(z)

∈ �p.

A class closely related to the class UCV is the class of

parabolic starlike functions defined below.

Definition 3.1 [42]. The class SP of parabolic starlike func-

tions consists of functions f ∈ A satisfying

Re

(
zf ′(z)
f (z)

)
>

∣∣∣∣
zf ′(z)
f (z)

− 1

∣∣∣∣ , z ∈ D.

In other words, the class SP consists of function f = zF ′

where F ∈ UCV .

Since the parabolic region�p is contained in the half-plane

{w : Re w > 1/2}

and the sector

{w : | argw| < π/4},

Rønning [42] noted that

SP ⊂ S∗(1/2) ∩ S∗
1/2.

The class C of convex functions and the class S∗ of starlike

functions are connected by the Alexander result that f ∈ C
if and only if zf ′ ∈ S∗. Such a question between the classes

UST and UCV is in fact a question of equality between UST
and SP . It turns out (see [12,43]) that there is no inclusion

between them:

UST �⊂ SP and SP �⊂ UST .

3.2 Examples

To give some examples of functions in UCV and SP , note [32]

that
∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ <
1

2
⇒ f ∈ UCV (3.3)

and
∣∣∣∣
zf ′(z)
f (z)

− 1

∣∣∣∣ <
1

2
⇒ f ∈ SP . (3.4)

The proof follows readily from the implication

|w| < 1

2
⇒ |w| < 1

2
= 1 − 1

2
< 1 − |w| < Re(1 + w).

A function f (z) = z −∑∞
n=2 anz

n with an ≥ 0 is called a

function with negative coefficients. For functions with nega-

tive coefficients, the above condition is also necessary for a

function f to be in UCV or SP (see [8,51]). In terms of the

coefficients, the results can be stated as follows:

Theorem 3.3. Let f be a function of the form f (z) = z −
∑∞

n=2 anz
n with an ≥ 0. Then

f ∈ UCV ⇔
∞∑

n=2

n(2n− 1)an ≤ 1

and

f ∈ SP ⇔
∞∑

n=2

(2n− 1)an ≤ 1.

Denote the class of all functions with negative coefficients

by T . Define

TUCV := T ∩ UCV, TSP := T ∩ SP ,

TS∗ := T ∩ S∗, and TC := T ∩ C.

In terms of these classes, the above result can be stated as

TUCV = TC(1/2) and TSP = TS∗
(1/2).

For these and other related results, see [8,51]. Using Theo-

rem 3.3, it can be seen [42] that

f (z) = z− Anz
n ∈ SP ⇔ |An| ≤ 1

2n− 1
,

and

f ∈ UCV ⇔ |An| ≤ 1

n(2n− 1)
.
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Goodman [12] showed

∞∑

n=2

n(n− 1)|an| ≤ 1

3
⇒ f (z) = z+

∞∑

n=2

anz
n ∈ UCV;

this easily follows from Theorem 3.3 since

∞∑

n=2

n(2n− 1)an ≤ 3
∞∑

n=2

n(n− 1)|an| ≤ 1.

The sufficient condition in (3.3) can be extended to a more

general circular region. For this purpose, let a > 1/2. Then it

can be shown that the minimum distance from the pointw = a

to points on the parabola

|w − 1| = Re w

is given by

Ra =
⎧
⎨

⎩

a − 1
2 , if 1

2 < a ≤ 3
2

√
2a − 2, if a ≥ 3

2 .

Thus [49]
∣∣∣∣1 + zf ′′(z)

f ′(z)
− a

∣∣∣∣ < Ra ⇒ f ∈ UCV

and
∣∣∣∣
zf ′(z)
f (z)

− a

∣∣∣∣ < Ra ⇒ f ∈ SP .

3.3 Subordination and its Consequences

Let f and F be analytic functions in D. Then f is said to be

subordinate to the function F , written f (z) ≺ F(z), if there

exists an analytic function w : D → D satisfying w(0) = 0

such that f (z) = F(w(z)). If p : D → C, p(0) = 1 and

Re p(z) > 0, then

p(z) ≺ 1 + z

1 − z
.

This follows since the mapping q(z) = (1 + z)/(1 − z) maps

D onto the right-half plane �H := {w ∈ C : Re w > 0}. In

this light, the classes of starlike and convex functions can be

expressed as follows:

S∗ =
{
f ∈ A :

zf ′(z)
f (z)

≺ 1 + z

1 − z

}

and

C =
{
f ∈ A : 1 + zf ′′(z)

f ′(z)
≺ 1 + z

1 − z

}
.

Rønning [42] and Ma and Minda [23] showed that the func-

tion ϕp : D → C defined by

ϕp(z) = 1 + 2

π2

(
log

1 + √
z

1 − √
z

)2

= 1 + 8

π2

(
z+ 2

3
z2 + 23

45
z3 + 44

105
z4 + · · ·

)
(3.5)

maps C onto the parabolic region

�p := {w ∈ C : Re w > |w − 1|}.

Therefore the classes UCV and SP can be expressed in the form

SP =
{
f ∈ A :

zf ′(z)
f (z)

≺ ϕp(z)

}

and

UCV =
{
f ∈ A : 1 + zf ′′(z)

f ′(z)
≺ ϕp(z)

}
.

Rønning [42, Theorem 6, p. 195] went on to show the sharp

inequality

|f ′(z)| ≤ exp

(
14ζ(3)

π2

)
≈ 5.502

for f ∈ UCV , where ζ(t) denotes the Riemann zeta func-

tion. Ma and Minda [23] on the other hand obtained distortion

(bounds for |f ′(z)|), growth (bounds for |f (z)|), covering (the

radius of the largest disk centered at origin contained in f (D))

and rotation (the upper bound for | arg(f ′(z))|) estimates for

functions in UCV . These results are then proved for more gene-

ral classes of functions by Ma and Minda [24]. For this pur-

pose, let φ be an analytic function with positive real part in D,

normalized by the conditions φ(0) = 1 and φ′(0) > 0, such

that φ maps the unit disk D onto a region starlike with respect

to 1 that is symmetric with respect to the real axis. They intro-

duced the following classes:

S∗(ϕ) :=
{
f ∈ A :

zf ′(z)
f (z)

≺ ϕ(z)

}

and

C(ϕ) =
{
f ∈ A : 1 + zf ′′(z)

f ′(z)
≺ ϕ(z)

}
.

These functions are called Ma-Minda starlike and convex

functions respectively. For special choices of ϕ, these classes

become well-known classes of starlike and convex functions.

For example, for the choice

ϕA,B(z) = 1 + Az

1 + Bz
, −1 ≤ B < A ≤ 1,
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the class S∗[A,B] := S∗(ϕA,B) is the class of Janowski star-

like functions. For the classes of Ma-Minda starlike and convex

functions, the following theorem is obtained.

Theorem 3.4 [24]. If f ∈ C(ϕ), then, for |z| = r ,

k′
ϕ(−r) ≤ |f ′(z)| ≤ k′

ϕ(r),

−kϕ(−r) ≤ |f (z)| ≤ kϕ(r),

where kϕ : D → C is defined by

1 + zk′′
ϕ(z)

k′
ϕ(z)

= ϕ(z).

Equality holds for some z �= 0 if and only if f is a rotation of

kϕ . Also either f is a rotation of kϕ or f (D) contains the disk

|w| ≤ −kϕ(−1), where

−kϕ(−1) = lim
r→1−

(−kϕ(−r)).

Further, for |z0| = r < 1,

| arg(f ′(z0))| ≤ max
|z|=r

| arg k′
ϕ(z)|.

The proof relies on the subordinationf ′(z) ≺ k′
ϕ(z) satisfied

by functions f ∈ C(ϕ). Corresponding results for functions in

S∗(ϕ) were also obtained by Ma and Minda [24]. The distor-

tion theorem for f ∈ S∗(ϕ) requires some additional assump-

tions on ϕ. Theorem 3.4 contains the corresponding results for

uniformly convex functions [23] as special cases. Extension

of these (and other closely related) results to functions star-

like with respect to symmetric points, conjugate points, mul-

tivalent starlike functions, and meromorphic functions were

investigated in [35,5,4].

Let hϕ : D → C be defined by

zh′
ϕ(z)

hϕ(z)
= ϕ(z).

Ma and Minda [24] proved that

f ∈ S∗(ϕ) ⇒ f (z)

z
≺ hϕ(z)

z
.

In the case when ϕ is a convex univalent function, this result

is a special case of the following general result:

Theorem 3.5 [45, Theorem 1, p. 275]. Let φ be a convex

function defined in D with φ(0) = 1. Define F by

F(z) = z exp

(∫ z

0

φ(x)− 1

x
dx

)
.

The function f belongs to S∗(φ) if and only if for all |s| ≤ 1

and |t | ≤ 1,

sf (tz)

tf (sz)
≺ sF (tz)

tF (sz)
.

Open Problem 3.1. Determine the sharp bound of |f (n)(z)|
for f ∈ C(ϕ) and f ∈ S∗(ϕ). For f ∈ C(ϕ), the bounds for

the cases n = 0, 1 are given by Theorem 3.4. Similar bounds

for f ∈ S∗(ϕ) are also known with some restrictions on ϕ.

3.4 Coefficient Problems

As noted earlier, the inclusion UCV ⊂ C(1/2) shows that each

Taylor coefficient an of f ∈ UCV satisfies |an| ≤ 1/n. These

bounds can be improved. Since the classes UCV and SP are

connected by the Alexander relation that f ∈ UCV if and only

if zf ′ ∈ SP , it suffices to give the coefficient estimate for

functions in SP .

Theorem 3.6 [42, Theorem 5, p. 194]. Let f ∈ SP and

f (z) = z+∑∞
n=2 anz

n. Then

|a2| ≤ c, and |an| ≤ c

n− 1

n∏

k=3

(
1 + c

k − 2

)
, (3.6)

where c = 8/π2.

Let p(z) = zf ′(z)/f (z) = 1+c1z+c2z
2 +· · · , and p(z) ≺

ϕp(z) where ϕp is given by (3.5). Rogosinski’s theorem states

that |ck| ≤ c for any function p(z) = 1 + c1z + c2z
2 + · · ·

subordinate to the convex univalent function P(z) = 1 + cz+
· · · . The coefficients of f and the coefficients of p are related

by

(n− 1)an =
n−1∑

k=1

cn−kak.

This together with Rogosinksi’s theorem yield the desired

coefficient bounds. Whenever ϕ is a convex univalent func-

tion, the bounds for |an| for f ∈ S∗(ϕ) is also given by (3.6)

where c := ϕ′(0). The estimates given by (3.6) are not sharp

in general. However, in the case, ϕ(z) = (1 + z)/(1 − z), the

inequalities in (3.6) give sharp bounds for the coefficients of

starlike functions.

The sharp coefficient estimates for functions in UCV or SP
is still an open problem. However, the sharp estimates of |an|
for f ∈ UCV , n = 2 − 6, were obtained by Ma and Minda
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[23,25]. They [23, Theorem 5, p. 172] also proved the sharp

order of growth |an| = O(1/n2) for f ∈ UCV . The same order

of growth holds for f ∈ C(ϕ) if ϕ belongs to the Hardy class

of analytic functions H2 (see [24]). They [25] also found the

sharp upper bound for the Fekete-Szegö functional |μa2
2 − a3|

in the class UCV for all real μ. For the inverse function

f −1(w) = w +
∞∑

n=2

dnw
n,

they [25] obtained the sharp inequality

|dn| ≤ 8

(n− 1)nπ2
, n = 2, 3, 4.

More generally, the coefficient problem for f ∈ C(ϕ) is also

open. Estimates for the first two coefficients as well as for the

Fekete-Szegö functional for functions in C(ϕ) were obtained

in [24]. For several related coefficient problems, see [6].

Theorem 3.7. Let φ(z) = 1 + B1z + B2z
2 + · · · . If f (z) =

z+ a2z
2 + a3z

3 + · · · ∈ C(ϕ), then

|a3 − μa2
2 | ≤

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1
6 (B2−(3/2)μB2

1 +B2
1 ) if 3B2

1μ ≤ 2(B2+B2
1 −B1),

B1
6 if 2(B2+B2

1 −B1) ≤ 3B2
1μ

≤ 2(B2+B2
1 +B1),

1
6 (−B2+(3/2)μB2

1 −B2
1 ) if 2(B2+B2

1 +B1) ≤ 3B2
1μ.

The result is sharp.

To see an outline of the proof, first express the coefficient

of f in terms of the coefficients ck for functions with positive

real part. For f ∈ C(ϕ), let p : D → C be defined by

p(z) := zf ′(z)
f (z)

= 1 + b1z+ b2z
2 + · · ·

so that 2a2 = b1 and 6a3 = b2 + b2
1. Since ϕ is univalent and

p(z) ≺ ϕ(z), the function

p1(z) = 1 + ϕ−1(p(z))

1 − ϕ−1(p(z))
= 1 + c1z+ c2z

2 + · · ·

is analytic and has positive real part in D. Also

p(z) = ϕ

(
p1(z)− 1

p1(z)+ 1

)
(3.7)

and from this equation (3.7), it follows that

b1 = 1

2
B1c1 and b2 = 1

2
B1

(
c2 − 1

2
c2

1

)
+ 1

4
B2c

2
1.

Therefore

a3 − μa2
2 = B1

12
(c2 − vc2

1), (3.8)

where

v := 1

2B1

(
B1 − B2

1 − B2 + 3

2
μB2

1

)
.

The theorem then follows by an application of the corre-

sponding coefficient results for function with positive real part.

Notice that this method is difficult to apply to get bounds for

|an| for large n, as an can only be expressed as a non-linear

function of the coefficients ck .

Open Problem 3.2. Determine the sharp bound for the

Taylor coefficients |an|(n ≥ 5) for f ∈ C(ϕ) and f ∈ S∗(ϕ).
The same problem for the other classes defined by subordina-

tion is still open.

3.5 Convolution

Recall that the convolution of two analytic functions

f (z) = z+
∞∑

n=2

anz
n, and g(z) = z+

∞∑

n=2

bnz
n

is the analytic function defined by

(f ∗ g)(z) := z+
∞∑

n=2

anbnz
n.

The convolution of two functions in A is again in A. Since the

nth coefficient of normalized univalent function is bounded by

n, the convolution of the Koebe function k(z) = z/(1 − z)2

with itself is not univalent. Thus, the convolution of two uni-

valent (or starlike) functions need not be univalent. Pólya and

Schoenberg [30] conjectured that the class of convex functions

C is preserved under convolution with convex functions:

f, g ∈ C ⇒ f ∗ g ∈ C.

In 1973, Ruscheweyh and Sheil-Small [48] (see also [47])

proved the Polya-Schoenberg conjecture. In fact, they also

proved that the classes of starlike functions and close-to-

convex functions are closed under convolution with convex

functions. The proof of these facts follow from the following

result which is also used below to show that the classes UCV
and SP are closed under convolution with starlike functions

of order 1/2.

Theorem 3.8 [48, Theorem 2.4, p. 54]. Let α ≤ 1, f ∈ Rα

and g ∈ S∗(α). Then, for any analytic function H ∈ H(D),
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f ∗Hg
f ∗ g (D) ⊂ co(H(D)),

where co(H(D)) denote the closed convex hull of H(D).

Theorem 3.9 [41, Theorem 3.6, p. 131]. Let ϕ be a convex

function with Re ϕ(z) ≥ α, α < 1. If f ∈ Rα and g ∈ S∗(ϕ),
then f ∗ g ∈ S∗(ϕ).

The proof of this theorem follows readily from Theorem 3.8

by putting H(z) = zg′(z)/g(z). In view of the fact that f ∈
C(ϕ) if and only if zf ′ ∈ S∗(ϕ), an immediate consequence

of the above theorem is the corresponding result for C(ϕ): if

f ∈ Rα and g ∈ C(ϕ), then f ∗ g ∈ C(ϕ) for any convex

function ϕ with Re ϕ(z) ≥ α. In particular, the classes UCV
and SP are closed under convolution with starlike functions

of order 1/2. Similar results for several other related classes of

functions can be found in [2,3,34] or references therein.

Goodman remarked that the class UCV is preserved under

the transformation e−iαf (eiαz) and no other transformation

seems to be available. However, since UCV is closed under

convolution with starlike functions of order 1/2 and in parti-

cular with convex functions, the following result is obtained.

Corollary 3.1 [32]. Let

�1(f (z)) = zf ′(z),

�2(f (z)) = 1

2
[f (z)+ zf ′(z)]

�3(f (z)) = k + 1

zk

∫ z

0
ζ k−1f (ζ )dζ, Re k > 0

�4(f (z)) =
∫ z

0

f (ζ )− f (ηζ )

ζ − ηζ
dζ, |η| ≤ 1, η �= 1.

Then �i(f ) ∈ UCV in |z| < ri whenever f ∈ UCV , where

r1 = 1

3
, r2 =

√
17 − 3

2
≈ .56155, r3 = r4 = 1.

3.6 Gaussian Hypergeometric Functions

For complex numbers a, b, c ∈ C with c �= 0,−1,−2, . . . ,

the Gaussian hypergeometric function F(a, b; c; z) is defined

by the power series

F(a, b, c; z) :=
∞∑

n=0

(a)n(b)n

(c)n

zn

n!
.

Here (a)0 := 1 for a �= 0 and if n is a positive integer, then

(a)n := a(a+1)(a+2) · · · (a+n−1). For β < 1 and η ∈ R,

define the class Rη(β) by

Rη(β) = {f ∈ A | Re(eiη(f ′(z)− β)) > 0 for z ∈ D}.
For the Gaussian hypergeometric function F(a, b, c; z), Kim

and Ponnusamy [22] found conditions which would imply that

zF (a, b; c; z) belongs to UCV or Rη(β). Further they derived

conditions under which f ∈ Rη(β) implies

zF (a, b; c; z) ∗ f (z) ∈ UCV.

In fact, by making use of the Gauss summation theorem and

Theorem 3.3, they obtained the following sufficient condition

for zF (a, b; c; z) ∈ UCV .

Theorem 3.10 [22, Theorem 1, p. 768]. Let a, b ∈ C − {0}
and c > |a| + |b| + 2. If

�(c − |a| − |b|)�(c)
�(c − |a|)�(c − |b|)

×
(

1 + 2(|a|)2(|b|)2
(c − 2 − |a| − |b|)2 + 5|ab|

c − |a| − |b| − 1

)
≤ 2,

then zF (a, b; c; z) ∈ UCV .

They also obtained a weaker condition on the parameters so

that the function zF (a, a; c; z) ∈ UCV . The following result

provides a mapping of Rη(β) into UCV .

Theorem 3.11 [22, Theorem 4, p. 771]. Let a, b ∈ C − {0}
and c > |a| + |b| + 1. If

2(1 − β) cos η

(
�(c − |a| − |b|)�(c)
�(c − |a|)�(c − |b|)

×
(

1 + 2|ab|
c − |a| − |b| − 1

)
− 1

)
≤ 1,

and f ∈ Rη(β), then zF (a, b; c; z) ∗ f (z) ∈ UCV .

An extension of these results to other related classes can be

found, for example, in [15,20].

3.7 Integral Transform

The classes UCV and SP are closed under several integral

operators.

Theorem 3.12 [49, Theorem 1, p. 320]. Let fi ∈ UCV and

αi’s be real numbers such that αi ≥ 0, and
∑n

1 αi ≤ 1. Then

the function

g(z) =
∫ z

0

n∏

i=1

[f ′
i (ζ )]

αi dζ

belongs to UCV .
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As an immediate consequence of this theorem, the function

g defined by

g(z) =
∫ z

0

n∏

1

(1 − Aiζ )
−2αi dζ

(0 ≤ αi < 1,
n∑

1

αi ≤ 1, |Ai | ≤ 1

3
, i = 1, 2, . . . , n)

belongs to UCV . The first implication in (3.3) yields the fol-

lowing result.

Theorem 3.13 [49, Theorem 2, p. 320]. If f ∈ A satisfies
∣∣∣∣
zf ′(z)
f (z)

− 1

∣∣∣∣ <
1

4
,

then

g(z) =
∫ z

0

(
f (ζ )

ζ

)2

dζ

belongs to UCV .

3.8 k-Uniformly Convex Function

Let k ≥ 0. A function f ∈ S is called k-uniformly convex

in D if the image of every circular arc γ contained in the unit

disk D, with center ζ , |ζ | ≤ k, is convex. For any fixed k ≥ 0,

the class of all k-uniformly convex functions is denoted by

k− UCV . The class k− UCV was introduced and investigated

by Kanas and Wisinowska [18]. As in the case of uniformly

convex functions, the following theorem holds.

Theorem 3.14 [18]. Let f ∈ S. Then the following are equi-

valent:

(1) f ∈ k − UCV ,

(2) the inequality

Re

(
1 + (z− ζ )

f ′′(z)
f ′(z)

)
≥ 0

holds for all z ∈ D and for all |ζ | ≤ k,

(3) the inequality

Re

(
1 + zf ′′(z)

f ′(z)

)
> k

∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣

holds for all z ∈ D.

Interestingly, the class of k-uniformly convex functions uni-

fies the class of convex functions (k = 0) and the class of

uniformly convex functions (k = 1). Let

�k = {w : Re w > k|w − 1|}.

Then the region �k is elliptic for k > 1, parabolic for k = 1,

and hyperbolic for 0 < k < 1. The region �0 is the right-half

plane. Several properties of uniformly convex functions extend

to k − UCV functions; these properties are treated in [14–19].

3.9 Uniformly Spirallike Functions

Let�w be the image of an arc�z : z = z(t), (a ≤ t ≤ b) under

the function f (z) and let w0 be a point not on �w. Recall that

the arc �w is starlike with respect to w0 if arg(w − w0) is a

nondecreasing function of t . This condition is equivalent to

Im
f ′(z)z′(t)
f (z)− w0

≥ 0 (a ≤ t ≤ b).

The arc �w is α-spirallike with respect to w0 if

arg
z′(t)f ′(z)
f (z)− w0

lies between α and α + π [11]. The function f is uniformly

α-spirallike if the image of every circular arc �z with center

at ζ lying in D is α-spirallike with respect to f (ζ ). The class

of all uniformly α-spirallike functions is denoted by USP(α).
Here is an analytic description of USP(α) analogous to the

class UST .

Theorem 3.15 [38]. Let |α| < π
2 . A function f ∈ A belongs

to USP(α) if and only if

Re

(
e−iα

(z− ζ )f ′(z)
f (z)− f (ζ )

)
≥ 0, z �= ζ, z, ζ ∈ D.

The arc �w is convex α-spirallike if

arg

(
z′′(t)
z′(t)

+ z′(t)f ′′(z)
f ′(z)

)

lies betweenα andα+π . The function f is a uniformly convex

α-spiral function if the image of every circular arc �z with

center at ζ lying in D is convex α-spirallike. The class of all

uniformly convex α-spiral functions is denoted by UCSP(α).
An analytic description of UCSP(α) analogous to the class

UCV is the following:

Theorem 3.16 [38]. Let f ∈ A. The the following are equiv-

alent.

(1) f ∈ UCSP(α),
(2) f satisfies the inequality

Re

(
e−iα
(

1+ (z− ζ )f ′′(z)
f ′(z)

))
≥ 0, z �= ζ, z, ζ ∈ D,
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(3) f satisfies the inequality

Re

(
e−iα
(

1 + zf ′′(z)
f ′(z)

))
≥
∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ , z ∈ D.

For f ∈ A, define the function s by

f ′(z) = (s ′(z))e
iα cosα.

Then f ∈ UCSP(α) if and only if s ∈ UCV . In view of this

connection with UCV , properties of functions in UCSP(α) can

be obtained from the corresponding properties of UCV . The

classes of uniformly spirallike and uniformly convex spirallike

functions were introduced by Ravichandran et al. [38], and for

a generalization of the class, see [52].

3.10 Radius Problems

The determination of the radius of starlikeness or convexity

typically requires an estimate for the real part of the quantities

QST := zf ′(z)
f (z)

and QCV := 1 + zf ′′(z)
f ′(z)

.

This method of estimating the real part of QST or QCV will

not work for the radius problems associated with uniformly

convex functions, parabolic starlike functions, strongly star-

like functions and several other subclasses of starlike/convex

functions. In these cases, one need to know the region of values

ofQST orQCV . This idea was first used by Rønning for com-

puting the sharp radius of parabolic starlikeness for univalent

functions.

Theorem 3.17. The SP -radius of the class S of univalent

functions is 0.33217 and the SP -radius of the class S∗ of star-

like functions is 1/3 ≈ 0.3333 [42, Corollary 3, Theorem 4,

p. 192]. The SP -radius of the class C of convex functions is

1/
√

2 ≈ 0.7071 [43, Theorem 3.1 9b, p. 236].

The SP -radii for the following classes of functions were

determined by Shanmugam and Ravichandran [49]:

(1) the class of close-to-starlike functions of order α;

these are functions f ∈ A satisfying the condition

Re(f (z)/g(z)) > 0 for some function g starlike of

order α.

(2) the class of functions f (z) = z + anz
n + · · · satisfying

the condition Re(f (z)/z) > 0.

(3) the class of functions f ∈ A satisfying
∣∣∣∣
f (z)

g(z)
− 1

∣∣∣∣ < 1

for some function g starlike of order α.

Rønning [44, Theorem 4, p. 321] showed that the radius of

uniform convexity of the classes S and S∗ is (4 − √
13)/3 ≈

0.1314. Let S∗
n[A,B] consists of functions

f (z) = z+ an+1z
n+1 + an+2z

n+2 + · · ·

satisfying

zf ′(z)
f (z)

≺ 1 + Az

1 + Bz
.

For the special caseA = 1−2α, B = −1, the class is denoted

by S∗
n(α). Ravichandran, Rønning and Shanmugam [39] inves-

tigated S∗
n(β)-radius and SP -radius for the class S∗

n[A,B].

They also investigated the radii of convexity and uniform con-

vexity in S∗
n(0). Additionally they studied the radius problems

for functions whose derivatives belong to the Kaplan classes

K(α, β); their results, in special cases, yield radius results for

various classes of close-to-convex functions and functions of

bounded boundary rotation. For 0 ≤ α ≤ β, the Kaplan classes

K(α, β) can be defined as follows. A function f ′ ∈ K(α, β)
if and only if there is a function g ∈ S∗((2 + α− β)/2) and a

real number t ∈ R such that
∣∣∣∣arg

(
eit
zf ′(z)
g(z)

)∣∣∣∣ ≤
απ

2
.

For the radius of uniform convexity of a closely related class,

see [40] wherein they investigated S∗(β)-radius and SP -radius

of certain integral transforms and Bloch functions. Related

radius results can also be found in [37].

3.11 Neighborhood Problems

Given δ ≥ 0, Ruscheweyh [46] defined the δ-neighbourhood

Nδ(f ) of a function f (z) = z+∑∞
n=2 anz

n ∈ A to be the set

Nδ(f ) :=
{

g : g(z)=z+
∞∑

k=2

bkz
k and

∞∑

k=2

k|ak−bk|≤δ
}

.

Ruscheweyh [46] proved among other results that

N1/4(f ) ⊂ S∗

for f ∈ C. For a more general notion of T -δ-neighbourhood

of an analytic function, see Sheil-Small and Silvia [50].
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Padmanabhan [29] investigated the neighbourhood problem

for the class UCV . Since the class UCV is closed under convo-

lution with starlike functions of order 1/2, it follows that the

function (f (z)+ εz)/(1 + ε) ∈ SP for |ε| < 1/4. Using

f ∈ SP ⇔ 1

z
(f ∗ h)(z) �= 0, t ∈ R, z ∈ D,

where

h(z) := 2

1 − 2it − t2

(
z

(1 − z)2
−
(
t2 + 1

2
+ it

)
z

1 − z

)
,

Padmanabhan proved that Nδ/2(f ) ⊂ SP whenever

f (z)+ εz

1 + ε
∈ SP

for |ε| < δ < 1. These two assertions together show that

N1/8(f ) ⊂ SP

for f ∈ UCV . For some related results, see [14].
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Professor A. R. Rao

In the passing away of Prof. A. R. Rao in Ahmedabad on

April 11, 2011, the mathematics community in India has lost

a dedicated and veteran teacher. He was 102 plus when he

died. He retired as the Principal of a Government College in

Bhavnagar in 1966 and was later in charge of the mathmatics

section of Vikram Sarabhai Community Science Centre in

Ahmedabad till recently. He was holding classes for interested

teachers and students till January 2011.

Prof. A. R. Rao was born in 1908 at Jakkasamudram

in Salem district of Tamil Nadu and had his school education

there. He did his M. Sc. from Wilson College in Mumbai in

1932 and soon in 1933 he took up a job as a lecturer in Junagadh

district in a Government College of the then Bombay Presi-

dency, where he worked for many years. Towards the end of

his career he became Principal of a Government College in

Bhavnagar. He retired in 1966.

Prof. A.R. Rao was fond of Geometry, especially Projective

Geometry and took delight in holding Geometry classes in his

spare time for college teachers and students.

In 1994 he was once invited as a visitor to the Mathematical

Olympiad Cell (NBHM, DAE) located in the Department of

Mathematics, Indian Institute of Science, Bangalore for two

weeks. He was already 86 then. This author told him about the

Pizza Problem which may be stated as follows:

If a circle is divided into eight parts (resembling sectors)

by four concurrent chords mutually inclined at angles of 45

degrees, then the sum of the areas of one set of alternate sector-

like areas is equal to the sum the remaining four regions.

This problem was given to him in the morning on a cer-

tain day. After lunch he came back to the department with an

elegant pure geometry proof which is accessible even to a high

school student. Eventually this problem found a place in the

IMO poster when India hosted the 31st IMO in Mumbai in

1996. This is just an example of his mastery over Geometry.

Even at a very ripe age he was mentally alert and took delight

in solving geometry problems. He contributed several mathe-

matical articles to Indian Mathematics Journals at the plus two

and undergraduate levels. In one of his articles submitted to

Samasya, he gave as many as seven proofs of the fact that the

mid-points of the three diagonals of a complete quadrilateral

are collinear.

He also taught geometry to INMO awardees from 1995 to

1999 at HBCSE, Mumbai. When he wanted to relinquish his

assignment at Vikram Sarabhai Community Science Centre in

Ahmedabad he was requested by the authorities to continue in

the job as they could not find easily a substitute for him. So he

continued in that capacity until he was nearly 100. He had

designed and prepared a large number of mathematical models,

teaching aids at the centre and whenever students of schools

gathered there, he used to explain the role of models in mathe-

matics teaching and emphasized that without the use of mathe-

matical models teaching mathematics would be incomplete.

He traveled to several places in the country giving lectures at

conferences and popularizing mathematics. When he turned

100, the Gujarat Government honored him at a special func-

tion and later his pension was doubled in recognition of his

service to the mathematics community. Earlier in the 80’s the

Gujarat Government had prepared 20-minute documentary on

him, which this author and others had an opportunity to watch

at Homi Bhabha Centre for Science Education during one of

the IMO training camps. He was also felicitated at the camp by

National Board for Higher Mathematics. In October 2010, he

received Harmony award in Mumbai. He was also nominated

for the prestigious UNESCO Kalinga award by the Department

of Science and Technology, Government of India for populari-

zing science.

Prof. A. R. Rao belonged to the era of a culture of high

thinking and simple living. His needs were very few. He was

a good conversationalist and a moderate religious person.

He would enthral his listeners with interesting anecdotes in his

life. He used to say he never visited a foreign country but the

foreign country “visited” him. His explanation was that when

India became independent, the Junagadh Nawab seceded from

India, but soon Junagadh became part of India in the process of
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unification of Indian princedoms. Thus temporarily Prof. Rao

was a subject of a foreign country!

Although he was frail and hard of hearing later in his life,

his visitors used to pose questions on a slate and he would

answer them. He was always found at peace with himself.

He lived a very contented life. He is certainly a role model for

the Mathematics community.

C. R. Pranesachar

MO CELL, HBCSF TIFR

Department of Mathematics

Indian Institute of Science

Bangalore 560 012

Annual Meeting of Ramanujan
Mathematical Society

Harish–Chandra Research Institute (HRI) and the Univer-

sity of Allahabad is jointly hosting the annual meeting

of Ramanujan Mathematical Society at Allahabad during

September 27 to October 5, 2011. There will be two workshops

during September 27 to October 1, 2011, namely, on (1) Addi-

tive Combinatorics (2) Recent Trends in Probability Theory.

HRI is organizing one week workshop (September 20–26)

prior to RMS workshop on Additive Combinatorics to

cover the preliminaries. Plenary speakers include V. Srinivas,

Rajeeva Karandikar, C. S. Dalawat, R. Balasubramanian,

S. G. Dani, S. Thangavelu, V. Kumar Murty, and Mythily

Ramaswamy. Planned sessions and workshops are as follow:

Sessions:

(1) Lie Groups by T. N. Venkataramana

(2) Algebra by Vijay Kodiyalam

(3) Algebra in Characteristic p by Vijayalakshmi Trivedi

(4) Probability by K. Manjunath

(5) Combinatorial Number Theory by S. D. Adhikari and

D. S. Ramana

Workshops:

(1) Recent Trends in Probability Theory organised by

K. Manjunath, Sreekar Vadlman and Arijit Chakrabarty.

(2) Additive Combinatorics organised by Gyan Prakash

and R. Thangadurai

International Symposium of
Geometric Function Theory and

Applications - GFTA 2011

(September 04–08, 2011)

Venue: Babe-Bolyai University, Faculty of Mathematics and

Computer Science, Cluj-Napoca, Romania.

Description: The aim of the conference is to bring together

leading experts as well as young researchers working on topics

mainly related to Univalent Functions and Geometric Function

Theory with applications in various areas of mathematics and

to present their recent work to the mathematical community.

The conference is mainly dedicated to the 80th birthday of

Professor Petru T. Mocanu.

Topics: Univalent and Multivalent Functions; Special Func-

tions and Series; Differential Subordinations; Conformal and

Quasiconformal Mappings; Geometric Function Theory in

Several Complex Variables; Potential Analysis and Applica-

tions Other areas related to GFTA.

Participation Fees: 120 EURO (or equivalent amount of USD

or RON), which cover conference materials, book of abstracts,

coffee breaks, welcome reception, conference banquet, pro-

ceedings; 70 EURO for accompanying persons. For further

information contact/visit:

Grigore Salagean

E-mail: gfta2011@cs.ubbcluj.ro

Address:

Grigore Sälägean, Babe-Bolyai University, Faculty of Mathe-

matics and Computer Science, M. Kogalniceanu str., no. 1,

400084 Cluj-Napoca, Romania.

Fax: +40 264 591906, Phone: +40 722 934721

http://www.uab.ro/gfta

14th International Conference on
Functional Equations and

Inequalities

(September 11–17, 2011)

Venue: Mathematical Research and Conference Center,

Bedlewo (near Poznan), Poland.
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Description: The International Conference on Functional

Equations and Inequalities – ICFEI has been organized by

the Institute of Mathematics of the Pedagogical University

of Cracow since 1984. The conference is devoted to func-

tional equations and inequalities, their applications in various

branches of mathematics and other scientific disciplines, as

well as related topics. The 14th ICFEI is included in the

programme of the Stefan Banach International Mathematical

Center of the Polish Academy of Sciences. For further infor-

mation visit:

http://mat.up.krakow.pl/icfei/14ICFEI/

Workshop on Fluid Dynamics in
Porous Media

(September 12–14, 2011)

Venue: Department of Mathematics, University of Coimbra,

Coimbra, Portugal.

Description: The workshop on Fluid Dynamics in Porous

Media is an initiative of the UT Austin-Portugal programme

for Mathematics, in partnership with CMUC (Centre for

Mathematics of University of Coimbra). The event focuses

on mathematical models and numerical simulation in fluid

dynamics in porous media bringing together mathematicians,

engineers, geoscientists, and computing experts in a coopera-

tive environment. For further information visit:

http://www.mat.uc.pt/∼wfdpm

Summer School on Partial
Differential Equations

(September 12–16, 2011)

Venue: Märkisches Gildehaus, Caputh, Germany.

Description: The aim of the Summer School is to offer young

scholars the possibility to get an introduction to recent develop-

ments in partial differential equations and their applications

by distinguished international experts. Lecture series are given

by G. Huisken (MPI Golm), R. Klein (FU Berlin), H. Kozono

(Tohoku), F. Otto (MPI Leipzig). The school addresses stu-

dents working towards a Master’s degree or a Ph.D. Young

postdocs are also welcome. Scholarships are available which

cover travel expenses and accommodation. For application

details, please visit the website. For further information

visit:

http://www.math-conf.uni-hannover.de/pde11

Getting Started with PDE

(September 18–22, 2011)

Venue: Technion-I.I.T., Haifa, Israel.

Description: The workshop’s aim is to introduce graduate and

advanced undergraduate students to a variety of subjects of

current research in Partial Differential Equations and Applied

Mathematics. The required prerequisites are familiarity with

the basic material taught in undergraduate courses in mathe-

matics. For further information visit:

http://www.math.technion.ac.il/cms/decade−2011-
2020/year−2010-2011/summer-workshop/

Probabilistic Reasoning in
Quantitative Geometry

(September 19–23, 2011)

Venue: Mathematical Sciences Research Institute, Berkeley,

California.

Description: “Probabilistic Reasoning in Quantitative

Geometry” refers to the use of probabilistic techniques to

prove geometric theorems that do not have any a priori proba-

bilistic content. A classical instance of this approach is the

probabilistic method to prove existence of geometric objects.

Other examples are the use of probabilistic geometric invari-

ants in the local theory of Banach spaces, the more recent

use of such invariants in metric geometry, probabilistic tools

in group theory, the use of probabilistic methods to prove

geometric inequalities, the use of probabilistic reasoning to

prove metric embedding results such as Bourgain’s embed-

ding theorem, probabilistic interpretations of curvature and

their applications, and the use of probabilistic arguments in

the context of isoperimetric problems. For further information

visit:

http://www.msri.org/web/msri/scientific/

workshops/all-workshops/show/-/event/Wm574
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International Conference on
Function Spaces, Weights, and

Variable Exponent Analysis
(An I-Math Activity)

(September 26–30, 2011)

Venue: Centre de Recerca Matemàtica, Bellaterra, Barcelona,

Spain.

Description: This international conference aims to promote

research in the theory of Function spaces and related topics

(operator theory, variable exponent analysis, etc.), by bringing

together world-leading experts and young scholars. This event

provides an excellent opportunity to disseminate the latest

major achievements and to explore new directions and pers-

pectives, and is expected to have a broad international appeal

dealing with topics of fundamental importance. For further

information visit:

http://www.crm.cat/cspaces

Iutam Symposium on Bluff Body
Flows-Blub of 2011: First

Announcement and Call for Papers

(December 12–16, 2011)

Venue: IIT Kanpur, India

The Symposium will take place over five days, starting

on Monday, 12 December 2011 and ending on Friday,

16 December 2011. It will consist of single plenary

sessions with invited lectures (40 minutes), oral presentations

(20 minutes), poster presentations (3 minutes), and discussions

on special topics. Selected papers from the conference will be

invited to be published in a special issue of Journal of Fluids

and Structures.

Scope of the Conference: Bluff body flows are very impor-

tant for Engineering flows as well as form building blocks for

understanding basic fluid mechanics. In the past few decades

very significant progress has been made in the understanding

bluff body flows for stationary as well as vibrating bodies.

While experiments at very large Reynolds numbers have been

conducted, the theoretical and computational studies are gene-

rally restricted to low/moderate Reynolds numbers. One of

the aims of the meeting is to bring together people working

with Experimental and Theoretical/ Computational tools. The

topics that are covered include (but not restricted to) various

aspects of bluff body flows:

• Near and far wakes

• Stability of wakes

• Shear layer and wake modes

• Vortex induced vibrations

• Forced vibrations

• Vortex induced vibrations at very high Re

• Control of wakes

• Drag reduction

• Numerical techniques

• High performance computing

• Experimental methods.

All submitted papers will be peer reviewed under the coordi-

nation of a scientific advisory panel. Various keynote speakers

will deliver special lectures.

Important Deadlines:

• 20 July 2011: Receipt of extended abstracts

• 22 August 2011: Notification of acceptance of papers to

authors

• 15 November 2011: Deadline for early registration

• 8 December 2011: Registration deadline

Other details of the conference can be found in the brochure

and at the following Website:

http://www.iitk.ac.in/blub of 2011

Report of the International Workshop
and the Conference on Harmonic

Mappings and Quasiconformal
Mappings (HQM 2010)

During August 9–17, 2010, the International Workshop and

the Conference on Harmonic mappings and Quasiconformal

Mappings (HQM 2010) were hosted in tandem by the Depart-

ment of Mathematics, IIT Madras, Chennai, India. This work-

shop and conference were organized as satellite events of the

International Congress of Mathematicians (ICM 2010), which

is largest congress in the mathematical community under the

auspices of the International Mathematical Union (IMU). This

workshop was the third such event in India in this active
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research area. The area of harmonic and quasiconformal map-

pings has its roots in geometric function theory and is closely

connected with several topics of mathematical analysis. All

three workshops were held in Chennai, at IIT Madras.

The HQM 2010 workshop and conference brought

experts in the areas of harmonic and quasiconformal map-

pings together with mathematicians interested in the topic.

Talks ranging from topics in harmonic mappings to analysis

in metric spaces were given in the conference, and was well-

attended with participants from China, Finland, India, Japan,

Korea, Poland, Serbia, Spain, U.S.A. and Uzbekistan. The

organizing committee was pleased to observe that the lectures

were very well received and lead to many lively discussions

afterwards. We were also pleased to receive positive response

from the speakers to our request to contribute their lectures

for the proceedings. The articles in this Proceedings collec-

tion, released in association with the conference, expound on

related topics. Written by conference participants and experts

in the field, these articles are intended to provide an overview

for those interested in harmonic mappings, quasiconformal

mappings, or analysis in metric spaces. Though these three

sub-topics seem to be unrelated, they owe their origin to clas-

sical complex analysis, and employ tools such as modulus of

curve families, minimal surfaces, and quasiconformal map-

pings. Thus these sub-topics are related and fit together within

the framework of the general theory of harmonic and quasi-

conformal mappings. It is our hope and intent that these arti-

cles will inspire people working in the area; indeed, some

of the articles also list open problems readers can engage in,

and collaborations with conference participants are encour-

aged. The editorial work was carried out in India, and the

web pages

http://math.uc.edu/∼nages/

http://mat.iitm.ac.in/home/samy/public−html/
https://sites.google.com/site/samy8560/

http://people.iiti.ac.in/∼swadesh/

contain a copy of these proceedings. This proceedings are

published in the Journal of Analysis, Forum d’Analystes, of

the Institute of Mathematical Sciences, Chennai, India.

We gratefully acknowledge the financial support from

the Executive Organizing Committee of ICM 2010 (India),

National Board of Higher Mathematics (DAE, India),

National Science Foundation (U.S.A.) and the Commission

on Development and Exchanges of the International Mathe-

matical Union.

On behalf of the Organizing committee,

S. Ponnusamy

IIT Madras

The contents of the proceedings that appear in The Journal

of Analysis, Vol. 18 (2010), 452 pages, are as follow:

(1) Rosihan M. Ali, V. Ravichandran, and Naveen Kumar

Jain, Convolutions of Certain Analytic Functions

(2) Roger W. Barnard, On Applications of Special Functions

to Disparate Fields

(3) Roger W. Barnard, Casey Hume, and G. Brock Williams,

On a Conjecture of Fournier, Ma, and Ruscheweyh for

Bounded Convex Functions

(4) Marina Borovikova, Zair Ibragimov, and Hassan Yousefi,

Symmetric products of the real line

(5) D. Bshouty and A. Lyzzaik, Problems and Conjectures in

Planar Harmonic Mappings

(6) Christopher S. Camfield, Comparison of BV Norms in

Weighted Euclidean Spaces

(7) SH. Chen, S. Ponnusamy, and X. Wang, Recent Results

on Harmonic and p-harmonic Mappings

(8) Estibalitz Durand-Cartagena, Lipschitz-type Sobolev

Spaces in Metric Measure Spaces

(9) Michela Eleuteri, Zohra Farnana, Outi Elina Kansanen,

and Riikka Korte, Stability of Solutions of the Double

Obstacle Problem on Metric Spaces

(10) Jasun Gong, From Euclidean to Metric Spaces: Regularity

of p-Harmonic Functions

(11) David A Herron, Geometry and Topology of Intrinsic

Distances

(12) Sevdiyor A. Imomkulov and Zafar Sh. Ibragimov,

Pluripolarity of Graphs of Quasianalytic Functions of

Several Variables in the Sense of Gonchar

(13) David Kalaj and Miodrag Mateljević, Quasiconformal

Harmonic Mappings and Generalizations

(14) Riku Klén, Antti Rasila, and Jarno Talponen, Quasihy-

perbolic Geometry in Euclidean and Banach Spaces

(15) Leonid V. Kovalev and Jani Onninen, Harmonic Mapping

Problem in the Plane

(16) Vesna Manojlović, Harmonic Quasiconformal Mappings

in Domains in Rn

(17) D. Minda, Hyperbolic Distortion for Holomorphic Maps
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(18) Stephen Semmes, Calculus, Fractals, and Analysis on

Metric Spaces

(19) Nageswari Shanmugalingam, Introduction to p-modulus

of Path-families and Newtonian Spaces

(20) J.K. Srivastava and R. K. Tiwari, Generalized Matrix

Spaces c2
0(X, λ, p), c

2(X, λ, p) and l2∞(X, λ, p)
(21) Toshiyuki Sugawa, Modulus Techniques in Geometric

Function Theory

(22) Matti Vuorinen, Geometry of Metrics

Combinatorial Matrix Theory and
Generalized Inverses of Matrices

(02–07 January 2012 & 10–11 January 2012)

Venue: Manipal University, Manipal, India

Generalized Inverses of Matrices and Combinatorial Matrix

Theory have established themselves as very important

branches of Matrix Theory, having applications in several

branches of science. Developments in theory of genera-

lized inverse resulted from applications in areas such as

Statistics, Error Analysis, Electrical Engineering, Digital Sig-

nal Processing, Pattern Recognition, Neural Network, Markov

chains and Magic Squares to name a few. Advances in combi-

natorial matrix theory were motivated by a wide range of sub-

jects such as Networks, Chemistry, Genetics, Bioinformatics,

Computer Science and Information Technology, etc. The two

areas interact with each other, which is evident from the

interplay between graphs and matrices. Generalized inverses

of matrices such as the incidence matrix and the Laplacian

matrix are mathematically interesting and have great practical

significance. This Workshop and the Conference to be held

at Manipal University, Manipal (www.manipal.edu) are aimed

at intensive discussions on these subjects and to introduce

new innovations by providing a forum for leading mathe-

maticians and applied mathematicians to come together. The

main objective of the workshop to be held during 02–07

January 2012 is to provide a solid foundation and motiva-

tion, to pursue research and teaching in the frontline area of

“Matrix Theory and its Application” with a special emphasis

on theory and applications of “Combinatorial Matrix Theory

and Generalized Inverses of Matrices”. The workshop is aimed

at providing a platform for the young brains (students at

Master’s level, research scholars and young scientists) to

work together and have an exposure to lectures delivered by

leading mathematicians across the world. Workshop consists

of regular lectures sessions, tutorials and problem solving

sessions. Special lectures on frontline research areas in the

subject by eminent speakers from India and abroad will be

arranged in the Workshop. Topics covered in workshop are

(i) Combinatorial Matrix Theory and Applications

(ii) Generalized Inverses of Matrices and Applications

(iii) Linear Model & Error Analysis

The International Conference on the same theme, to be held

during 10–11 January 2012, is in continuation of the workshop,

aimed at providing a platform for leading mathematicians and

applied mathematicians working in the area to come together

and discuss several research issues related to the theme of

“Combinatorial Matrix Theory and Generalized Inverses of

Matrices” and their applications. The Conference will consist

of plenary talks, invited talks and contributed talks.

For registration and other details, kindly log on to

http://www.cmtgim2012.org

Conference on Mathematics
Education-Trends and Challenges

http://www.niser.ac.in/metc2011/

This conference/meeting is intended to invite the attention of

the mathematics community concerning the perilous trend that

is prevailing in “Mathematics education” and to make a sincere

attempt to suggest some remedies. It is planned to bring out a

white paper on the present scenario of mathematics education.

As the Prime Minister of India has repeatedly emphasized, a

strong foundation in the pure sciences is essential to transform

India into a knowledge superpower. Unfortunately an alarm-

ingly low number of students today are making their way up

the mathematical echelon to the higher levels of mathematical

knowledge. This has led to a talent crunch, seriously imped-

ing the development of the future generation of scientists and

teachers.

Adding insult to the injury, there is a growing concern about

what students are being taught, as well as how well are they

being taught.

Therefore, there appears a crying need to have a thorough,

dispassionate, self-introspection among the mathematical

Mathematics Newsletter -35- Vol. 21 #1, June 2011



community on where and how the Indian mathematics is lead-

ing to. This concern carries more pertinence in the light of

creations of several brand new institutes like IISER, NIESR,

IIIST, IITs, Central Universities. This conference is envisaged

to serve as a podium to address these issues.

Secondly, Professor S. Kumaresan turns 60 this year.

This conference wants to create an opportunity for his well

wishers, friends, beneficiaries and students to honor him for the

services he rendered in propagating mathematics and mathe-

matics education.

Contact E-mail: con.edumath@gmail.com

For Details Visit: http://www.niser.ac.in/metc2011/

Organisers:

T. Amaranath

School of Mathematics and Computer/Information Sciences

University of Hyderabad

Hyderabad 500 046

Ph: 040-23010560

Varadharajan Muruganandam

School of Mathematical Sciences NISER

Bhubaneswar 751 005

Ph: 0674-2304063

International Conference on
Mathematical and Computational

Models

(December 19–21, 2011)

Venue: The Department of Mathematics and Computer Appli-

cations, PSG College of Technology, Coimbatore 641 004,

Tamil Nadu, India.

For Further Details Please Contact

R. Nadarajan – Organizing Chair - ICMCM 2011

R. S. Lekshmi – Program Chair - ICMCM 2011,

Ph: 91- 422 - 2572177, 2572477, 2580455, 2578455, 4344777

(Request operator to transfer call to Ext: 4558)

Fax: 91-422 - 2573833

E-mail: icmcm11@mca.psgtech.ac.in

Conference URL: http://www.psgtech.edu/icmcm11

College URL : www.psgtech.edu

Training Programme on Nonlinear
Analysis with Application to

Optimization and Game Theory

(November 16–19, 2011)

Venue: Department of Mathematics Aligarh Muslim

University

For Further Information Contact

Prof. Qamrul Husan Ansari

Department of Mathematics

Aligarh Muslim University, Aligarh 202002

Ph: +91-8126633494; +91-571-2720184

E-mail: qhansari@gmail.com

XXXI Anual Convention of Indian
Society for Probability and Statistics
(Isps) & International Conference on

Statistics, Probability and Related
Areas

(December 19–22, 2011)

Venue: Department of Statistics Cochin University of Science

and Technology

For Further Information Contact/Visit

Dr. P.G. Sankaran (Convenor)

Department of Statistics

Cochin University of Science and Technology

Cochin 682 022, Kerala, India

Ph: 91–484–2575893 (office)

91–9847348528 (Mobile)

E-mail: sankarnpg@yahoo.com

Web site: http://cusat.ac.in/stats−conf.pdf

The readers may download the Mathematics Newsletter from the RMS website at
www.ramanujanmathsociety.org

www.rmsconfmathau.org
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