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1. Introduction

Let C denote the complex plane. Let H denote the upper half-

plane:

H = {z ∈ C | y = Im(z) > 0}.

Here, and in what follows, x and y will denote the real and

imaginary parts, respectively, of z ∈ C. Let � ⊂ PSL2(R)

be a Fuchsian subgroup of the first kind acting by fractional

linear transformations on H.

LetX be the quotient space �\H of genus g ≥ 1. Let E and

P denote the set of elliptic fixed points and the set of cusps of

X, respectively. The quotient space X admits the structure of

a Riemann surface (orbisurface if E �= ∅).

On the other hand, from Riemann’s uniformization

theorem from complex analysis, any hyperbolic Riemann

orbisurface can be realized as the quotient space �\H, where

� ⊂ PSL2(R) is a Fuchsian subgroup of the first kind acting

by fractional linear transformations on H.

As an example, consider the modular curve Y (7) =
�(7)\H, where

�(7) =
{(
a b

c d

)
∈ SL2(Z)

∣∣∣∣
(
a b

c d

)
∼=
(

1 0

0 1

)
mod 7

}
.

The modular curve Y (7) has genus 3.

For the rest of the article, we shall assume that E �= ∅. Put

X̄ = X ∪ P. X̄ admits the structure of a compact Riemann

orbisurface. X̄ can be viewed as the compactification of X,

obtained by adding the set of parabolic fixed points P to X.

We refer the reader to Section 1.8 in [5] for details about the

structure of X̄ as a compact Riemann orbisurface.

Before we discuss the main result of this article, let us review

a few preliminaries.

Hyperbolic Laplacian: Locally, for z ∈ X, the hyperbolic

Laplacian �hyp on X is given by

�hyp = −y2

(
∂2

∂x2
+ ∂2

∂y2

)
= −4y2

(
∂2

∂z∂z̄

)
.

As X is noncompact, the hyperbolic Laplacian admits

both a discrete spectrum {λn}n≥0 with associated ortho-

normal eigenfunctions {ϕn(z)}n≥0, as well as a continuous

spectrum.

Mäss forms: For any n ∈ N>0, the eigenfunction ϕn(z) asso-

ciated to the discrete eigenvalue λn of the hyperbolic Laplacian

�hyp defined on X is called a Mäss form.

Hyperbolic metric: Let μhyp(z) denote the natural metric on

X, which is compatible with its complex structure. Locally,

for z ∈ X, it is given by

μhyp(z) = i

2
· dz ∧ dz̄

Im(z)2
.

Hyperbolic heat kernel: For z,w ∈ X, the hyperbolic heat

kernel Khyp(t; z,w) is the unique solution of the differential

equation (
�hyp + ∂

∂t

)
Khyp(t; z,w) = 0,
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and the normalization condition

lim
t→0

∫
X

Khyp(t; z,w)f (z) μhyp(z) = f (w),

for a fixed w ∈ X, where f is any smooth function defined

on X.

Jacobian of X: It is well known that the first homology group

H 1(X̄,Z) of our compact Riemann orbisurface X̄ is isomor-

phic to Z
2g (see [6] for details). Let {γ1, . . . , γ2g} denote a

basis for the group H 1(X̄,Z). Next, let {ω1, . . . , ωg} denote

an orthonormal basis of the sheaf of holomorphic 1-forms	1
X̄

.

For 1 ≤ j ≤ g, define

λj =
(∫

γj

ω1, . . . ,

∫
γj

ω1

)
.

Let ei denote the g × 1-vector with 1 in the i-th column and

zero everywhere else. From the general theory of Riemann

surfaces, it follows that the following set


 = {s1e1 + · · · + sgeg + t1λ1 + · · · + tgλg | si, ti ∈ Z}

defines a lattice of rank 2g-real dimensional lattice in C
g .

The Jacobian of X̄ is defined as

Jac(X̄) = C/
.

It is clear that Jac(X̄) is a complex torus and we denote the

natural metric defined Jac(X̄), which is the flat Euclidean

metric by μeuc.

Abel-Jacobi map: Fix a base point z0 ∈ X̄. Then the

Abel-Jacobi map ρ : X̄ −→ Jac(X̄) is defined as follows

z �→
(∫ z

z0

ω1, . . . , ωg

)
.

The map ρ is well defined and for details we refer the reader

to [6].

Canonical metric: The canonical metric on X̄ is ρ∗ μeuc, the

pull-back of the flat Euclidean metric μeuc defined on Jac(X̄)

by the Abel-Jacobi map, and we denote the (1, 1)-form asso-

ciated to it by μ̂can.

The canonical metric onX is the restriction of μ̂can(z) toX,

and we denote it by μcan(z).

The main result: Our main result is Theorem 3 in Section 3.

below. It would perhaps be helpful to review the objects that

are involved in that theorem, and to fix notations. For i = 1, 2,

let Xi be a noncompact hyperbolic Riemann orbisurface of

finite volume volhyp(Xi) with genus gi ≥ 1. Each Xi and can

be realized as the quotient space �i\H, where �i ⊂ PSL2(R)

is a Fuchsian subgroup of the first kind acting on the hyperbolic

upper half-plane H, via fractional linear transformations. Let

Ei and Pi denote the finite sets of elliptic fixed points and

cusps of �i , respectively and write X̄i = Xi ∪ Pi . Recall

that X̄i admits the structure of a Riemann orbisurface. Now

consider the complex surfaceX = X1 ×X2, which admits the

structure of a noncompact Kähler-orbifold of dimension two.

Put X̄ = X̄1 × X̄2.

For i = 1, 2, let μihyp denote the (1,1)-form associated to

hyperbolic metric. Nowμ1
hyp +μ2

hyp is the natural metric onX,

and letμvol
hyp denote the volume form associated toμ1

hyp +μ2
hyp.

For i = 1, 2, let μ̄ican denote the canonical metric defined on

Xi . Nowμ1
can +μ2

can defines a metric onX, which corresponds

to the flat Euclidean metric, and let μvol
can denote the volume

form associated to μ1
can +μ2

can.

For i = 1, 2, let�i
hyp denote the hyperbolic Laplacian acting

on smooth functions on Xi , and let Ki
hyp(t; zi, wi) denote the

hyperbolic heat kernel defined on R>0 ×Xi ×Xi .

With notation as above, for z = (z1, z2) ∈ (X1\E1) ×
(X2\E2), we have the relation of differential forms on

X = X1 ×X2

g1g2 μ
vol
can(z)

=
(

1

4π
+ 1

volhyp(X1)

)
·
(

1

4π
+ 1

volhyp(X2)

)
μvol

hyp(z)

+ 1

2

(
1

4π
+ 1

volhyp(X1)

)

×
(∫ ∞

0
�2

hypK
2
hyp(t; z2)dt

)
μvol

hyp(z)

+ 1

2

(
1

4π
+ 1

volhyp(X2)

)

×
(∫ ∞

0
�1

hypK
1
hyp(t; z1)dt

)
μvol

hyp(z)

+ 1

4

(∫ ∞

0
�1

hypK
1
hyp(t; z1)dt

)

×
(∫ ∞

0
�2

hypK
2
hyp(t; z2)dt

)
μvol

hyp(z).

In the above identity, we simplify our notation by denoting

Ki
hyp(t; zi, zi) by Ki

hyp(t; zi), i = 1, 2. The above relation,
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which we call the key identity, relates the two natural

metrics defined on a Kähler-orbifold of dimension two.

The key identity is proved for compact hyperbolic Riemann

surfaces, by J. Jorgenson and J. Kramer in [2]. The same

authors extended the key identity to noncompact hyperbolic

Riemann surfaces of finite volume in [4]. Following different

methods, the key identity is extended to noncompact hyper-

bolic Riemann orbisurfaces in [1].

Arithmetic significance: The key identity is the most signi-

ficant technical result of [2], which transforms a problem in

Arakelov theory into that of hyperbolic geometry. The key

identity has enabled J. Jorgenson and J. Kramer to derive

optimal bounds for the canonical Green’s function defined on

a compact hyperbolic Riemann surface X in terms of invari-

ants coming from the hyperbolic geometry of X.

In the next section, in equation (1), we give an alternative

definition for the canonical metric μcan(z) in terms of certain

holomorphic functions called weight-2 cusp forms. Then, via

the spectral expansion of the hyperbolic heat kernelsK1
hyp and

K2
hyp, one can relate the holomorphic world of cusp forms with

the C∞ world of Mäss forms.

In [4], using the key identity, J. Jorgenson and J. Kramer

have derived a Rankin-Selberg L-function relation, which

relates the Fourier coefficients of weight-2 cusp forms with the

Fourier coefficients of Mäss forms.

Our main result is the first instance of an extension of the key

identity to higher dimensions, relating the cusp forms of the

group�1 ×�2 with the Mäss forms defined onX1 andX2. This

comes about—and we reiterate—through the spectral expan-

sions of the hyperbolic heat kernelsK1
hyp(t; z1) andK2

hyp(t; z2),

respectively. Furthermore, when X1 = X2, our main result

gives an extra relation connecting the cusp forms on �1 with

the Mäss forms defined onX1. We hope that together with the

key identity, this will lead to further deeper understanding of

Mäss forms.

2. Background Material

For i = 1, 2, let �i ⊂ PSL2(R) be a Fuchsian subgroup of

the first kind acting by fractional linear transformations on the

upper half-plane H. LetXi be the quotient space �i\H, and let

gi denote the genus of Xi . The quotient space Xi admits the

structure of a Riemann orbisurface.

Let Ei and Pi be the finite sets of elliptic fixed points and

cusps of Xi , respectively; put Si = Ei ∪ Pi . For ei ∈ Ei ,
let mei

denote the order of ei ; for pi ∈ Pi , put mpi = ∞; for

zi ∈ Xi\Ei , put mzi = 1. Let X̄i denote X̄i = Xi ∪ Pi .

Locally, away from the elliptic fixed points and the cusps,

we identify X̄i with its universal cover H, and hence,

denote the points on X̄i\Si by the same letter as the points

on H.

Let X denote the product of the Riemann orbisurfaces

X1 × X2. Then, X admits the structure of a complex Kähler-

orbifold of dimension two. The boundary of X is given by

∂X = (X1 × P2)∪ (X2 × P1), and the compactification of X

is given by X̄ = X̄1 × X̄2.

Hyperbolic metric: For i = 1, 2, we denote the (1, 1)-

form corresponding to the hyperbolic metric of Xi , which is

compatible with the complex structure onXi and has constant

negative curvature equal to minus one, by μihyp(zi). Locally,

for zi ∈ Xi\Ei , it is given by

μihyp(zi) = i

2
· dzi ∧ dz̄i

Im(zi)
2 .

From the above formula, it follows that the hyperbolic met-

ric μihyp(zi) is singular at the elliptic fixed points and at the

cusps.

Let volhyp(Xi) be the volume ofXi with respect to the hyper-

bolic metric μihyp(zi). It is given by the formula

volhyp(Xi) = 2π

(
2gi − 2 + |Pi | +

∑
ei∈Ei

(
1 − 1

mei

))
.

We denote the (1,1)-form corresponding to the hyperbolic

metric of X, which is compatible with the complex struc-

ture on X, by μhyp(z) and the corresponding volume form by

μvol
hyp(z). Locally, for z = (z1, z2) ∈ (X1\E1) × (X2\E2), it is

given by

μhyp(z) = μ1
hyp(z1)+ μ2

hyp(z2)

= i

2
· dz1 ∧ dz̄1

Im(z1)
2 + i

2
· dz2 ∧ dz̄2

Im(z2)
2 ,

and the corresponding volume form is given by

μvol
hyp(z) = μ1

hyp(zi) ∧ μ2
hyp(z2) = −dz1 ∧ dz̄1 ∧ dz2 ∧ dz̄2

2 Im(z1)2 Im(z2)2
.

Canonical metric: For i = 1, 2, letS2(�i)denote the C-vector

space of cusp forms of weight-2 with respect to �i equipped
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with the Petersson inner-product. Let {f i1 , . . . , f igi } denote an

orthonormal basis ofS2(�i)with respect to the Petersson inner-

product. Then, the (1, 1)-form μican(zi) corresponding to the

canonical metric of Xi is given by

μican(zi) = i

2gi

gi∑
j=1

|f ij (zi)|2dzi ∧ dz̄i . (1)

The canonical metric μican(z) remains smooth at the elliptic

fixed points and at the cusps, and measures the volume of X

to be one.

Remark 1. As elucidated in the previous section, for i = 1, 2,

the canonical metric μican can be realized as the pull-back

of the flat Euclidean metric defined on the Jacobian of Xi ,

via the Abel-Jacobi map. We refer the reader to [6] for the

details.

Let 	1
X̄i

denote the cotangent bundle of holomorphic

differential forms of degree one on X̄i . Recall that for each

f i ∈ S2(�i), f i(zi)dzi defines a holomorphic differential

form of degree one on X̄i , and every holomorphic differential

form of degree one on X̄i comes from a weight-2 cusp

form. So {f i1 , . . . , f igi } the orthonormal basis of S2(�i) with

respect to the Petersson inner-product gives us an orthonormal

basis {f i1dzi, . . . , f igi dzi} of H 0(X̄i, 	
1
X̄i
) endowed with the

L2-inner product given by

〈αi, βi〉 = i

2

∫
X̄

αi(zi)βi(zi),

where αi, βi ∈ 	1
X̄i

.

Let 	2
X̄

denote the space of holomorphic differential forms

of degree 2, and let {ω1, . . . , ωn} denote an orthonormal

basis of H 0(X̄,	2
X̄
) endowed with the L2-inner product

given by

〈α, β〉 = −1

4

∫
X̄

α(z)β(z),

wheren denotes the dimension ofH 0(X̄,	2
X̄
) as a vector space

over C, and α, β ∈ 	2
X̄

. Then, the canonical volume form on

X is defined as

μvol
can(z) = − 1

4n

n∑
j=1

ωj(z) ∧ ωj(z).

The canonical volume form μvol
can(z) measures the volume of

X to be one.

Hyperbolic Laplacian: For i = 1, 2, the hyperbolic Laplacian

acting on smooth functions defined on Xi is as introduced in

Section 1., i.e.,

�i
hyp = −y2

i

(
∂2

∂x2
i

+ ∂2

∂y2
i

)
.

Thus, the hyperbolic Laplacian acting on smooth functions

defined on X is given by

�hyp = �1
hyp +�2

hyp

= −y2
1

(
∂2

∂x2
1

+ ∂2

∂y2
1

)
− y2

2

(
∂2

∂x2
2

+ ∂2

∂y2
2

)
.

Hyperbolic heat kernels: For t ∈ R>0 and z,w ∈ H, let

KH(t; z,w) denote the hyperbolic heat kernel on R>0×H×H.

For i = 1, 2, t ∈ R>0 and zi, wi ∈ Xi , the hyperbolic heat

kernel Ki
hyp(t; zi, wi) on R>0 ×Xi ×Xi is defined as

Ki
hyp(t; zi, wi) =

∑
γi∈�i

KH(t; zi, γiwi). (2)

For zi, wi ∈ Xi , the hyperbolic heat kernel Ki
hyp(t; zi, wi)

satisfies the differential equation(
�i

hyp,z + ∂

∂t

)
Ki

hyp(t; z,w) = 0, (3)

Furthermore, for a fixedwi ∈ Xi , and any smooth function f i

on Xi , the hyperbolic heat kernel Ki
hyp(t; zi, wi) satisfies the

equation

lim
t→0

∫
Xi

Ki
hyp(t; zi, wi)f i(z)μihyp(zi) = f i(wi). (4)

To simplify notation, we write Ki
hyp(t; zi) instead of

Ki
hyp(t; zi, zi), when zi = wi .

Key identity on Xi: For i = 1, 2, zi ∈ Xi\Ei , we have the

relation of differential forms

giμ
i
can(zi) =

(
1

4π
+ 1

volhyp(Xi)

)
μihyp(zi)

+ 1

2

(∫ ∞

0
�i

hypK
i
hyp(t; zi)dt

)
μihyp(zi). (5)

This relation has been established as Theorem 3.4 in [2], when

Xi is compact. The proof given in [2] applies to our case

where X does admit elliptic fixed points and cusps, as long as

zi ∈ Xi\Ei .
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In [1], the above identity is extended to elliptic fixed points

and cusps at the level of currents.

3. Key Identity onXXX

Lemma 2. The dimension of H 0(X̄,	2
X̄
) as a vector space

over C is g1g2, and for z = (z1, z2) ∈ X, the canonical volume

form is given by

μvol
can(z) = μ1

can(z1) ∧ μ2
can(z2)

= − 1

4g1g2

g1∑
j=1

g2∑
k=1

|f 1
j (z1)|2

· |f 2
k (z2)|2dz1 ∧ dz̄1 ∧ dz2 ∧ dz̄2. (6)

Proof. From Künneth theorem of algebraic geometry, we

have

H 0(X̄,	2
X̄
) = H 0(X̄1, 	

1
X̄1
)⊗H 0(X̄2, 	

1
X̄2
).

So from the isomorphism S2(�i) ∼= H 0(X̄i, 	
1
X̄i
), it follows

that the set

{f 1
j f

2
k }1≤j≤g1

1≤k≤g2

forms an orthonormal basis of H 0(X̄,	2
X̄
), which implies

that

μvol
can(z) = − 1

4g1g2

g1∑
j=1

g2∑
k=1

|f 1
j (z1)|2

· |f 2
k (z2)|2dz1 ∧ dz̄1 ∧ dz2 ∧ dz̄2.

Furthermore, a direct calculation, shows that μ1
can(z1) ∧

μ2
can(z2) = μvol

can(z), which completes the proof of the

lemma. �

Theorem 3. For z = (z1, z2) ∈ (X1\E1)× (X2\E2), we have

the relation of differential forms

g1g2 μ
vol
can(z)

=
(

1

4π
+ 1

volhyp(X1)

)
·
(

1

4π
+ 1

volhyp(X2)

)
μvol

hyp(z)

+ 1

2

(
1

4π
+ 1

volhyp(X1)

)

×
(∫ ∞

0
�2

hypK
2
hyp(t; z2)dt

)
μvol

hyp(z)

+ 1

2

(
1

4π
+ 1

volhyp(X2)

)

×
(∫ ∞

0
�1

hypK
1
hyp(t; z1)dt

)
μvol

hyp(z)

+ 1

4

(∫ ∞

0
�1

hypK
1
hyp(t; z1)dt

)

×
(∫ ∞

0
�2

hypK
2
hyp(t; z2)dt

)
μvol

hyp(z).

Proof. The proof of the theorem follows from combining

equations (5) and (6). �
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Some Applications of Representation
Theory to Classical Number Theory
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These are the notes of a lecture on ‘Unity of Mathematics’

delivered on June 24, 2010 in an advanced instructional school

on Representation Theory at the Indian Statistical Institute

Bangalore.

The applications of representation theory to number theory

is a subject so vast that it may be said to include the whole

of the Langlands program. We do not discuss the Langlands

program here but only talk briefly about the following three

topics:

(I) The theory of Partitions

(II) Zeta and L-functions over number fields

(III) Kronecker-conjugacy of integer polynomials

1. The Partition Function

(Everyone knows that) Ramanujan made outstanding contri-

butions to the theory of partitions. Ramanujan’s first letter

to Hardy mentions an approximate formula for p(n) and

Rademacher published such an exact formula soon (according

to Selberg, if Hardy had been less of an analyst, Ramanujan’s

approximate formula might have been realized to quickly lead

to an exact formula). Hardy and Ramanujan developed the so-

called circle method and published asymptotic formulae like

p(n) ∼ e2
√
nζ(2)

4
√

3n
.

Here, the crucial thing to note is the exponent 2
√
ζ(2) which

is approximately 2.56.

From a point of view of the actual values of p(n), for small

n, these values are much smaller than the asymptotic values.

Representation theory especially of the symmetric group plays

a role here to provide easy but close lower bounds for p(n).

Let us discuss this first. All relevant background information

on partition theory as well as much more historical and other

material for the interested reader can be found in [1], and [2].

For the basic results on representation theory, one may refer to

[9] or the classic [15]. Let us start with an elementary lemma.

Lemma. Let Inv(G) denote the set of involutions of a finite

group G. Then,∑
χ∈ Irr(G)

ν2(χ) dim(χ) = 1 + |Inv(G)|

where ν2(χ) = 0, 1, or −1 according as to whether the char-

acter χ is not real-valued, or, is real-valued and afforded by

a real representation or, is real-valued but not afforded by a

real representation. This ν2 is the so-called Frobenius-Schur

indicator function.

In fact, for each n, expressing the class function

θn(g) = |{x : xn = g}|

as θn = ∑
χ irr νn(χ)χ obtains

νn(χ) = 〈θn, χ〉 = 1

O(G)

∑
g

χ(gn)

for each irreducible χ . In the special case n = 2, we have

|Inv(G)| + 1 = θ2(1) =
∑
χ irr

ν2(χ)χ(1).

The values 0, 1,−1 of ν2(χ) are obtained by decomposing the

representation space ofχ into its symmetric and antisymmetric

parts.

As ν2(χ) = 〈θ2, χ〉, we have

1 + |Inv(G)| =
∑
χ irr

ν2(χ)χ(1) = 〈θ2, χreg〉.

Therefore, from the Cauchy-Schwarz inequality we have

|Inv(G)| <
√
r(G)

√
O(G),

where r(G) is the number of irreducible characters afforded

by real representations. In particular, since r(G) ≤ k(G), the

number of conjugacy classes of G, we have

O(G)

O(CG(g))2
< k(G),

where g is any involution.
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Corollary. e2
√
n

cn
< p(n) for some constant c.

Proof. Apply the lemma to Sn. Now f (n, t) = n!
2t t!(n−2t)! is the

number of involutions of Sn which are products of t disjoint

transpositions. The lemma gives

p(n) = k(Sn) >
|Inv(Sn)|2

n!

=
(∑[n/2]

t=1 f (n, t)
)2

n!
>

[n/2]∑
t=1

f (n, t)2

n!
.

We can easily see from f (n,t)

f (n,t+1) = 2(t+1)
(n−2t)(n−2t−1) that f (n, t) ≤

f (n, t+1) if and only if (n−2t)2 ≥ n+2. Therefore, the largest

value of f (n, t) for t ≤ n/2 is when t = [(n+2−√
n+ 2)/2].

Using Stirling’s formula we get the assertion of the corollary.

A more careful argument on the above lines shows that one

can take c = e3
√

2π3.

Remarks.

(i) The above proof can be combinatorially viewed via the

Robinson-Schensted algorithm. This algorithm provides a

bijection between Sn and pairs of standard tableaux of the

same shape. In particular, it gives n! = ∑
λ�n a

2
λ where

aλ is the number of tableaux of shape λ � n. Under

this correspondence, elements of order ≤ 2 are in corres-

pondence with pairs of tableaux with identical entries.

Hence
∑

λ�n aλ = 1 + |Inv(Sn)|. The arithmetic mean –

quadratic mean inequality for the aλ’s gives the result now.

(ii) This estimate is close to the general size of p(n) because

most irreducible character degrees of Sn are nearly

equal.

As the irreducible (complex) representations of Sn are

parametrized by partitions, let χλ denote the character

corresponding to a partition λ of n. Using the theory of

blocks – especially using the recent generalization ([10]) of

Nakayama’s conjecture connecting combinatorial blocks to

the blocks of modular representation theory – one can prove

the following result on partitions. We do not go into its proof

here.

Theorem. For all d ≤ n, we have p(n) ≥ p([n/d2])d .

If d = [
√
n/2], this gives p(n) ≥ 2[

√
n/2] but one can derive

the stronger consequence:

Corollary. p(n) > e2
√
n

14 .

The proof for n < 190 can be checked by a computer. For

slightly bigger values 190 ≤ n < 760 also, it can be easily

checked thatp(n) > e2
√
n+0.5. Forn ≥ 760, the above theorem

along with induction, gives

p(n) > p([[n/2]/2])2 > e4
√

[[n/2]/2]+1 > e2
√
n+0.5.

We end by quoting the sharper lower bound p(n) > e2.5
√
n

13n

which can be deduced from the following consequence of the

theory of blocks for Sn ([11]).

Theorem. p(n) = ∑n
t=0

∑
4w+t (t+1)=2n

∑w
l=0 p(l)p(w− l).

2. Zeta Functions on Number Fields

The Dedekind zeta function of an algebraic number field is

an invariant which plays an important role in density theo-

rems for ramification of primes like the Frobenius density

theorem and the Chebotarev density theorem. Thus, it may

be natural to expect the Dedekind zeta function to deter-

mine the number field and it comes as a surprise that it does

not! In fact, a simple result from the representation theory of

finite groups provides a method to construct non-isomorphic

number fields with the same zeta function. These simple

methods also provide a footing to discuss and prove special

cases of Dedekind’s conjecture asserting that for number fields

K ⊂ L, the ratio ζL(s)/ζK(s) is an entire function of s.

We discuss this method here following an approach due to

Robert Perlis ([13]).

Dedekind zeta function and Gassmann equivalence

The main aim of this section is to discuss a method to produce

two non-isomorphic number fields with the same Dedekind

zeta function. Let N/Q denote a finite Galois extension and

writeG = Gal(N/Q). IfK andK ′ are intermediate fields, our

goal is to express the equality ζK(s) = ζ ′
K(s) in terms of the

groups G,H := Gal(N/K) and H ′ := Gal(N/K ′).
The Dedekind zeta function of an algebraic number field

K is the function of the complex variable s defined in the

region Re(s) > 1 by the series ζK(s) =
∑

I 1/N(I)s where

I varies over non-zero integral ideals of K and N(I) denotes

the absolute norm (the cardinality of OK/I ). The Dedekind

zeta function has a meromorphic continuation to Re(s) > 1 −
1/[K : Q] and has only a simple pole at the point s = 1.
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The residue at s = 1 contains information about K like the

class number, regulator etc.:

lim
s→1+

(s − 1)ζK(s) = 2r1(2π)r2h(K) Reg(K)

|μ(K)|√|disc(K)| .

For Re(s) > 1, there is an Euler product expansion

ζK(s) =
∏

0 �=P prime

(1 −N(P )−s)−1.

Here, the product is over non-zero prime ideals in the ring of

integers. Let G1(s) = (π)−s/2�(s/2), G2(s) = (2π)1−s�(s)
and let r1, r2 denote, respectively, the numbers of real and

complex places of K . Then, the completed zeta function

ZK(s) = G1(s)
r1G2(s)

r2ζK(s) is analytic in the whole plane

except for simple poles at s = 0, 1 and satisfies the functional

equation

ZK(s) = |DK | 1
2 −sZK(1 − s),

where DK denotes the discriminant of K over Q.

Splitting of primes

For a prime p, we will define the splitting type of p in a

number field E as follows. Let pOE = P
e1
1 · · ·P egg be the

decomposition of a prime p into prime ideals in OE and

fi = [OE/Pi : Z/pZ] be the inertial degree of Pi over p.

We number the fi’s in such a way that fi ≤ fi+1 and call

(f1, f2, . . . , fg) the splitting type of p in E. For every such

tuple A, we have a set

PE(A) := {p ∈ Z : p has splitting type A in E}.

As
∑g

i=1 eifi = [E : Q], PE(A) is empty except for finitely

many A.

We write PE(A)
.= PE′(A) if the two sets differ by at most

a finite number of elements. In particular, we can exclude

ramified primes as there are only finitely many of those in a

number field.

Let us look at a Galois extension N and let K,K ′ be inter-

mediate fields. Consider p ∈ Z which is unramified in N . Let

C be a decomposition group in G = Gal(N/Q) over p in G

i.e., C = GP for some prime P ofN lying above p. Note C is

cyclic (generated by a so-called Frobenius automorphism) as

p is unramified in N .

Look at one ofK,K ′ (sayK) and let us see how a splitting

type in K reflects group-theoretically in terms of G and its

subgroups H = Gal(N/K) and C = GP .

If A = (f1, f2, . . . , fg) is the splitting of a prime number

p in K , then we claim that there is a bijection between the set

H\G/C of double cosets ofGmodH,C and the set of prime

ideals of K above p. Indeed, this is given by

HσC �→ σP ∩K.

So A is the coset type of G mod H,C. By this, we mean that

the following holds good.

Writing G = ⋃h
i=1HtiC, we have h = g and |HtiC| =

|H |fi .
This is so becauseHtiC corresponds to tiP ∩K (sayPi) and

|HtiC| = |HtiCt−1
i | = |H ||tiCt−1

i |
|H ∩ tiCt−1

i | = |H ||C|
|H ∩ tiCt−1

i |
while |C| = f ′

i fi where f ′
i , fi are, respectively, inertial

degrees of tiP over Pi and Pi over p and |H ∩ tiCt−1
i | = |

decomposition group of tiP over K| = f ′
i .

So, we conclude that p has the same splitting type in K as

well as in K ′ if and only if the coset type of G mod H,C =
coset type of G mod H ′, C.

By the Frobenius density theorem, every cyclic subgroup

C of G occurs as a decomposition group for infinitely many

primes. Hence, we have:

PK(A)
.= PK ′(A) for allA ⇔ coset type ofGmodH,C =

coset type of G mod H ′, C for all C.

Two subgroups of a finite group are said to be Gassmann

equivalent if the permutation representations of the big group

on the two coset spaces are equivalent. Note that by looking

at the corresponding characters, this is equivalent to the state-

ment that each conjugacy class in the big group intersects both

subgroups in the same number of elements. This property was

first studied by F. Gassmann ([8]).

The relation of this notion to double coset type is given

by the:

Lemma. Two subgroups H and H ′ of a finite group G are

Gassmann equivalent if, and only if, the coset type of G mod

H,C = coset type ofG modH ′, C for all cyclic subgroups C

of G.

Proof. Note that each of the conditions implies |H | = |H ′|.
Let C = 〈c〉; c ∈ G. Then

|HgC| = |HgCg−1| = |H ||C|
|H ∩ gCg−1| .

Look at the cardinalities li of the sets {g ∈ G : |HgC| = |H |i}.
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Then, we have

∑
d|i
ld = |{g ∈ G : |HgC| divides |H |i}|

= |{g ∈ G : H ∩ 〈gcg−1〉 ⊇ 〈gcig−1〉}|
= |{g ∈ G : gcig−1 ∈ H }|.

Call the last quantity ki .

Then, by the Möbius inversion formula li = ∑
d|i kdμ(i/d).

So, the ki’s and li’s determine one another. As the same holds

for k′
i and l′i when H is replaced by H ′, it follows that the

double cosets have the same decomposition types for all cyclic

subgroups of G if and only if li = l′i ⇔ ki = k′
i . Lo and

behold, this happens for every cyclic subgroup C if and only

if the subgroups H and H ′ of G are Gassmann-equivalent.

T. Sunada constructed isospectral manifolds which are not

isometric, using this property of Gassmann equivalence. This

is sometimes expressed in the colourful language “one cannot

hear the shape of a drum.” The main theorem in our number-

theoretic context here is:

Theorem. Let K,K ′ be number fields contained in a Galois

extension N over Q. When G = Gal(N/Q), H = Gal(N/K)

and H ′ = Gal(N/K ′), the following are equivalent:

(a) ζK = ζK ′ .

(b) PK(A) = PK ′(A)∀ tuples A.

(c) PK(A)
.= PK ′(A)∀ tuples A.

(d) H = Gal(N/K) and H ′ = Gal(N/K ′) are Gassmann-

equivalent.

Moreover, if the above conditions hold, then the degree

and the discriminants over Q and the numbers of real and

complex places ofK andK ′ coincide. Also, the two fields

determine the same normal closures, the same normal

cores (largest normal sub-extensions) and, the unit groups

of K,K ′ are isomorphic as well.

Note that the equivalence of (c) and (d) is what we esta-

blished above.

Proof of (a) implies (b). LetA(n),A′(n) denote the numbers

of integral ideals of norm n in the rings of integers of K,K ′

respectively. Then

ζK(s) =
∞∑
n=1

A(n)/ns, for Re(s) > 1

ζK ′(s) =
∞∑
n=1

A′(n)/ns, for Re(s) > 1.

Letting s → ∞, we get A(1) = A′(1). Cancel this term

from both zeta functions, multiply by 2s and let s → ∞;

we get A(2) = A′(2). Repeating this argument, we have

A(n) = A′(n) for all n by induction.

Now, clearly the splitting type of p in K is determined by

the number B(pf ) of prime ideals of K of norm pf . On the

other hand,

B(pf ) = A(pf )−
∑

A(pa1)A(pa2) · · ·A(pat ),

where the sum is over t ≥ 2, a1 +· · ·+at = f. Thus the split-

ting types coincide forp inK and inK ′. Hence, (a) implies (b).

(b) implies (c) is a tautology.

(d) implies (a):

Let C be decomposition group of the real place of Q. Since

it has order 1 or 2, it is cyclic. So, the numbers r1, r2 of real

and complex places of K are equal to the number of double

cosetsHtiC of cardinality |H | and of 2|H | respectively. Thus,

(d) implies that the numbers r1, r2 are the same for K and K ′.
From the completed zeta function ZK(s) = G1(s)

r1

G2(s)
r2ζK(s) and its functional equation

ZK(s) = |DK | 1
2 −sZK(1 − s)

we see that

ζK(s)

ζK ′(s)
= |DK/DK ′ | 1

2 −s ζK(1 − s)

ζK ′(1 − s)
.

But, the equivalence of (c) and (d) and the definition of the

Dedekind zeta function as an Euler product when Re(s) > 1

implies that the left hand side above is a finite product. That

is, using (c) we have

ζK(s)

ζK ′(s)
=
∏m
j=1(1 − d−s

j )∏n
j=1(1 − c−sj )

.

By analytic continuation above is valid for all complex s. So the

conclusion would follows from the following easily proved

fact asserting that finite products can not satisfy a general kind

of functional equation:

Let τ(s) = τ1(s)

τ2(s)
where τ1(s) = ∏m

j=1(1 − c−sj ) and

τ2(s) = ∏n
j=1(1 − d−s

j ) with cj , dj real and > 1. Note that

τ1(s), τ2(s) have no poles. Let f (s) be a meromorphic func-

tion whose zeroes and poles do not lie among the zeroes of
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either τ1(s) or τ2(s). If τ(s) = f (s)τ (1 − s) for all s, then

τ1(s) = τ2(s) and f (s) = 1 for all s.

Hence we have shown that the four statements are equi-

valent.

Let us now assume they are true and deduce the rest of

the assertions. If any of the above conditions holds then

|H | = |H ′| which implies [K : Q] = [K ′ : Q]. Also, while

proving the equivalence of (d) and (a), we have shown already

that the numbers of real and complex places match for K,K ′.
Also, near the end of that proof, we observed that

ζK(s)

ζK ′(s)
= |DK/DK ′ | 1

2 −s ζK(1 − s)

ζK ′(1 − s)
.

Applying the above assertion on non-existence of a general

functional equation for finite products, in the case of the

function f (s) = |DK/DK ′ | 1
2 −s . We have f (s) to be identi-

cally equal to 1 and so |DK | = |DK ′ |. But the sign

of the discriminant is given by the number of complex

places and, therefore, the discriminants themselves are

equal.

Now, the normal closure of K over Q is the fixed field

of
⋂
σ∈G σHσ

−1. So, h ∈ ⋂
σ∈G σHσ

−1 implies |{ghg−1 :

g ∈ G}| = |{ghg−1 : g ∈ G} ∩H | = |{ghg−1 : g ∈ G} ∩H ′|
so that h ∈ ⋂σ∈G σH

′σ−1. In other words,
⋂
σ∈G σHσ

−1 ⊆⋂
σ∈G σH

′σ−1. By symmetry, the two intersections are equal

and thus the normal closures of K,K ′ over Q are the

same.

We will show now that the normal cores are the same as

well. Note that the normal core of K over Q is the fixed field

of the subgroup generated by all the conjugates of H in G.

But, if h ∈ H , then the number of its conjugates in H ′ equals

the number in H (which is thus non-zero). In other words,

some conjugate of h is in H ′. This gives that the subgroups

generated by the conjugates ofH and ofH ′ are the same. Thus,

the normal cores are equal.

Finally, the unit group O∗
K is the direct product of a free

group of finite rank r1 + r2 − 1 and the finite cyclic group

generated by the largest root of unity in K . The free parts are

isomorphic as r1, r2 are equal. Now, we observe that K and

K ′ have the same roots of unity. This is because we can adjoin

largest root of unity in K to Q to produce a normal exten-

sion of Q in K ′ as the normal cores are the same. Thus, the

unit groups are isomorphic as well. Hence the theorem is

proved.

A class of examples

Here is an infinite family of examples of fields which are arith-

metically equivalent but are not isomorphic.

LetH andH ′ be two non-isomorphic abstract groups having

the same number of elements of each order – let us say then that

the pair H,H ′ satisfies the condition (∗). There are infinitely

many such pairs. For example, ifH is an abelian group of type

(p, p, p) andH ′ is the semi direct product of an abelian group

〈a, b〉 of type (p, p) and a cyclic group 〈c〉 of order p with

cac−1 = a and cbc−1 = ab for some odd prime p, thenH,H ′

satisfies (∗).
When H,H ′ is a pair satisfying (∗), then both H and H ′

can be embedded in Sn via their left regular representations,

where n is their common order. Note thatH is not conjugate to

H ′ because they are not isomorphic. However, let us note that

they are Gassmann-equivalent using the following lemma:

Lemma. Elements h, h′ ∈ H ∪ H ′ of the same order are

conjugate in Sn.

Proof. As an element of Sn, each element ofH acts by multi-

plying the elements of H on the left and is then the product

of n/i disjoint cycles of length i where O(h) = i. The same

holds for h′. So, h and h′ have same cycle structure and are

thus necessarily conjugate in Sn.

Now, to show thatH,H ′ are Gassmann-equivalent, we need

to show that |{gcg−1 : g ∈ G}∩H | = |{gcg−1 : g ∈ G}∩H ′|.
If both intersections are empty then equality trivially holds.

So, let h ∈ {gcg−1 : g ∈ G} ∩ H . By condition (∗), there is

some h′ ∈ H ′ of the same order as that of h; so h and h′ are

conjugate in Sn and so h′ ∈ {gcg−1 : g ∈ G} ∩H ′. Thus,

{gcg−1 : g ∈ G} ∩H = {h ∈ H : O(h) = O(c)}
and

{gcg−1 : g ∈ G} ∩H ′ = {h′ ∈ H ′ : O(h′) = O(c)}
which give by condition (∗) that H,H ′ are Gassmann-

equivalent.

Finally, (by Hilbert’s irreducibility theorem for instance),

there exists a Galois extension N of Q such that Gal(N/Q) =
Sn. Hence, the fixed fields K and K ′ of H and H ′ are non-

isomorphic but have the same zeta function.

An interesting group-theoretic result of Bart De Smit &

H. W. Lenstra Jr. from 2000 ([3]) implies the following

beautiful number-theoretic theorem:

Mathematics Newsletter -134- Vol. 25 #3, September & December 2014



Call a natural numbern special ifpqr|n for (not necessarily

distinct) primesp, q, r such thatp|q(q−1). LetK be a number

field of degree n which is solvable by radicals. Suppose n is

not special. Then, K is determined up to isomorphism by its

Dedekind zeta function.

Conversely, for each special n, there are two solvable, non-

isomorphic number fields of degree n which have the same

Dedekind zeta function.

A key result used in the above theorem is:

Let (n, φ(n)) = 1 and let X is a set of size n on which a

finite, solvable groupG acts transitively. SupposeG also acts

on another finite set Y such that |Xg| = |Y g| for all g ∈ G

whose order is divisible only by primes dividing n. Then, X

and Y are isomorphic as G-sets.

3. Value Sets of Integer Polynomials

We briefly discuss the relation of permutation representa-

tions with value sets of integer polynomials. It turns out that

the concrete number-theoretic problem of deciding when two

integer polynomials take the same values modulo almost all

primes, is equivalent to a group-theoretic problem. Let us start

with a related problem.

Can we have irreducible integer polynomials which are

reducible modulo every positive integer?

More precisely, what is the relation between Galois groups

of integer polynomials and the reducibility modulo primes of

the polynomials?

IfK is the splitting field of a monic irreducible polynomial

f of degree n over Z, then look at any prime p which does

not divide the disrciminant of f . If f is irreducible modulo

p, then the corresponding Gal(K/Q) contains an element of

order n (a decomposition group is of order n). In other words,

if Gal(K/Q) does not contain an element of order n, then f

must be reducible modulo p.

In prime degrees, one cannot have monic irreducible integer

polynomials which are reducible modulo all but finitely many

primes. This is seen by an application of the Chebotarev

(or even the) Frobenius density theorem in the following

sense:

A cyclic subgroup of Gal(K/Q) can be realized as a decom-

position group over infinitely many primes.

Therefore, if f is monic irreducible of prime degree q over

integers, there are infinitely many primes p so that f mod

p has splitting field with Galois group cyclic of degree q.

In other words, f mod p is irreducible for infinitely many

primes.

Interestingly, it turns out that for every composite degree n

one may find monic irreducible integer polynomials of degree

n which are reducible modulo any natural number.

However, we shall return now to the other aspect of integer

polynomials which we started the section with. This is also

analyzed using similar ideas. Towards that, we state the

following lemma which can be proved using the Frobenius

density theorem:

Lemma. (Frobenius). Let h ∈ Z[X] be monic, and assume

that h(X) ≡ 0 mod p, has a solution in Z for almost all non-

zero primes p. Then every element of the Galois group of h(X)

over Q fixes at least one root of h.

Conversely, let h be monic and assume that every element

of the Galois group of h(X) over Q fixes at least one root of h.

Then h(X) ≡ 0 (mod p) has a solution in Z for every non-zero

prime p.

To prove this lemma, let us recall the following weaker

version of the Frobenius density theorem:

The set of primes p modulo which a monic integral,

irreducible polynomial f has a given decomposition type

n1, n2, . . . , nr , has density equal to N/O(Gal(f )) where

N = |{σ ∈ Gal(f ) : σ has a cycle pattern n1, n2, . . . , nr}|.
Look at the first part. Assume that h is irreducible of degree

> 1, if possible. The Frobenius Density Theorem shows that

every σ has a cycle pattern of the form 1, n2, . . . This means

that every element of Gal(h) fixes a root, say β. Since h is

irreducible, the group Gal(h) acts transitively on the roots of

h. Thus, this group would be the union of the conjugates of its

subgroupH consisting of those elements which fix the root β.

But a finite group cannot be the union of conjugates of a proper

subgroup; this implies H is the whole group. Hence Gal(h)

fixes each root of h and is therefore trivial. So we get h to be

a linear polynomial, a contradiction.

The converse is proved as follows.

Let L be a splitting field of h(X) over Q. Let OL be the

ring of integers in L, and let P be a prime ideal of OL lying

over p. The roots of h lie in OL by the assumption about

h. Let D and I be the decomposition and inertia group of

P respectively. Then D/I is cyclic, and maps isomorphi-

cally to the Galois group of the extension of residue fields.
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Let d ∈ D such that the coset dI generates D/I . By the

assumption, d fixes a root z of h. Thus dI fixes the image of z

inOL/P . As dI generates the full Galois group of the residue

field extensions, there is an integer b which is congruent to z

modulo P . This gives h(b) ∈ P ∩ Z = pZ, and the assertion

follows.

Kronecker-conjugacy

We describe in outline some deep work of M. Fried

([4], [5], [6]) and later work by Peter Müller ([12]) relating to

value sets of integer polynomials.

For f ∈ Z[X] and, p prime, consider the value set

Valp(f ) = {f (a) mod p; a ∈ Z}.

Call f, g ∈ Z[X] to be Kronecker-conjugate if Valp(f ) =
Valp(g) for all but finitely many primes p. In order to state a

group-theoretic criterion for Kronecker-conjugacy, we need to

fix some notations.

Given f, g ∈ Z[X] which are non-constant, consider a

Galois extension K of the field Q(t) of rational functions in

a variable t such that K contains a root x of f (x) = t and a

root y of g(y) = t . Let G denote Gal(K/Q(t)) and let U,V

denote the stabilizers of x, y respectively.

Fried’s Theorem.

Given f, g ∈ Z[X] which are non-constant, consider

t, K,G, x, y, U, V as above. Then, f, g are Kronecker-

conjugate if and only if

⋃
g∈G

gUg−1 =
⋃
g∈G

gVg−1.

Idea of Proof.

Suppose that f, g are Kronecker-conjugate. Write f =
uXn + · · · be of degree n. As Kronecker-conjugacy is

preserved when we replace f (X) and g(X) by un−1f (X/u)

and un−1g(X) respectively, we may assume that f is

monic. Now, for any integer a, the hypothesis gives that

f (X) ≡ g(a) (modp)has a root for almost all non-zero primes

p. Hilbert’s irreducibility theorem tells us that the Galois

groups Gal(f (X) − g(y) over K(y) and Gal(f (X) − g(a))

over K are isomorphic as permutation groups for infinitely

many a. Recall that g(y) = t . Thus every element of the

Galois group Gal(f (X) − t) over K(y) fixes at least one

root. This Galois group is just the induced action of V on

the roots of f (X) − t (but V need not act faithfully). Hence

every element in V fixes a root. But these roots are the

conjugates of x whose stabilizer is U . So every element of

V lies in some conjugate of U . By symmetry, the result

follows.

Conjecture. Over a field of characteristic 0, two polynomials

f and g are Kronecker-conjugate if and only if, U and V are

Gassmann equivalent; that is, the permutation representations

IndGU1 and IndGV 1 are equivalent.

It should be noted that such a result is not purely group-

theoretic because there are examples of abstract finite groupsG

and subgroups U,V such that
⋃
g∈G gUg

−1 = ⋃
g∈G gVg

−1

but U,V are not Gassmann equivalent.

4. Dedekind’s entirety conjecture

Dedekind conjectured that for number fields K ⊂ L, the ratio

ζL(s)/ζK(s) is an entire function of s. The Dedekind conjec-

ture remains open in general. Actually, there is a more general

conjecture due to Artin which we describe first. A proof of

the Brauer-Aramata theorem appears in the classical text by

J.-P. Serre [15] but we mention here a proof of Foote

and Kumar Murty. The interested reader can also look

at [14].

Let L/K be a Galois extension of number fields and let G

denote the Galois group. For any prime ideal P of OK , look

at the factorization POL = P
e1
1 · · ·P egg . Now, the decompo-

sition groups DPi = {σ ∈ G : σ(Pi) = Pi} are mutually

conjugate and the inertia subgroups IPi = {σ ∈ G : σ(x) ≡
x mod Pi ∀ x ∈ OL} are the kernels of the natural surjections

from DPi to Gal ((OL/Pi)/OK/P )).

One also denotes by FrP , the Frobenius at P – this is a

conjugacy class in G.

Artin associated to any finite-dimensional representation

ρ : G → GL(V ), an L-function defined as

L(s, ρ;L/K) =
∏
P

det (1 − ρ(FrP )NK/Q(P )
−s |V IPi )−1.

Here V IPi is the subspace fixed by IPi for any i and the defini-

tion makes sense as FrP is a conjugacy class.

This Artin L-function has the following properties.
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Properties:

(I) L(s, ρ;L/K) depends only on the character χρ and one

often writes L(s, χ;L/K) for characters χ .

(II) If χ1 ⊕ χ2 = χ , then L(s, χ;L/K) = L(s, χ1;L/K)
L(s, χ2;L/K).

(III) If H is a subgroup of G, then L(s, IndGH(χ);L/K) =
L(s, χ;L/LH).

(IV) L(s, 1;L/K) = ζK(s).

(V) L(s, χreg;L/K) = ζL(s).

(VI) (Artin-Takagi factorization)

ζL(s) = ∏
χ∈Ĝ L(s, χ;L/K)χ(1).

Artin’s Conjecture:

L(s, χ;L/K) extends to an entire function for any irreducible

nontrivial character χ of G.

What Artin’s reciprocity law means:

Artin’s reciprocity law implies that Artin’s conjecture holds

for one-dimensional characters. More precisely:

If L/K is a Galois extension of number fields, and if χ is

a monomial character of Gal(L/K) (that is, is induced from

a one-dimensional character of some subgroup) and does not

contain the trivial character, then L(s, χ;L/K) extends to an

entire function of s.

Artin’s conjecture implies Dedekind’s entirety conjecture

for ζL(s)/ζK(s) in the case of Galois extensions L/K . How-

ever, without using Artin’s conjecture, one can prove the

above case of Dedekind conjecture – this is due to Brauer &

Aramata.

Theorem. (Brauer). LetG be any finite group and χ an irre-

ducible character of it. Then, there exist nilpotent subgroups

H1, . . . , Hr and one-dimensional characters ψi on Hi and

integers ni such that χ = ∑r
i=1 ni IndGHi (ψi).

In fact, combined with Artin’s reciprocity law, this theorem

immediately implies the following one:

Theorem. (Brauer). Let L/K be a Galois extension of

number fields. Let G denote the Galois group and let

χ be an irreducible character of G. Then L(s, χ;L/K)
admits a meromorphic continuation to the whole

plane.

Indeed, one need only observe that

L(s, χ;L/K) =
r∏
i=1

L(s, IndGHi (ψi);L/K)ni

=
r∏
i=1

L(s, ψi;L/LHi )ni .

Heilbronn character

The behaviour of an Artin L-function at any point s0 can

be studied through the so-called Heilbronn character, a

certain virtual character of G = Gal(L/K). If n(G, χ) :=
Ords=s0L(s, χ;L/K), is the order of (zero/pole of)

L(s, χ;L/K) at s0 the Heilbronn character is:

�G(g) =
∑
χ

n(G, χ)χ(g).

The sum is over all irreducible characters of G. Notice that if

Artin’s conjecture is true, then this is an actual character when

s0 = 1. The following result was proved by Heilbronn:

Lemma. For a subgroup H , the restriction of�G to H is the

Heilbronn character �H of Gal(L/LH).

Proof. By the orthogonality of characters,

�G|H =
∑
χ∈Ĝ

n(G, χ)

⎛
⎝∑
ψ∈Ĥ

〈χ |H,ψ〉Hψ
⎞
⎠

=
∑
ψ∈Ĥ

⎛
⎝∑
χ∈Ĝ

n(G, χ)〈χ, IndGHψ〉G
⎞
⎠ψ,

where the second equality follows from the Frobenius

reciprocity theorem. Using the basic properties of the Artin

L-function, we have

n(H,ψ) = Ords=s0L(s, ψ;L/LH)

= Ords=s0L(s, IndGHψ;L/K)

= Ords=s0
∏
χ

L(s, χ;L/K)〈χ, IndGHψ〉

=
∑
χ

n(G, χ)〈χ, IndGHψ〉G

which proves the lemma.

The following beautiful inequality was derived by R. Foote

and V. Kumar Murty ([7]), and this has several consequences.
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Lemma. (Foote-Kumar Murty).∑
χ∈Ĝ

n(G, χ)2 ≤ (Ords=s0ζL(s))
2.

Proof. Now 1
O(G)

∑
g∈G |�G(g)|2 = 〈�G,�G〉G =∑

χ∈Ĝ n(G, χ)
2.

We apply Heilbronn’s lemma to the cyclic subgroups ofG.

We get

�G(g) = �〈g〉(g) =
∑
ψ∈〈̂g〉

n(〈g〉, ψ)ψ(g).

As the Artin reciprocity theorem implies that the Artin

L-function is entire for one-dimensional characters, each

n(〈g〉, ψ) ≥ 0. So |�G(g)| ≤ ∑
ψ∈〈̂g〉 n(〈g〉, ψ).

Finally, the Artin-Takagi factorization shows that

Ords=s0ζL(s) =
∑
ψ∈〈̂g〉

n(〈g〉, ψ)

for each element g ∈ G. Hence,

|�G(g)|2 ≤ (Ords=s0ζL(s))
2 ∀ g ∈ G.

Corollary. (Brauer-Aramata Theorem). For any Galois

extension L/K of number fields, the function ζL(s)/ζK(s) is

entire.

Proof. Apply the Foote-Murty lemma and note that

ζK(s) = L(s, 1;L/K) where 1 is the trivial character

of G.

Other variations have been obtained by M. Ram Murty and

collaborators.

One such is:

Let G = Gal(L/K) with L/K , a solvable extension of

number fields. Then

∑
1�=χ∈Ĝ

n(G, χ)2 ≤
(

Ords=s0
ζL(s)

ζK(s)

)2

A group-theoretic lemma which they prove in this direction is:

Let G be a nontrivial finite, solvable group and H , a sub-

group. Consider the derived series {G(i)} ofG. Then, for all i,

IndGH1H = IndHG(i)1HG(i) +
∑
j

IndGHj θj ,

where θj ’s are 1-dimensional characters of some subgroups

Hj which depend on H and i.

Using this lemma, A. Raghuram and M. Ram Murty prove:

Let G = Gal(L/K) with L/K , a solvable extension of

number fields. Write Lab denote the fixed field under [G,G]

and C denote the set of different 1-dimensional characters

of G. Then

∑
1�=χ∈C

n(G, χ)2 ≤
(

Ords=s0
ζL(s)

ζLab (s)

)2

We end with a few smatterings of statements which occur in

the Langlands program. First, we make a small observation to

the effect that Artin’s entirety conjecture needs to be proved

only when the base is Q. More precisely:

Artin cojecture enough to prove over Q:

Proposition. If all nontrivial irreducible characters χ of

G := Gal(E/Q) are so thatL(s, χ,E/Q) extends to an entire

function, then Artin’s conjecture holds good.

Proof. Let L/K be a Galois extension of number fields. Let

E be the Galois closure over Q and let G = Gal(E/Q). Then

H = Gal(L/K) is a subquotient ofG. Let τ be any irreducible

character ofH and lift it to a character of Gal(E/K). Denote by

θ the character ofG induced from it. By Frobenius reciprocity

law, θ does not contain the trivial character. In this case, by the

property (II) we recalled earlier, L(s, θ, E/Q) is entire. But,

the property (III) shows that L(s, θ, E/Q) = L(s, τ, L/K).

We end with the statement of one of the Langlands conjec-

tures known as:

The Langlands reciprocity conjecture.

Let (V , ρ) be an n-dimensional irreducible representation of

a Galois group Gal(L/K) of number fields. Then, there is a

cuspidal automorphic representation π ofGLn(AK) such that

L(s, ρ, L/K) is the L-function attached to π by Langlands.

We have not defined cuspidal automorphic representations

or the corresponding L-function of Langlands but just remark

that the latter L-functions are known to be entire!
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Book Review
“A Basic Course in Real Analysis” by Ajit Kumar and S. Kumaresan, CRC Press, 2014

(Reviewed by Prof. Amber Habib, Shiv Nadar University)

It is not uncommon to find a student who has chosen to

specialize in Mathematics at university but finds the experience

to be disheartening: “I loved Mathematics in school, but I hate it

now.” The source of this disillusionment is usually the student’s

first Real Analysis course. In principle, Real Analysis can

provide a heady mix of geometric intuition, computational

skills, and formal reasoning, but the reality in India is rather

different. In school our students are subjected to a Calculus

which consists of computation without intuition or reasoning.

University Calculus courses tend to continue in the same vein,

and then Real Analysis adds proofs but not intuition or insight.

The proofs themselves are offered in such a way that students

are not able to learn how to create their own. Nor do they learn

the examples around which the theory grows. The unresolved

struggles of the students in these courses lead to a colossal

waste of time, energy and talent.

There has been, therefore, a pressing need for a Real

Analysis textbook which can help both teachers and students

to bridge these gaps. The currently standard texts, excellent

though they may be, do not quite do the job in India as they
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do not take our peculiarities into account. The book under

review holds great promise in this regard. The authors state

that it has grown out of over two decades of teaching in

the Mathematical Training and Talent Search Programme

(MTTS). MTTS has been particularly successful in helping

students transition to higher levels of insight and rigour, and the

book strongly reflects the techniques used at MTTS summer

camps. The broad goals at these camps are to guide students

to become more reflective in their mathematical activity, and

to motivate them to seek and embrace challenges.

Profs. Kumar and Kumaresan have produced a thoughtfully

written text which appears to me quite successful in capturing

the MTTS spirit. It weighs in at a relatively slim three hundred

pages, but these are carefully planned pages and the amount of

material seems just right for an intense one semester course.

Beginning with an introduction to the real numbers, the book

works its way through sequences, continuity, differentiation,

series, Darboux and Riemann integration, to Taylor Series

and culminates with the Weierstrass Approximation Theorem.

There are striking exclusions of certain topics, foremost among
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which is the construction of the real numbers. The reals

are presented axiomatically and their existence is taken for

granted. Now it is a common enough view that introductory

Real Analysis courses and books should not start with a con-

struction of the real numbers, but an author holding this view

typically still provides the construction as a starred section or

in an appendix. Our authors’ refusal to sit on the fence in this

manner has a certain charm, and is also an early indicator of

a book written along strongly held principles. In this case the

principle is that full motivation should precede an abstract step.

The entire book may well be seen as motivation for seeking and

understanding the construction of the reals! Another principle

is that abstract definitions are to be introduced only when

there is a clear payoff. Thus this book does not develop any

metric space theory; uncountability and connectedness are

not mentioned at all; and compactness makes only a cursory

appearance. The emphasis is on making the most with what

you have.

Another aspect of the book is its conversational tone. This

goes beyond a superficial use of “we” and “you” and engages

the reader in an interaction with the authors. Numerous

“Remarks” involve the reader in exploring alternative formu-

lations and hypotheses. The reader is explicitly asked to fill in

gaps. Proofs are often preceded by an informal development

of a promising strategy. Alternate proofs let the student and

teacher see the subject as an interconnected network rather than

a linear progression. Even the authors’ choices of the material

and its arrangement are discussed in the main text (and not

confined to the Preface). Taken together, these give the reader

a sense of partnership in the enterprise.

This sense of partnership is vital to the book’s success. All

too often, Real Analysis comes across as a subject with magical

proofs whose creation is a closed book to the student. For

example, one famous text polishes off the Quotient Rule as

follows: “Let h = f/g. Then

h(t)− h(x)

t − x
= 1

g(t)g(x)

×
[
g(x)

f (t)− f (x)

t − x
− f (x)

g(t)− g(x)

t − x

]

Letting t → x, and applying Theorems 4.4 and 5.2, we

obtain (c).” Certainly a student can check the proof is correct

and appreciate its cleverness, but chances are that the student

will also be left with a sense of bewilderment and even

helplessness. Was he supposed to immediately create the

decomposition himself? If he failed to do so, is he unfit to

aspire to be a mathematician (or at least an analyst)? In con-

trast, Kumar and Kumaresan first delineate a general approach

to establishing differentiability and finding the derivative at a

point c. All the basic proofs are undertaken from this view-

point and by the time the quotient and chain rules roll around,

the student has built up expertise in conceiving and executing

proofs with this structure. Indeed, this approach gives him the

comfort of working with structures rather than tricks.

There are two other features of the book that should

help students come to grip with the subject. One is the

use of numerous graphs and diagrams to highlight the geo-

metric origins of concepts and arguments. On several occa-

sions these are presented in a sequence with gradually

increasing detail which almost constitutes a ‘proof with-

out words’ by itself. The second is the provision of evoca-

tive names such as “divide and conquer” or “the curry leaf

trick” for techniques that are repeatedly used. This again

helps the student to see commonality between different topics

and issues, and also guides him to figuring out promising

approaches.

An important point is that the authors’ desire to communi-

cate clearly with the student has not led to a dilution of the

material. The exercises are numerous and often non-trivial

(I am still struggling with some!). However, there is a careful

progression of the difficulty level within each set of exercises

and each exercise has a specific role in building up the student’s

capability.

There are a few typographical and other errors, their number

being about par for a first edition. In addition, one sometimes

finds oneself arguing with the book about whether one of its

choices is indeed apt!

All in all, the book provides a fresh and engaging take

on introducing Real Analysis. I expect that it will be a

valuable resource for teachers as well as students. Teachers

may benefit in particular from the alternate proofs and the

numerous remarks about modifications and extensions. Parts

could even spill over into Calculus courses, for example

the introduction to real numbers or the structured descrip-

tion of differentiation. Finally, it gives curriculum planners

a valuable new resource in suiting their plans to ground

realities.
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Problems and Solutions
Edited by Amritanshu Prasad

E-mail: problems@imsc.res.in

Solutions to Problems from the March 2014 Issue

Determine the coordinates of the centre of rotation of the table

in terms of (xi, yi).

1. Hitesh Jain, T.I.M.E. Aurangabad. For each integer

N > 1, find N positive integers (not necessarily distinct)

whose sum is equal to their product.

Solution. We have

• 2 + 2 = 2 × 2 = 4

• 1 + 2 + 3 = 1 × 2 × 3 = 6

• 1 + 1 + 2 + 4 = 1 × 1 × 2 × 4 = 8

• 1 + 1 + 1 + 2 + 5 = 1 × 1 × 1 × 2 × 5 = 10.

In general take 1 repeated N − 2 times, then 2 and N .

Solutions Received. Similar solutions were received from

Bibekananda Maji and Soumyarup Banerjee of Harish-

Chandra Research Institute, Allahabad.

2. Jon Stammers, AMRC with Boeing. Consider a machine

tool with a circular table that rotates about an unknown

central point. An operator wishes to determine the centre

of rotation of the table according a fixed coordinate system.

The operator has marked the position of a point mounted

on the table at various rotations of the table to obtain a

number of coordinates (xi, yi) for this point relative to

the fixed coordinate system (see Figure 1). Determine the

coordinates of the centre of rotation of the table in terms of

the coordinates (xi, yi).

(x1, y1)(x2, y2)

(x3, y3)

(x4, y4)

Figure 1.

Solution. The centre C is the common intersection of the

perpendicular bisectors of the line segments joining (xi, yi)

P1
P2

P3

P4

C

Figure 2.

and (xi+1, yi+1) (thus it is determined by just three readings

(x1, y1), (x2, y2) and (x3, y3) (see Figure 2). In order deter-

mine the coordinates of this point C = (x, y), observe

that the line joining the centre C to the midpoint of Pi
and Pi+1 is perpendicular to PiPi+1. In other words, the

vector (
x − xi + xi+1

2
, y − yi + yi+1

2

)

is orthogonal to (xi+1 − xi, yi+1 − yi) for i = 1, 2. In other

words (x, y) satisfies the equations

(x1 − x2)x + (y1 − y2)y = x2
1 − x2

2 + y2
1 − y2

2

2

(x2 − x3)x + (y2 − y3)y = x2
2 − x2

3 + y2
2 − y2

3

2

Solving these equations simultaneously gives a closed

formula for (x, y):

x =

(y2 − y3)(x
2
1 − x2

2 + y2
1 − y2

2)

+(y2 − y1)(x
2
2 − x2

3 + y2
2 − y2

3)

2((x1 − x2)(y2 − y3)− (y1 − y2)(x2 − x3))

y =

(x3 − x2)(x
2
1 − x2

2 + y2
1 − y2

2)

+(x1 − x2)(x
2
2 − x2

3 + y2
2 − y2

3)

2((x1 − x2)(y2 − y3)− (y1 − y2)(x2 − x3))
.

3. K. N. Raghavan, IMSc Chennai. Let K(x) and L(x)

be relatively prime polynomials of degrees k and �

respectively. Show that, given a polynomial f (x) of degree

less than k + �, there exist unique polynomials S(x) and
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T (x) of degrees less than k and � respectively, such

that

f (x)

K(x)L(x)
= S(x)

K(x)
+ T (x)

L(x)
(1)

Solution. How would you construct S(x) and T (x)?

Suppose that S1(x) and T1(x) also have the desired pro-

perties. Then, (S(x)−S1(x))L(x) = (T1(x)−T (x))K(x).
Since L(x) and K(x) are coprime, K(x) divides

S(x) − S1(x). But since S(x) − S1(x) has degree less

than k, it follows that it is zero. So S(x) = S1(x). Similarly

T (x) = T1(x) and the uniqueness is proved.

Before giving the formal proof of existence, let us

intuitively think about how to find S(x) and T (x). Rewrite

what we want: f (x) = S(x)L(x) + T (x)K(x). Reading

this modulo K(x), we see that S(x) is f (x) times the

inverse of L(x). A similar statement holds for T (x). What

follows below is just a more formal statement of this

construction.

We now prove the existence of S(x) and T (x). Since

K(x) and L(x) are coprime polynomials, there exist A(x)

and B(x) such that A(x)K(x) + B(x)L(x) = 1. Divide

f (x)B(x) by K(x) and let S(x) be the remainder. Divide

f (x)A(x) by L(x) and let T (x) be the remainder. We will

presently show that these satisfy (1). Since A(x) and B(x)

can be found by the Euclidean algorithm applied to K(x)

and L(x), we have constructed S(x) and T (x).

Clearly S(x) and T (x) have degrees less than k and

� respectively. Consider f (x) − S(x)L(x) − T (x)K(x).

This is degree less than k + �. We claim that it is

divisible by K(x). Since the last term is divisible by

K(x), it is enough to show that f (x) − S(x)L(x) is

divisible by K(x). In turn, it is enough to show that

f (x)B(x) − S(x)L(x)B(x) is divisible by K(x), since

K(x) and B(x) are relatively prime. Since B(x)L(x) =
1 − A(x)K(x), we have f (x)B(x) − S(x)L(x)B(x) =
f (x)B(x) − S(x) (1 − A(x)K(x)) = (f (x)B(x) −
S(x)) + A(x)K(x). The first parenthetical term on the

right is divisible by K(x) by the choice of S(x), and the

second is evidently divisible by K(x). Our claim is thus

proved.

In a similar fashion, we can prove thatf (x)−S(x)L(x)−
T (x)K(x) is divisible by L(x). Being divisible both by

L(x) and K(x), it is divisible also by their product

K(x)L(x). But being of degree less than their product, it

equals zero: that is f (x) = S(x)L(x) + T (x)L(x). The

result is thus proved.

Solution Received. A correct solution to this problem was

received from Soumyarup Banerjee and Bibekananda Maji

of Harish-Chandra Research Institute, Allahabad.

4. K. N. Raghavan, IMSc Chennai. Let d1, . . . , dm be a

sequence of positive integers and a1, . . . , am a sequence of

distinct real numbers. Show that there exists a unique poly-

nomial of degree less than d1 + · · · + dm whose derivatives

of all orders less than di have arbitrarily specified values

at ai , for every i, 1 ≤ i ≤ m. The case when all the di
are 1 is Lagrange interpolation and the case when m = 1

is Taylor expansion. How will you explicitly construct the

polynomial?

Solution. To prove uniqueness, suppose that f and g

are two polynomials that meet the desired requirements,

consider their difference. Since f − g has derivatives of all

orders less than di vanishing at ai , it is divisible by (x−ai)di
(by Taylor’s theorem). Since the (x − ai)

di as i varies are

all pairwise coprime, their product also divides f − g. But

then, since f − g has degree less than d1 + · · · + dm, it is

zero.

To prove existence, we first make an observation. Let

H(x) and F(x) be polynomials, let a be a real number such

that H(a) �= 0, and let p be a positive integer. The deriva-

tives of orders less than p ofF(x) andG(x) = F(x)/H(x)

are related thus:

F = GH, F ′ = GH ′ +G′H,

F (2) = GH(2) + 2G′H ′ +G(2)H (2)

and more generally

F (k) =
∑

0≤j≤k

(
k

j

)
H(k−j)G(j) for 0 ≤ k < p. (3)

Thus to specify the values at a of (F (x)/H(x))(j), for all

0 ≤ j < p, is equivalent to specify the values at a of

F(x)(j) for all 0 ≤ j < p, for fixed H(x) with H(a) �= 0.

Indeed, the equations above say the following: if we think

of the two sets of values as p×1 column matrices, they are

related by a lower triangular p × p matrix with diagonal

entries all being H(a).
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Thanks to the observation above, it suffices to show

that existence of a polynomial f (x) of degree less than

d1 + · · · + dm with the following property: for every i,

1 ≤ i ≤ m, the derivatives at ai of f (x)/hi(x) of all

orders less than di have arbitrarily specified values, where

hi(x) = ∏
p �=i (x − ap)

dp . We claim that such an f (x) is

given by

f (x) =
m∑
i=1

di∑
j=1

A
j

i

p(x)

(x − ai)j
(4)

where p(x) = ∏m
i=1(x − ai)

di and Aji is (di − j)! times

the desired value at ai of the derivative of order di − j of

f (x)/hi(x).

Indeed, each term on the right hand side has degree less

than d1 + · · · + dm, and therefore so does f (x). Dividing

(4) by hi(x):

f (x)

hi(x)
=
∑
p �=i

dp∑
q=1

Aqp
(x − ai)

di

(x − ap)q
+

di∑
q=1

A
j

i (x − ai)
di−j

(5)

Each term in the first sum on the right hand side is a product

of (x−a)di with a regular function not vanishing at a, so all

its derivatives of orders less than di are zero when evaluated

at a. Thus

1

(di − j)!

(
f (x)

hi(x)

)(di−j)
(ai) = A

j

i (6)

5. K. N. Raghavan, IMSc Chennai. Can a realm×nmatrix

A be recovered from AAtA (where At is of course the

transpose of A)?

Solution. Recall the spectral theorem for a real symmetric

matrix:

All eigenvalues of a real symmetric m × m matrix S

are real. Moreover there is an orthonormal basis of R
m

(which we may think of asm×1 real column matrices)

consisting of eigenvectors of S. If U = (u1 . . . um)

be the matrix whose columns are such a basis, then

A = UDUt where D is the diagonal matrix with

diagonal entries respectively the eigenvalues corres-

ponding to u1, . . . , um.

A real symmetric m × m matrix S is called positive semi-

definite if vtSv ≥ 0 for all v in R
m. All eigenvalues of such

a matrix are non-negative: if Sv = λv with v �= 0, then

λ = vtSv/vtv.

Turning now to the problem at hand, we prove a special

case first: namely when A is a real symmetric m × m

matrix. In this case the problem asks: can such a matrix

be recovered from its cube? We will show that it indeed

can be.

The cube of a real symmetric matrix is itself real sym-

metric. Using the spectral theorem, it is easy to construct a

real symmetric cube root of a real symmetric matrix. Given

a real symmetric m × m matrix S, we find U orthogonal

m × m such that UtSU is a diagonal matrix D with real

entries. IfD1/3 be the matrix whose entries are the real cube

roots of the corresponding entries ofD, then UD1/3Ut is a

real symmetric cube root of S.

We now prove the uniqueness of the real symmetric cube

root. Suppose thatR and S are real symmetric withR3 = S.

ThenR and S commute, so any eigenspace of S isR-stable

and therefore spanned by eigenvectors for R (note that R

is diagonalizable by the spectral theorem). The eigenvalue

of anyR-eigenvector in the λ-eigenspace of S is clearly the

real cube root of λ: observe that λ is real since S is real

symmetric, the R-eigenvalue in question is real since R is

real symmetric and a cube root of λ since R3 = S. Thus R

is determined.

Turning now to the general case of the problem at

hand, observe that AtA is real symmetric and positive

semidefinite: vtAtAv = ‖Av‖ ≥ 0. In particular it can

be recovered from its cube. Put B = AAtA, so that

Bt = AtAAt . We are given B and therefore can compute

BtB = (AtA)3. Thus we can recover AtA.

The rest of this argument follows the standard proof

of what goes by the name of “singular value decom-

position”. We apply the spectral theorem to AtA. Let

u1, . . . , un be orthonormal vectors in R
n that are eigen-

vectors for AtA with non-negative eigenvalues λi (non-

negative because AtA is positive semidefinite). We may

assume after a rearrangement if necessary that the first r

eigenvalues are positive and the rest are zero. Let σ1, . . . , σr

be the positive square roots of the positive eigenvalues

λ1, . . . , λr .

For 1 ≤ i ≤ r , set vi := AAtAui/σ
3
i . Then we have

vi = λiAui/σ
3
i = Aui/σi , or Aui = σivi . We claim that

the vi are orthonormal: indeed
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vtj vi =
(
Auj

σj

)t
Aui

σi
= utjA

tAui

σjσi

= λiu
t
jui

σjσi
= δij (since uk are orthonormal).

Choose vr+1, . . . , vm such that v1, . . . , vm are an ortho-

normal basis for R
m. The equations Aui = σivi for

1 ≤ i ≤ r together with Aui = 0 for r < i ≤ n can

together be expressed as:

AU = �V with U := (u1 . . . un) and

V = (v1 . . . vrvr+1 . . . vm),

where� is am×nmatrix all of whose entries are 0 except

those at positions (i, i) for 1 ≤ i ≤ r these respectively

being σ1, . . . , σr . Post multiplying AU = V� by Ut we

get A = V�Ut (since U is orthogonal). We have thus

recovered A.

6. Amritanshu Prasad, IMSc Chennai. A bijection

σ : {1, . . . , n} → {1, . . . , n} is said to be a cyclic permuta-

tion of n if there exists i ∈ {1, . . . , n} such that the

set

{i, σ (i), σ 2(i), . . . }

is all of {1, . . . , n}. Find the total number of cyclic permu-

tations of n.

Solution. Let i0 = 1, i1 = σ(1), i2 = σ 2(1), and in general

ik = σ k(1).

The main point to note is:

σ is a cyclic permutation of n if and only if i0, . . . , in−1

are all distinct.

Indeed, if i0, . . . , in−1 are distinct, we may take

i = 1 in the definition of cyclic permutation. Conversely,

if i0, . . . , in−1 are not distinct, then ik = ij for some

k < j < n − 1. If i = ir for some k ≤ r < j , then

the terms of the sequence i, σ (i), σ 2(i) are all from among

ik, ik+1, . . . , ij−1, a proper subset of n. Otherwise, they are

from its complement, which is also a proper subset of n, so

σ is not a cyclic permutation of n.

Now, suppose σ is a cyclic permutation of n. Then

σ is completely determined by the sequence i1, . . . , in−1

(which is a rearrangement of {2, . . . , n}). Conversely, given

any rearrangement i1, . . . , in−1 of {2, . . . , n}, defining

σ(1) = i1 and σ(ik) = ik+1 for k = 1, . . . , n− 1 defines a

cyclic permutation of n.

Thus the number of cyclic permutations of n is equal

to the number of rearrangements of 2, . . . , n, which is

(n− 1)!

Solution Received. A correct solution to this prob-

lem was received from Soumyarup Banerjee and

Bibekananda Maji of Harish-Chandra Research Institute,

Allahabad.

Bar-Ilan University, Ramat-Gan,
Israel, ORT Braude College,

Karmiel, Israel and University of
South Florida, Tampa, USA
Announce an International

Conference

Complex Analysis & Dynamical Systems VII

Which will be held on May 10–15, 2015,
at Carlton Hotel in Nahariya, Israel

The conference will emphasize different areas of Mathe-

matical Analysis including Complex Analysis, Dynamical

Systems, Geometric Function Theory, Hamiltonian Dynamics,

Partial Differential equations, Harmonic Analysis, General

Relativity and Einstein Equations. It will provide a venue

for both established and junior scholars to interact with each

other.

We intend to publish the Proceedings of the Conference in

the AMS Series Contemporary Mathematics.

The deadline for submitting an abstract is March 1, 2015,

and April 1, 2015 for registration.

Please take into account that the registration fee is $215 up

to April 1. The registration will be continued after that but with

the fee equal to $260.

Abstracts should be sent by E-mail to cads@braude.ac.il

in LaTeX and PDF files. The registration form and

the payment methods are available in the conference

website at

http://www.braude.ac.il/conferences/cads7/
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Advertisement

NBHM Text Book Scheme for Colleges and Universities

The National Board for Higher Mathematics (NBHM), an

apex body constituted by the Department of Atomic Energy,

Government of India is planning to provide multiple copies

of quality text books to Mathematics Departments of various

Colleges in India. The Department which would like to apply

for this scheme should mandatorily keep the books (to be

received) in the Departmental Library and allow only students

to borrow them. While the Head of the Department or his

nominee would be the custodian of these books, at least one

copy of the books (to be sent under this scheme) should be

made available in the department at all times. Further, a con-

solidated report with the details of receipts/borrowals should

be sent to the address given hereunder.

Colleges which are interested in this scheme are requested

to submit the application form (in the format given below)

latest by 31st January, 2014 to Prof. T. Amaranath, Coordi-

nator – NBHM Library Committee (Southern Region),

School of Math. & Stat., University of Hyderabad,

Hyderabad – 500046.

S. Kumaresan

Dean, School of Math. & Stat. and Member, NBHM

APPLICATION FORM

Name of the College/Institute

Address along with pin code and State

Email of the Head of the Department of Mathematics and

Contact numbers [please update the details whenever there

is a change in the HoD]

University to which it is affiliated

Is it Government aided Institute? If yes, give documentary proof.

Courses Offered (tick the relevant line) B.Sc. Mathematics as a main subject

M.Sc. Mathematics

Passing percentage at the University level examinations

How many of your students have passed in CSIR-NET-JRF

examinations in the last five years? Give yearly break-up.

Any special consideration that will support your request

(attach separate sheet, if required)

Undertaking

I, , the present Head of the Department of Mathematics of

College accept to abide by the terms and conditions

of the NBHM Textbook Scheme. It is assured that the Department will extend its cooperation for the smooth

functioning of the NBHM Textbook Scheme. If at any given point of time our Department is found to be not

complying with the conditions of the scheme, NBHM reserves all rights to stop sending books without

further correspondence on the matter.

SIGNATURE

(with seal)

Mathematics Newsletter -145- Vol. 25 #3, September & December 2014



Obituary

Srinivasacharya Raghavan

S. G. Dani

Prof. Srinivasacharya Raghavan, who retired from the Tata

Institute of Fundamental Research (TIFR), Mumbai, in 1994,

passed away in Chennai on 7 October 2014, peacefully, after

a long battle against cancer.

He was born on 11 April 1934 in Thillaisthanam, in the

Thanjavur district of Tamil Nadu. He was educated at the

Central Elementary School (1940–41), St. Xavier’s High

School (1942–48) and St. Xavier’s College (1949–51) in

Palayamkottai, Tamil Nadu, and then at St. Joseph’s College,

Tiruchirapalli, where he completed his BA (Hons) in Mathe-

matics in 1954. By this time the “School of Mathematics”

had emerged at the Tata Institute of Fundamental Research,

Mumbai, under the leadership of Prof. K. Chandrasekharan

and K. G. Ramanathan, and a systematic programme had been

initiated at the Institute to train students in mathematics, in state

of the art topics. Raghavan was selected under the programme,

in 1954, as a research student. He soon became an integral part

of the research community at TIFR, and proceeded to have

a long and illustrious career at the Institute. Along the way

he obtained his Ph.D. degree from the University of Bombay,

in 1960. His continual achievements in research earned him

regular promotions at the Institute; he was Professor from

1975, and retired as Senior Professor in 1994 (as a matter of

detail it may be mentioned that he took voluntary retirement a

few days before the due date of retirement at the age of 60).

During his career, he also held concurrent visiting appoint-

ments at various institutions. He was Visiting Scientist at

the Institute for Advanced Study, Princeton, USA, during

1965–67. Later, during 1986–87, he was a visitor under the

special research programme Sonderforschungsbereich – 170

(Geometrie und Analysis) at the University of Göttingen,

Germany. He served as Professor at the Centre for Advanced

Study in Mathematics, at the Bombay University, during

1968–74. He also held a visiting appointment at the SPIC

Mathematical Institute, Chennai (now Chennai Mathematical

Institute) during 1991–94.

Raghavan specialized in number theory, working initi-

ally under the guidance of Profs. Chandrasekharan and

Ramanathan. Soon, he acquired considerable expertise in

Siegel’s theory of modular forms of higher degree, and applied

it to obtain estimates for the number of integral representations

of a positive n × n integral matrix by a positive m × m

integral matrix, form > 2n+ 2. This problem generalizes the

classical problem of representing positive integers as values

of positive quadratic forms, and Raghavan’s work generalized

earlier results of Hardy, Ramanujan, Hecke and Peterson on

the problem; the paper was published in 1959 in the Annals of

Mathematics.

Modular forms, automorphic functions, and quadratic and

hermitian forms were to be favourite themes of his work in the

subsequent years. He explored them from a variety of angles,

and discussed various interrelations: estimation of Fourier

coefficients of Siegel modular forms, various structural aspects

of modular forms, and the distribution of values of quadratic

forms are some of the persistent themes in his work.

His application of Hecke’s Grenzprozess to analytic con-

tinuation of non-holomorphic Eisenstein series of degree 3

became a forerunner of Weissauer’s deep generalisation for

general n.

Jointly with K. G. Ramanathan, he proved an analogue over

algebraic number fields of a result of A. Oppenheim on the den-

sity of values of indefinite quadratic forms, in n ≥ 5 variables,

that are not scalar multiples of rational forms and represent

zero (i.e., admit nontrivial integral solutions). His interest in the

Oppenheim conjecture, for forms that may not represent zero,

was to indirectly influence some later developments at the Tata

Institute, involving the present author and M. S. Raghunathan,

which in turn influenced the landmark works of G. A. Margulis

and Marina Ratner in the area. Raghavan himself also partici-

pated in the larger programme that arose in that direction (even

though the theme was substantially out of his way) through his

collaboration with the present author on the density of orbits of

irrational Euclidean frames under actions of various familiar

discrete groups of significance in Diophantine approximation

of systems of linear forms.

Raghavan also had extensive collaboration with

S. S. Rangachari (TIFR) on various topics, including quadratic

forms and modular forms. Their investigation of Ramanujan’s

integral identities must especially be mentioned. Raghavan

himself also researched substantially into Ramanujan’s identi-

ties and provided proofs for some of them via the theory of

modular forms. Apart from his original work on the topic,
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he also wrote an expository article on some of Ramanujan’s

work, and an article discussing the impact of Ramanujan’s

work on latter-day mathematics.

Raghavan also had various other fruitful collaborations—

some extended ones, including with R. J. Cook (University

of Sheffield, UK) on values of quadratic forms, and with

J. Sengupta (TIFR) on modular forms. He contributed close

to 50 research papers, many of which appeared in renowned

international journals, including two in the Annals of Mathe-

matics. He also guided four Ph.D. students.

Apart from being an accomplished researcher, Raghavan

also played an active role in other aspects of academic life.

As Professor at the Centre for Advanced Study in Mathe-

matics, Bombay University, during 1968–74, he contributed

substantially to the training of students at the Master’s level.

During his years at the Chennai Mathematical Institute,

he taught undergraduate students. He also contributed sub-

stantially to the task of building up high-quality mathematical

publication activity in India, serving as Chairman of the

Editorial Board of the Proceedings (Math. Sci.) of the Indian

Academy of Sciences during 1977–81, and as Member of the

Editorial Board of the Journal of the Indian Mathematical

Society during 1973–82. He also served on the Council of the

Indian Mathematical Society, as Secretary during 1970–75 and

as Academic Secretary during 1978–81.

At the Tata Institute, he was an active member of the Mathe-

matics Faculty (which at that time consisted of only Associate

Professors and above) from 1970, and served as Dean of the

Faculty during 1986–89. In the early seventies, after the School

of Mathematics had established itself as an international centre

in pure mathematics, a strong need was felt to build up a similar

centre in applicable mathematics. With that objective, a joint

programme for training in applicable mathematics was set up

in Bangalore, under the leadership of Prof. K. G. Ramanathan,

in collaboration with the Indian Institute of Science, in 1973.

A strong student training programme, enlisting the support

of many eminent applied mathematicians from abroad, was

instituted. A group of experts emerging from the endeavor

evolved into the current TIFR CAM, which later moved

to the new campus at Yelahanka, Bangalore, in 2007.

Prof. Raghavan made a valuable contribution to the deve-

lopment of the Centre during the early eighties, spending

many years in Bangalore, devoting himself to teaching as

well as taking care of various arduous aspects of running the

Centre.

Prof. Raghavan received many honours in recognition of

his work. He was awarded the Shanti Swarup Bhatnagar Prize

for Mathematical Sciences in 1979. He was elected Fellow of

the Indian Academy of Sciences, Bangalore in 1975, and the

Indian National Science Academy in 1978. He also served as

Member of the INSA Council during 1981–83.

Prof. Raghavan is survived by his wife, son, daughter-in-

law and two grandsons.

S. G. Dani

Department of Mathematics,

Indian Institute of Technology Bombay, Powai,

Mumbai 400076, India

E-mail: sdani@iitb.math.ac.in

Press Note for
Ramanujan News Letter

A Mini Mathematics Training and Talent Search (MTTS)

programme was organised from August 02–11, 2014 at Jammu

and Kashmir Institute of Mathematical Sciences (JKIMS),

Srinagar, Kashmir. The programme was funded by National

Board for Higher Mathematics (NBHM), Department of

Atomic Energy,Govt. of India. The resource persons for the

programme worked under the leadership of G. Santhanam of

IIT Kanpur. The other members of the team were D. Rishi from

Punjab University, S. Reddy from Shiv Nadar University and

Vikram T. Aithal from Tata Institute of Fundamental Research

(TIFR). As many as 37 students from various colleges of

Jammu & Kashmir, besides some research scholars and college

teachers participated in this programme.

TIFR – Visiting Students’ Research
Programme 2015

Tata Institute of Fundamental Research (TIFR) conducts

annual summer programme in which talented students are

introduced to research activities in the areas of Astronomy,

Biology, Chemistry, Computer Science, Mathematics, and

Physics. The selected students are expected to work on a

research project under the supervision of a TIFR researcher.
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We encourage applications from motivated First Year M.Sc.,

Fourth Year Integrated MS and M.Tech. students. Highly

motivated Third Year B.Tech. students are also eligible to

apply.

Last date for application: For Maths – February 10, 2015

For more details visit:

http://www.tifr.res.in/∼vsrp/

Summer School on
“Normal Families in Complex

Analysis”

Venue and Period: University of Wuerzburg, Germany; May

22–29, 2015

Aim and Details: The program is aiming at master students,

PhD students, postdocs and anyone else interested in

normal families. The main lectures will be given by Walter

Bergweiler (Kiel, Germany) and Aimo Hinkkanen (Urbana-

Champaign, USA).

A limited amount of financial support will be available.

The application deadline is April 1, 2015. Subsequent to the

summer school there will be a short conference on Complex

Analysis, on May 29–30. 2015.

Visit:

http://www.mathematik.uni-wuerzburg.de/

sommerschule2015/

Contact Details:

sommerschule@mathematik.uni-wuerzburg.de

Details of Workshop/Conferences in India

For details regarding Advanced Training in Mathematics Schools

Visit: http://www.atmschools.org/

Name: Conference on Algorithms and Discrete Applied Mathematics

Date: February 08–10, 2015

Location: Indian Institute of Technology Kanpur, India

Visit: http://caldam.cse.iitk.ac.in/

Name: International Conference on Mathematical and Computational Biology

Date: February 28–March 3, 2015

Location: Indian Institute of Technology Kanpur, India

Visit: http://www.iitk.ac.in/math/

Name: International Conference on Advances in Mathematical Sciences

Date: March 19–21, 2015

Location: GSSDGS Khalsa College, Patiala, Punjab, India

Visit: http://www.icams2015.com/#!icams2015/c11oz

Name: International Conference on Recent Advances in Mathematical Biology, Analysis and Applications

Date: June 4–6, 2015

Location: Department of Applied Mathematics, Aligarh Muslim University, Aligarh, India

Visit: http://www.amu.ac.in/icmbaa.jsp

Name: 24th International Conference on Nearrings, Nearfields and Related Topics

Date: July 05–12, 2015

Location: Manipal Institute of Technology, Manipal Universit, India

Visit: http://conference.manipal.edu/nearrings2015/
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Details of Workshop/Conferences in Abroad

Name: The Second International Conference on Mathematics and Statistics, AUS-ICMS’15

Date: April 2–5, 2015

Location: American University of Sharjah, Sharjah, United Arab Emirates

Visit: www.aus.edu/ICMS15

Name: International Conference “Probability, Reliability and Stochastic Optimization” (PRESTO-2015)

Date: April 7–10, 2015

Location: Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

Visit: http://probability.univ.kiev.ua/prestoconf/

Name: Latina/os in the Mathematical Sciences Conference

Date: April 9–11, 2015

Location: Institute for Pure and Applied Mathematics (IPAM), UCLA, Los Angeles, California

Visit: www.ipam.ucla.edu/lat2015

Name: Dynamics on Moduli Spaces

Date: April 13–17, 2015

Location: Mathematical Sciences Research Institute, Berkeley, California

Visit: www.msri.org/workshops/743

Name: Limit Shapes

Date: April 13–17, 2015

Location: Brown University, Providence, Rhode Island

Visit: http://icerm.brown.edu/sp-s15-w3/

Name: LMS-CMI Research School on Statistical Properties of Dynamical Systems

Date: April 13–17, 2015

Location: Loughborough University, Loughborough, UK

Visit: www.claymath.org/events/statistical-properties-dynamical-systems

Name: MBI Workshop on Stem Cells, Development, and Cancer

Date: April 13–17, 2015

Location: Mathematical Biosciences Institute, The Ohio State University, Jennings Hall 3rd Floor, 1735 Neil Ave., Columbus,

Ohio

Visit: http://mbi.osu.edu/event/?id=822

Name: The Mathematics of High Frequency Financial Markets: Limit Order Books, Frictions, Optimal Execution and Program

Trading

Date: April 13–17, 2015

Location: Institute for Pure and Applied Mathematics (IPAM), UCLA, Los Angeles, CA

Visit: http://www.ipam.ucla.edu/programs/workshops/workshop-ii-the-mathematics-of-high-frequency-fin-

ancial-markets-limit-order-books-frictions-optimal-execution-and-program-trading/

Name: 1st Cyber-Physical System Security Workshop (CPSS 2015)

Date: April 14, 2015

Location: Singapore

Visit: http://icsd.i2r.a-star.edu.sg/cpss15/
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Name: BioDynamics 2015

Date: April 15–17, 2015

Location: John McIntyre Conference Centre, Edinburgh, United Kingdom

Visit: http://www.bio-dynamics.org/events/biodynamics-2015-0

Name: Overview of Current Research and Applications in Financial Mathematics

Date: April 18, 2015

Location: Farmingdale State College, Farmingdale, NY 11735

Visit: http://www.farmingdale.edu/academics/arts-sciences/mathematics/

Name: Underrepresented Students in Topology and Algebra Research Symposium (USTARS)

Date: April 18–19, 2015

Location: Florida Gulf Coast University, Fort Myers, Florida

Visit: www.ustars.org

Name: 15th International Conference on Numerical Combustion

Date: April 19–22, 2015

Location: Palais des Papes, Avignon, France

Visit: www.nc15.ecp.fr

Name: Spring School on Variational Analysis, Paseky

Date: April 19–25, 2015

Location: PasekynadJizerou, Czech Republic

Visit: www.karlin.mff.cuni.cz/katedry/kma/ss/apr15

Name: Finger Lakes Seminar

Date: April 24–25, 2015

Location: University of Rochester, Rochester, New York

Visit: www.math.rochester.edu/people/faculty/cmlr/Finger-Lakes-Seminar/

Name: ICMM 2015 International Conference on Mathematics and Mechanics

Date: April 27–28, 2015

Location: Paris, France

Visit: http://mathematics.conference-site.com/

Name: The Cape Verde International Days on Mathematics

Date: April 27–30, 2015

Location: Mindelo, Cape Verde

Visit: https://sites.google.com/site/cvim2015/home

Name: Mal’tsev Meeting

Date: May 3–7, 2015

Location: Sobolev Institute of Mathematics (SB RAS), Novosibirsk, Russia

Visit: www.math.nsc.ru/conference/malmeet/15/index.html

Name: Commodity Markets and their Financialization

Date: May 4–8, 2015

Location: Institute for Pure and Applied Mathematics (IPAM), UCLA, Los Angeles, CA

Visit: http://www.ipam.ucla.edu/programs/workshops/workshop-iii-commodity-markets-and-their-financia-

lization/
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Name: Workshop on Stochastic Processes in Random Media

Date: May 4–15, 2015

Location: Institute for Mathematical Sciences, National University of Singapore, Singapore

Visit: http://www2.ims.nus.edu.sg/Programs/015wrandom/index.php

Name: The 11st Information Security Practice and Experience Conference (ISPEC 2015)

Date: May 5–8, 2015

Location: Beijing, China

Visit: http://icsd.i2r.a-star.edu.sg/ispec2015/

Name: Arithmetic and Algebraic Differentiation: Witt vectors, Number Theory and Differential Algebra

Date: May 6–10, 2015

Location: University of California, Berkeley, California

Visit: https://math.berkeley.edu/∼scanlon/aad15.html

Name: Representation Theory Workshop

Date: May 6–10, 2015

Location: Uppsala University, Uppsala, Sweden

Visit: http://www.math.uu.se/rtw2015/

Name: Advances in Homogeneous Dynamics

Date: May 11–15, 2015

Location: Mathematical Sciences Research Institute, Berkeley, California, USA

Visit: http://www.msri.org/workshops/738

Name: 13th Viennese Workshop on Optimal Control and Dynamic Games

Date: May 13–16, 2015

Location: Vienna University of Technology, Vienna, Austria

Visit: http://orcos.tuwien.ac.at/vw2015

Name: 49th Spring Topology and Dynamics Conference

Date: May 14–16, 2015

Location: Bowling Green State University, Bowling Green, Ohio, USA

Visit: http://personal.bgsu.edu/∼xiex/STDC2015.speakers.html

Name: The 9th International Conference on Differential Equations and Dynamical Systems

Date: May 14–16, 2015

Location: Dallas Campus (1910 Pacific Place, Dallas, TX 75201) and hosted by the Mathematics Department of Texas A&M University-

Commerce, Dallas, TX, USA

Visit: http://www.watsci.org/deds2015/

Name: Modern Aspects of Complex Geometry: A Conference in Honor of Taft Professor David Minda

Date: May 14–17, 2015

Location: University of Cincinnati Cincinnati, OH, USA

Visit: http://www.artsci.uc.edu/departments/math/complex−geometry−conference.html

Name: Seymour Sherman Lecture and Conference: Probability and Statistical Physics

Date: May 15–17, 2015

Location: Indiana University, Bloomington, Indiana, USA

Visit: http://pages.iu.edu/∼rdlyons/sherman/2015.html

Mathematics Newsletter -151- Vol. 25 #3, September & December 2014



Name: The 28th International Conference of TheJangjeon Mathematical Society

Date: May 15–19, 2015

Location: Sherwood Club Kemer Hotel, Antalya, Turkey

Visit: http://jms.akdeniz.edu.tr/en

Name: SIAM Conference on Applications of Dynamical Systems (DS15)

Date: May 17–21, 2015

Location: Snowbird Ski and Summer Resort, Snowbird, Utah, USA

Visit: http://www.siam.org/meetings/ds15/

Name: Sixteenth International Conference on Functional Equations and Inequalities (16th ICFEI)

Date: May 17–23, 2015

Location: Mathematical Research and Conference Center of the Institute of Mathematics of the Polish Academy of Sciences, Bedlewo,

Poland

Visit: http://icfei.up.krakow.pl/16ICFEI/

Name: AIM Workshop: Carleson theorems and multilinear operators

Date: May 18–22, 2015

Location: American Institute of Mathematics, Palo Alto, California, USA

Visit: http://aimath.org/workshops/upcoming/multilinops/

Name: Forensic Analysis of Financial Data

Date: May 18–22, 2015

Location: Institute for Pure and Applied Mathematics (IPAM), UCLA, Los Angeles, California, USA

Visit: http://www.ipam.ucla.edu/programs/workshops/workshop-iv-forensic-analysis-of-financial-data/

Name: Recent Advances in Kähler Geometry

Date: May 18–23, 2015

Location: Vanderbilt University, Nashville, Tennessee, USA

Visit: http://www.math.vanderbilt.edu/∼kahlergeometry/

Name: Workshop on New Directions in Stein’s Method

Date: May 18–29, 2015

Location: Institute for Mathematical Sciences, National University of Singapore, Singapore

Visit: http://www2.ims.nus.edu.sg/Programs/015wstein/index.php

Name: The 2015 Midwest Combinatorics Conference

Date: May 19–21, 2015

Location: University of Minnesota, Minneapolis, MN, USA

Visit: http://www.math.umn.edu/∼stant001/MCC2015.html

Name: Lehigh University Geometry and Topology Conference, emphasizing Algebraic Topology

Date: May 22–24, 2015

Location: Lehigh University, Bethlehem, Pennsylvania, USA

Visit: http://www.lehigh.edu/∼dlj0/geotop.html

Name: Conference on Risk Analysis ICRA 6/RISK 2015

Date: May 26–29, 2015

Location: Barcelona, Spain

Visit: http://www.uoc.edu/portal/en/symposia/icra6/index.html
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Name: 8th Chaotic Modeling and Simulation International Conference

Date: May 26–29, 2015

Location: Henri Poincaré Institute (IHP), Paris, France

Visit: http://www.cmsim.org/

Name: Lebanese International Conference on Mathematics and Applications (LICMA.15)

Date: May 26–29, 2015

Location: Lebenese University, Faculty of sciences, Haddath, Beirut, Lebanon

Visit: http://www.licma.net/

Name: 6th International Conference on Modeling, Simulation and Applied Optimization

Date: May 27–29, 2015

Location: Yildiz Technical University, Istanbul, Turkey

Visit: http://www.icmsao.org/

Name: Seventh International Conference on Dynamic Systems and Applications & Fifth International Conference on Neural, Parallel,

and Scientific Computations

Date: May 27–30, 2015

Location: Department of Mathematics, Morehouse College, Atlanta, Georgia, USA

Visit: http://www.dynamicpublishers.com/

Name: Geometry, Arithmetic and Physics: Around Motives

Date: May 28–30, 2015

Location: University of Strasbourg, Strasbourg, France

Visit: http://www-irma.u-strasbg.fr/article1450.html

Name: 3rd International Conference on “Applied Mathematics & Approximation Theory-AMAT 2015”

Date: May 28–31, 2015

Location: Ankara, Turkey

Visit: http://amat2015.etu.edu.tr/index.htm

Name: Spring School on Analysis 2015: Function Spaces and Lineability IX

Date: May 31–June 6, 2015

Location: PasekynadJizerou, Krkonose Mountains, Czech Republic

Visit: http://kma.karlin.mff.cuni.cz/ss/jun15/index.php

Name: AIM Workshop: Stochastic methods for non-equilibrium dynamical systems

Date: June 1–5, 2015

Location: American Institute of Mathematics, Palo Alto, California

Visit: http://aimath.org/workshops/upcoming/noneqdynsys/

Name: Asymptotic Problems: Elliptic and Parabolic Issues

Date: June 1–5, 2015

Location: Vilnius, Lithuania

Visit: https://secure.estravel.eu/asymptotic−problems−2015/

Name: Integrability in Mechanics and Geometry: Theory and Computations

Date: June 1–5, 2015

Location: Institute for Computational and Experimental Research in Mathematics (ICERM), Providence, Rhode Island

Visit: http://icerm.brown.edu/topical−workshops/tw15-1-img/
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Name: MAMERN VI-2015: 6th International Conference on Approximation Methods and Numerical Modeling in Environment and

Natural Resources

Date: June 1–5, 2015

Location: University of Pau, Pau, France

Visit: http://mamern15.sciencesconf.org/

Name: Dynamics of Multi-Level systems

Date: June 1–19, 2015

Location: Max Planck Institute for the Physics of Complex Systems, Dresden, Germany

Visit: http://www.pks.mpg.de/∼dymult15/

Name: Networks in Biological Sciences

Date: June 1–July 31, 2015

Location: Institute for Mathematical Sciences, National University of Singapore, Singapore

Visit: http://www2.ims.nus.edu.sg/Programs/015bio/index.php

Name: International Conference on Recent Advances in Pure and Applied Mathematics (ICRAPAM 2015)

Date: June 3–6, 2015

Location: Istanbul Commerce University, Sutluce, Istanbul, Turkey

Visit: http://www.icrapam.org/

Name: French-Japanese workshop on Teichmüller spaces and surface mapping class groups

Date: June 4–5, 2015

Location: Institut de RechercheMathématiqueAvancée, University of Strasbourg, France

Visit: http://www-irma.u-strasbg.fr/article1487.html

Name: XVII-th International Conference on Geometry, Integrability and Quantization

Date: June 5–10, 2015

Location: Sts. Constantine and Elena resort, Varna, Bulgaria

Visit: http://www.bio21.bas.bg/conference/

Name: AIM Workshop: Mathematical aspects of physics with non-self-adjoint operators

Date: June 8–12, 2015

Location: American Institute of Mathematics, Palo Alto, California, USA

Visit: http://aimath.org/workshops/upcoming/nonselfadjoint/

Name: International Conference on Applied Analysis and Mathematical Modelling (ICAAMM2015)

Date: June 8–12, 2015

Location: Yildiz Technical University, Davutpasa Campus, Istanbul, Turkey

Visit: http://www.ntmsci.com/Conferences/ICAAMM2015

Name: Tenth Panhellenic Logic Symposium

Date: June 11–15, 2015

Location: University of Aegean, Samos, Greece

Visit: http://samosweb.aegean.gr/pls10/

Name: Nordfjordeid Summer School 2015 “Lie groups and pseudogroups actions: From classical to differential invariants”

Date: June 14–18, 2015

Location: Sophus Lie Conference Center, Nordfjordeid, Norway

Visit: http://serre.mat-stat.uit.no/slcc2015/Nordfjordeid-2015-Lie-theory.htm
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Name: PDEs, Potential Theory and Function Spaces

Date: June 14–18, 2015

Location: Linköping, Sweden

Visit: http://conferences.mai.liu.se/PPF-2015/

Name: BIOMATH 2015: International Conference on Mathematical Methods and Models in Biosciences

Date: June 14–19, 2015

Location: University Centre Bachinovo, South-West University, Blagoevgrad, Bulgaria

Visit: http://www.biomath.bg/2015/

Name: Fifty-third International Symposium on Functional Equations (53rd ISFE)

Date: June 14–21, 2015

Location: Hotel Pegaz, Krynica-Zdrój, Poland

Visit: http://53isfe.up.krakow.pl/

Name: Summer School, Mathematics in Savoie, MIS 2015 on “Evolution Equations: Long time behavior and control”

Date: June 15–18, 2015

Location: Departement Mathematics, Laboratoire de Mathématiques, Université de Savoie, Campus scientifique, Chambéry, France

Visit: http://lama.univ-savoie.fr/MIS2015/

Name: Connections in Discrete Mathematics

Date: June 15–19, 2015

Location: Simon Fraser University, Vancouver, Canada

Visit: https://sites.google.com/site/connectionsindiscretemath/

Name: MEGA 2015: Effective Methods in Algebraic Geometry

Date: June 15–19, 2015

Location: University of Trento, Povo (Trento), Italy

Visit: http://mega2015.science.unitn.it/

Name: Nordfjordeid Summer School 2015 “Lie groups and pseudogroups actions: From classical to differential invariants”

Date: June 15–19, 2015

Location: Sophus Lie Conference Center, Norfjordeid, Norway

Visit: http://serre.mat-stat.uit.no/slcc2015/Nordfjordeid-2015-Lie-theory.htm

Name: Geometric and Computational Spectral Theory-Séminaire de mathématiquessupérieures

Date: June 15–26, 2015

Location: Centre de recherchesmathématiques, Montréal, Québec, Canada

Visit: http://www.crm.umontreal.ca/sms/2015/index−e.php

Name: Summer Graduate School – Geometric Group Theory

Date: June 15–26, 2015

Location: Mathematical Sciences Research Institute, Berkeley, California, USA

Visit: http://www.msri.org/summer−schools/749

Name: Espalia

Date: June 17–19, 2015

Location: “Sapienza” Universita‘ di Roma, Rome, Italy

Visit: http://www.sbai.uniroma1.it/conferenze/espalia2015/homepage/Home.html

Name: Physics and Mathematics of Nonlinear Phenomena

Date: June 20–27, 2015
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Location: Gallipoli, close to Lecce, South of Italy

Visit: http://conference.unisalento.it/ocs/index.php/pmnp/pmnp2015

Name: 3rd International Conference on “Graph Modelling in Engineering”

Date: June 22–24, 2015

Location: University of Bielsko-Biala, Bielsko-Biala, Poland

Contact details: E-mail: szawislak@ath.bielsko.pl; E-mail: gm2015@ath.eu

Name: International conference “Dynamical Systems and Their Applications”

Date: June 22–26, 2015

Location: Institute of Mathematics of National Academy of Sciences of Ukraine, Kiyv, Ukraine

Visit: http://cds2015.imath.kiev.ua/

Name: 7th National Dyscalculia & MLD Conference

Date: June 25, 2015

Location: The Cumberland Hotel, London

Visit: http://www.dyscalculia-maths-difficulties.org.uk/

Name: The Eighth Congress of Romanian Mathematicians

Date: June 26–July 1, 2015

Location: University A.I. Cuza, Iasi, Romania

Visit: http://www.imar.ro/congmatro8/conf.php

Name: CNRS-PAN Mathematics Summer Institute in Krakow

Date: June 28–July 4, 2015

Location: Krakow, Poland

Visit: http://www.impan.pl/∼peszat/workshop5.html

Name: 9th Annual International Conference on Mathematics & Statistics: Education & Applications

Date: June 29–July 2, 2015

Location: Athens, Greece

Visit: http://www.atiner.gr/edumatsta.htm

Name: Geometry and Symmetry

Date: June 29–July 3, 2015

Location: University of Pannonia, Veszprém, Hungary

Visit: http://geosym.mik.uni-pannon.hu/

Name: The Fifth International Mathematical Conference on Quasigroups and Loops – LOOPS 2015

Date: June 28–July 4, 2015

Location: Faculty of Computer Science and Engineering, UKIM University, Congress Center, Ohrid, R. Macedonia

Visit: http://loops.finki.ukim.mk./

Name: Summer Graduate School – Mathematical Topics in Systems Biology

Date: June 29–July 10, 2015

Location: Mathematical Sciences Research Institute, Berkeley, California, USA

Visit: http://www.msri.org/summer−schools/752

The Mathematics Newsletter may be download from the RMS website at
www.ramanujanmathsociety.org
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