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Stefan Banach (1892–1945)
R. Anantharaman

SUNY/College, Old Westbury, NY 11568
E-mail: rajan−a2000@yahoo.com

To the memory of Jong P. Lee

Abstract. Stefan Banach ranks quite high among the founders and developers of Functional Analysis. We give a brief summary

of his life, work and methods.

Introduction

Stefan Banach and his school in Poland were (among) the

major initiators and developer of Banach Space Theory,

especially Geometric Functional Analysis. We give a short

description of this remarkable mathematician of the first half of

the 20th century. He is a sort of “mathematical hero” to many,

among whom this author counts himself a humble member.

We cover only a few aspects of Banach’s Life as in the list

below:

§1. Youth. His talent discovered by Hugo Steinhaus.

§2. Thesis and the Théorie des Operations Lineaires. The three

main Theorems of Banach.

§3. Professor of mathematics at Lwow; teaching style.

§4. Working with colleagues and students; Scottish Problem

book-the intensity of research.

§5. Word war II life under the Nazis; Death; Basis Problem.

§6. Conclusion, Hugo Steinhaus’ Banach Matchstick

problem.

The main sources for this paper are those by Ulam [U1],

[U2] and [K-K]; we have also used the MacTutor [M] at the

university of St. Andrews, Scotland. The author is grateful to

Prof. Som Naimpally for supplying the web link [M]; this has

more details (especially Banach’s childhood) than what we

give here.

§§§1. Youth

It is only fair to say that Stefan Banach’s childhood and youth

were not ordinary. His mother left soon after he was bap-

tized [M]. He was brought up first by his grandmother, then

by a kind lady in the city of Krakow; he learnt French there

[M]. He attended primary school and then the Gymnasium

(equivalent of middle/high school) there. Even as a student

Stefan revealed his talent in mathematics. He passed the high

school in 1910 but not with high honors [M]. He went then to

the city of Lwow and was enrolled in the Engineering dept;

he graduated in 1914. (From hearsay) he supported himself by

private tutoring. He returned to Krakow and earned money by

teaching in High Schools.

Discovered by Steinhaus

We come now to a more interesting part and chance encounter

that changed the life of our hero. Hugo Steinhaus had been (in

1916) appointed [M] to the university in the town of Lwow;

however, he was then in Krakow. The professor was taking

his regular walk one evening in the park when he saw ([G],

[M]) two (shabbily dressed) young men seated on a bench.

They were discussing the Lebesgue Integral (!) which was

rather new. As the good professor was surprised greatly he

talked to them [M]. One of them was Otto Nikodym and

the other Stefan Banach who (from hearsay) was working

in a steel mill. Steinhaus asked them to come to the Uni-

versity at Lwow. Banach worked on problems, solved them

and published papers, including one authored jointly with

Steinhaus [M]. He submitted a thesis to the University; it made

an exception to the rules so as to allow him to submit a thesis

(1922) with “no proper university training” [M]. As an aside

another self-taught mathematician was also lucky. Ramanujan

was discovered by Hardy in England; E. Galois had no luck

when alive.

§§§2. Thesis and Théorie des Operations Lineaires

Stefan Banach’s thesis at the Univ. of Lwow was in (what we

now call) Banach Spaces. He himself called them “B-spaces”
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in [B]. Let us recall that a vector space E over the reals with a

(compation) norm ‖ · ‖ is called a normed (vector) space. It is

called a Banach space if cauchy sequences converge in this

norm (to an element ofE), i.e. (E, this must be the notation of

norm) is a complete metric space. But a Banach space is much

more than just a complete metric space.

The “three basic principles of Linear Analysis” are ([Du-S]):

(i) Banach-Steinhaus Theorem (also called Uniform bound-

edness principle)

(ii) Open Mapping Theorem & the Closed Graph Theorem

(iii) Hahn-Banach extension theorem.

Completeness is crucial to (i) and (ii) but not to (iii) [Ru1].

The result (i) is in Banach’s Thesis or soon thereafter. The

result (iii) was independently discovered by Hans Hahn in

Germany. All of these were proved in the 1930’s or even

before.

The monograph “Theorie des Operations Lineaires” [B] is

dedicated to Banach’s wife Lucille Banach. This work is the

first in Geometric Functional Analysis. In it, Banach develops

the general theory of Banach Spaces, and examines the under-

lying geometric structure of these classical spaces (among

others):

I think this ([0, 1]) should be along with C0. Of course not

all results in [B] are due to Stefan Banach but “his contributions

are many and deep” ([Du-S], ch 2). Already in 1905 F. Riesz

had identified the dual space ofC[0, 1] as the space of all finite,

regular measure on Borel subsets of [0, 1].

§§§3. Prof. of Math at Lwow: Teaching

Stefan Banach was Professor of math at the University of

Lwow from the early 1920’s. According to Ulam [U], Banach’s

lectures were not always well prepared, but it was a pleasure

to see him get out of a difficulty (in math.) Apparently, Banach

was good in “thinking on his feet”.

As for his writing style it was fluent and free-flowing (as

in [B]) i.e., not excessively formal, as in modern works. For

a masterly presentation by Banach, we refer to an appendix

in the classic gem [S] by S. Saks; we find Haar’s measure for

compact metric groups exposed there.

With H. Steinhaus, Banach started the journal, Studia

Mathematica devoted to works in Functional Analysis. It is

alive and kicking today.

§§§4. Working with Colleagues & Students.
Scottish Book ([U], [K-K])

Stefan Banach’s method to do research was to join colleagues

and students in evenings at local cafés: (Scottish Café & Rome

Café).

At first the participants used the table top to write (math).

Later at night the waiter would erase these writings. But

Banach’s wife, Lucille put an end to this wastefulness [K-K].

She gave the waiter a cloth bound note book. Any mathe-

matician could write problems in it. Usually a prize for solu-

tion was also record like a bottle of wine, or a goose [K-K].

The waiter would ceremoniously bring the note book out (for

problem-writing). This note book came to be known as the

Scottish Problem book ([U], [K-K]).

Going out of historical order let us record a curious fact

[U] about this note book. In the 1930 Ulam was staying

in USA and (naturally) visited Poland some times. On one

such visit he and his friend and colleague there, S. Mazur

thought there may be danger to the note book. They decided

that if the need arose, the Scottish Book was to be buried

at a certain corner known only to them, in the local football

field [U].

Returning to Banach and his school: he evidently enjoyed

talking to friends and students – not just math. They talked

also of the changing face of Germany [U] and the emergence

of Nazis. It seems to this author that they did not forsee the

seriousness of the situation in future for Poland.

Intensity of research

Again, returning to the meetings at the Café: According to

Ulam [U] these sittings sometimes went late into the night.

The next morning Banach would appear with slips of paper

containing solutions, or ideas on how to solve them. If the

proofs were not quite complete or even quite correct, Banach’s

(“pet”) student Stanislaw Mazur would fix them [U]. The

other student was W. Orlicz. Ulam [U] recalls one ses-

sion at the café that lasted non-stop for 17 hours (!) with

breaks only for bathing and eating. From hearsay, it seems

that the result is the following classic, the Banach–Mazur

Theorem:

Every separable Banach space is isometric to a (closed)

subspace of C[0, 1]; it is also a quotient of the space l1.
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Banach’s genius was much more creative than just

logical. Very few proofs of his results were incorrect, and

were fixed by others later. As an example we mention a

property of Banach spaces E called now “Banach–Saks

Property” ([D]).

This property means: Every sequence that converges weakly

to zero admits a subsequence that converges Cesaro, or (C, 1)

in norm, i.e., the sequence formed by arithmetic means of

the subsequence converges in norm to zero. Of course not

every infinite dimensional space has this property [I]. In 1930,

Banach & Saks proved that the spaces Lp[0, 1] have this

property for 1 < p < ∞ ([D]) and claimed that it is

false for p = 1. However, later in the 1960’s Szlenk (see

[D]) proved that the space L1 also has the Banach–Saks

property.

Let us finish this section with an example of Banach’s

humor: Once he said to Ulam [U], “I know where I won’t be” –

his way of saying that he did not intend to attend a dull meeting.

§§§5. WWII, Life Under the Nazis, Death.
Basis Problem

Hitler’s Nazi armies occupied Poland in 1939 and WWII

broke out. The cruelties of Nazis to Jewis people are now

well-known; Jewish citizens were sent to concentration camps

to be murdered there. Some of these were mathematicians

from Poland. Stanislaw Saks died in a concentration camp

(see Introduction to 2nd edition of [S-Z] by A. Zygmund),

so also Julius Schauder [U] who we will meet later in

this section. Another was Felix Hausdorff (founder of Topo-

logy, Fractals = Hausdorff dimension). He (German Jew) and

his wife committed suicide [M] after learning that they were

to be sent to a concentration camp. A list, or better a memorial

of Polish mathematicians who died in the second world war

or due to Nazi terrorism, is found in a special issue of Studia

Mathematica in the 1960’s.

As Banach was not Jewish his life was spared by the Nazis;

his job was not. He barely lived, managed to survive the war

years [U2] and witnessed the defeat of Germans by the Allies.

According to Ulam [U2] who reported his death in 1945,

Banach used to smoke (cigarettes) heavily. He probably died

due to lung cancer. But Stefan Banach lives in Functional

Analysis.

Schauder basis problem ([B], 1932); its solution ([E], 1972):

Let us recall from Linear Algebra that a (finite) set of vectors

is a (Hamel) basis for a vector space E over reals if this

(set) is linearly independent and spans E. The concept of

Schauder basis [B], [L-T] generalizes this to (infinite dimen-

sional) real Banach spaces E: (i) the closed linear span (of

this basis) is all of E and (ii) every element of E has a unique

series expansion in terms of this (ordered) basis and with real

coefficients.

The first thing to notice is that condition (i) forces E to be

separable (i.e., has a countable norm-dense set). All the spaces

mentioned at the end of §2 have Schauder bases (except l∞ –

this one is not even separable). The sequence spaces have the

sequence of coordinate vectors as a basis. The fact that the

function spaces in §2 also admit a basis is not this easy to

see. A basis for C[0, 1] was already constructed by Schauder

([Du-S], [L-T]), who also proved that the Haar system of func-

tions [L-T] is a basis in Lp for 1 ≤ p <∞.

Let us only remark that the “obvious” answers will not do

in C[0, 1]; for ex. the powers {xn : n ≥ 0}. This is clear

from part (ii) of the definition given above: (does every f

in C[0, 1] admit a uniformly convergent power series expan-

sion?). The other “obvious” candidate for basis in C[0, 1] is

the Trigonometric system of functions (constant 1, and the

sequence cos 2nπt, sin 2nπt) the failure is classical: There

are functions f in C[0, 1] with norm-divergent Fourier series

expansions [Ru2].

Every known separable Banach space in [B] (and much

later) had a Schauder Basis. This prompted the question in [B]

(1933) due to Banach:

Must every separable Banach space admit a Schauder

basis?

The surprising answer is No and it was found by Per Enflo

in 1972 ([E], [L-T]). He gave an example of a closed sub-

space of C0 that fails to have any sort of Schauder bases.

Soon thereafter, other authors have given similar counter

examples [L-T] in the spaces lp (p �= 2), see also [DFS].

As these examples are counter-intuitive they are not easy to

prove.

§§§6. Conclusion. Banach Matchstick Problem

Stefan Banach was a problem solver par excellence. Let us

therefore end with a problem due to Hugo Steinhaus (that
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he gave) at the Stefan Banach memorial conference held in

Poland. It is in the “immortal” Feller [F]:

A certain mathematician (who?) always has 2 match boxes,

one in each pocket of his coat (or jacket) when he needs a

match (why?) he puts his hand at random into either (i.e.,

left or right) pocket. Initially each match box contained N

matches. Now consider the moment when our mathematician

finds the box in one of the pockets to be empty. What is the

probability that the match box in other pocket has k matches

(with 0 ≤ k ≤ N )?
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some long. We recall that syllables are irreducible units of

speech, some being short like ka and some being long like

kaa. We define the length of a metre as the number of its

constituent syllables. We shall abbreviate a short syllable by l

and a long syllable by g. For example, the length of a metre gll

is 3.

Pingala gives a method of enumeration, which is called

prastara, of metres of a given length n (which indeed are 2n

in number), using a recursive procedure.
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For example, the prastara of metres of length 1 is g, l

(which are displayed as an array with two rows). According

to Pingala, the prastara of metres of length 2 is obtained from

the above by adding a g to the right of the prastara above,

and then an l to this prastara, so that we get gg, lg, gl, ll

(which are displayed as an array with four rows). The prastara

of metres of length 3 is the array comprising the eight rows

ggg, lgg, glg, llg, ggl, lgl, gll, lll which is obtained from the

prastara of metres of length 2 above by adding first a g and

then an l to the right. The above recursive procedure is then

continued.

In this remarkable manner, Pingala’s method leads one to

a construction of the binary expansion of integers, by setting

g = 0 and l = 1 in the successive rows of the prastara, the

ith row of the prastara of length n being a mnemonic for the

binary expansion of i − 1. For example, the 5th row ggl in

the prastara of the metres of length 3 stands for the binary

expansion 0.1+0.2+1.22 of 4. The last row, i.e., the 2nth row,

of the prastara of metres of length n is ll, . . . , l which yields

the formula

1+ 2+ · · · + 2n−1 = 2n − 1.

With the advent of Prakrit and Apabhramsa poetry, came

the idea of extending the above theory to matra metres where

the value of a long syllable g is assumed to be 2 and that of

a short syllable l is assumed to be 1, the value of the metre

being defined to be the sum of the values of its constituent

syllables. The construction of the prastara of metres of value

n is achieved as above by a recursive procedure which is more

subtle. The prastara of metres of value 1 is l; that with value 2

is g, ll; the prastara of metres of value 3 is obtained from these

two by adding a g to the right of the prastara of metres of

value 1 to get lg, and an l to the right of the prastara of metres

of value 2 to get gl, lll; thus the prastara of metres of value 3

is lg, gl, lll. Similarly, we can write down the prastaras of

metres of value n, using the prastaras of metres of value n− 1

and n − 2. If sn is the number of elements in the prastara of

metres of length n, we have s1 = 1, s2 = 2, and for n ≥ 3,

sn = sn−1 + sn−2. This relation was noticed by Virahanka

(c.600 CE).

The study of matra metres thus led the ancient Indian mathe-

maticians to the sequence sn = 1, 2, 3, 5, 8, . . . , (what is

generally known as the Fibonacci sequence, though discovered

centuries before Fibonacci). As in the case of binary expan-

sions, we obtain now unique expansions for natural numbers

in terms of the Fibonacci numbers.

Combinatorics evolved in time not merely to apply to

Sanskrit prosody but to many other problems of enumeration:

in medicine by Sushruta, perfumery by Varahamihira, music

by Sarngadeva (which shall be briefly discussed below), and

so on.

Sarngadeva (c.1225 CE), who lived in Devagiri in

Maharashtra, under the patronage of King Singhana, wrote

his magnum opus Sangitaratnakara, a comprehensive treatise

on music which gives in its first chapter a prastara enumerat-

ing all the 7! = 7×6×5×4×3×2×1 = 5040 permutations

of the swaras S,R,G,M,P,D,N . The prastara of a single

swara is S, that of two swaras S,R, is SR,RS; the prastara of

three swaras, S,R,G is

SRG,RSG, SGR,GSR,RGS,GRS.

More generally, the prastara of all the seven swaras, starts with

the swaras in the natural order SRGMPDN and ends in the

last or the 5040th row with the swaras in the reverse order,

NDPMGRS, and the intermediate rows are constructed by a

rule formulated by Sarngadeva.

It is indeed a remarkable fact that if we start more generally

with n elements a1, a2, . . . , an and arrange their permutations

in a prastara following Sarngadeva’s rule, the ith row of the

prastara is a mnemonic for a unique expansion of i, 1 ≤ i ≤ n!,

as a sum of factorials,

i = 1× 0!+ c1 × 1!+ c2 × 2!+ · · · + cn−1 × (n− 1)!,

(with the convention 0! = 1), where the coefficient cj of j !,

is an integer lying between 0 and j . In particular, we have the

beautiful formula

n! = 1× 0!+ 1× 1!+ 2× 2!+ · · · + (n− 1)× (n− 1)!,

implicit in the work of Sarngadeva.

Indian combinatorics continued to flourish till the 14th

century, when the celebrated mathematician Narayana Pandita

wrote his comprehensive Ganitakaumudi (“Moonlight of

Mathematics”) in 1356 CE, placing the earlier work on combi-

natorics in a general mathematical context. He has in this great

work a chapter on magic squares entitled Bhadraganita, where

among other things, he constructs a class of 384 pan-diagonal

4× 4 magic squares with entries 1, 2, 3, . . . , 16.
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We recall that in a magic square, the numbers in the rows,

columns and diagonals sum to the same magic total. In a

pan-diagonal magic square, the broken diagonals also yield

the same magic total. Succinctly put, pan-diagonal magic

squares have the remarkable property that they can be con-

sidered as a magic squares “on the torus”. It is of interest

to note that Rosser and Walker proved in 1936 (the proof

was simplified by Vijayaraghavan in 1941) that there are

only 384 pan-diagonal 4 × 4 magic squares with entries

1, 2, . . . , 16.

Curiously enough, Ramanujan, in his notebooks

of probably his earliest school days, has the magic

square

Kerala School of Astronomy and Mathematics
M. D. Srinivas

Centre for Policy Studies, Chennai
E-mail: mdsrinivas50@gmail.com

In the first quarter of the nineteenth century, Benjamin Heyne

and Charles Whish, officers serving under the East India

Company, came across traditional practitioners of Indian

astronomy who seemed to be conversant with several infinite

series for the ratio of the circumference to the diameter of

a circle (denoted by the Greek symbol π in modern mathe-

matics) and for the trigonometric functions sine and cosine.

Such series were generally believed to have been discovered

first in Europe by Gregory, Newton and Leibniz in the second

half of the 17th century.

Heyne’s observations were recorded in the work

Kalasankalita published in 1825 CE by John Warren of the

Madras Observatory. Charles Whish read a paper before the

Madras Literary Society in 1832, which was subsequently

published in the Transactions of the Royal Asiatic Society,

where he referred to four important works of the Kerala

School, Tantrasangraha, Yuktibhasha, Karanapaddhati and

Sadratnamala, which contained these infinite series. Whish

also promised to outline the very interesting proofs of these

results contained in the Malayalam work Yuktibhasha, though

he died soon thereafter before fulfilling the promise.

Whish’s article was widely taken note of in the European

scholarly circles of that period, but the message was soon

forgotten. Most of the scholarly works on Indian astronomy

1 14 11 8
12 7 2 13

6 9 16 3
15 4 5 10

This turns out to be one of the 384 magic squares considered by

Narayana Pandita. (Notice that rows, columns, diagonals and

broken diagonals add to 34. For example, 5+ 3+ 12+ 14 =
12+ 9+ 5+ 8 = 34).

Xenophanes, the founder of the Eleatic School of Philo-

sophy, had the well known dictum – Ex nihilo nihil fit, “Out

of nothing, nothing comes”. One wonders whether after all

Ramanujan was indeed influenced somewhat by the mathe-

matical tradition of his ancestors.

and mathematics, at least till the last quarter of the twentieth

century, continued to maintain that the Creative period in

Indian mathematics ended with Bhaskaracharya II (c.1150 CE)

and that Indian mathematics, bereft of any notion of proof, had

no logical rigour. The monumental work of great scholars such

as Ramavarma Maru Thampuran, C.T. Rajagopal, K.V. Sarma,

and their collaborators in the last sixty years, has largely dis-
pelled such misconceptions and brought about a new per-

spective on the historiography of Indian mathematics in

the medieval era. Recently, critical editions of Yuktibhasha,

Tantrasangraha and Sadratnamala have been published along

with English translation and detailed mathematical notes1.

According to some scholars, the great Aryabhata hailed

from Kerala, though he wrote his treatise Aryabhatiya at

Kusumapura or modern Patna in 499 CE. Kerala is of course

known for many important astronomers such as Haridatta

(c.650–700) the originator of the well-known Parahita system

1Ganita-Yuktibhasha of Jyesthadeva, Critically Edited
and Translated with Explanatory Notes by K.V. Sarma,
K. Ramasubramanian, M.D. Srinivas and M.S. Sriram, Hindustan
Book Agency, New Delhi 2008 (Rep. Springer, New York
2009); Tantrasangraha of Nilakantha Somayaji, Translated with
Explanatory Notes by K. Ramasubramanian and M.S. Sriram,
Springer NewYork 2011; Sadratnamala of Sankaravarman,
Translated with Explanatory Notes by S. Madhavan, KSR Insti-
tute, Chennai 2011.
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(founded at Tirunavay in 683), Govindasvamin (c.800),

Sankaranarayana (c.825–900) and Udayadivakara (c.1073),

but it was Madhava (c.1340–1425) of Sangama Grama (near

present-day Ernakulam) who was the pioneer of a new School.

The later members of the school, starting from Madhava’s

disciple Paramesvara (c.1380–1460), lived mostly around the

river Nila or Bharatapuzha in South Malabar.

After Madhava, the next important member of the school

was Nilakantha Somasutvan (c.1444–1550) of Trikantiyur,

who was the disciple of Damodara, the son of Paramesvara.

Another disciple of Damodara was Jyeshthadeva (c.1500–

1610), the author of the celebrated work Yuktibhasha in

Malayalam. The line of direct disciples of Madhava continued

up to Acyuta Pisarati (c.1550–1621), a student of Jyesthadeva

and the teacher of the great scholar devotee Narayana

Bhattatiri. By the time of Acyuta, Malabar had become a highly

disturbed region – the scene of constant warfare between rival

European powers, the Portuguese and the Dutch. However,

the Kerala School managed to survive well into the nineteenth

century, when Sankaravarman the Raja of Kadattanadu wrote

perhaps the last important work emanating from the School,

Sadratnamala, in 1819 CE.

Only a couple of astronomical works of Madhava – he

is always referred to as Golavid (master of spherics) by his

disciples – have come down to us. These works, Venvaroha and

Sphutachandrapti, do reveal Madhava’s great mathematical

skill in improving the accuracy of the ingenious vakya system

of computation for the Moon. Madhava’s important results on

infinite series are known through his verses cited in the later

works of Nilakantha, Jyesthadeva, Sankara Variar and others.

While enunciating the following infinite series (the so called

Gregory-Leibniz series) for the ratio of the Circumference (C)

to the diameter (D) of a circle,

C/4D = 1− 1/3+ 1/5− 1/7+ · · · ,

Madhava notes that accurate results can be obtained by using

end-correction terms, for which he gives successive approxi-

mations. Thus, according to Madhava, if one gets tired after

summing n terms in the above series, he may use the follow-

ing approximation involving an end-correction term which is

said to be “highly accurate”:

C/4D ≈ 1− 1/3+ 1/5− 1/7+ · · ·
+ (−1)(n−1)[1/(2n− 1)]+ (−1)n[n/(4n2 + 1)]

If we sum fifty terms in the series (n = 50) and use the

above end-correction term, we obtain a value of π = C/D,

accurate to eleven decimal places. A verse of Madhava, giving

the value ofπ to the same accuracy, is cited by Nilakantha in his

commentary on Aryabhatiya. Based on the technique of end-

correction terms, Madhava also presents several transformed

series for π which involve higher powers of the denominator,

such as the following:

C/16D = 1/(15 + 4× 1)− 1/(35 + 4× 3)

+ 1/(55 + 4× 5)− · · ·
Thus, Madhava is not only a pioneer in discovering an exact

infinite series for π , he is also a trail blazer in discovering

rapidly convergent approximations and transformations of the

series. In the same way, Madhava is not satisfied with merely

enunciating the infinite series for the sine and cosine func-

tions (the so called Newtons series), he also comes up with

an algorithm (in terms of the famous mnemonics “vidvan”,

“tunnabala”, etc.) for evaluating these functions accurately

(correct to five decimal places) for an arbitrary argument.

Detailed justifications (called upapatti or yukti in Indian

mathematical tradition) for the results discovered by Madhava

are presented in the famous Malayalam work Yuktibhasha

(c.1530), which is perhaps the “First Textbook on Calculus”.

In demonstrating these infinites series, Yuktibhasha proceeds

systematically by first deriving the binomial expansion

(1+ x)−1 = 1− x + x2 + · · · + (−1)rxr + · · ·
Yuktibhasha then presents a demonstration (by induction)

of the following estimate for the sum of powers of natural

numbers when n is large:

1k + 2k + · · · + nk ≈ nk+1/(k + 1)

The above estimate was rediscovered by various mathe-

maticians in Europe in the 17th century and it played a crucial

role in the development of calculus. While deriving the succes-

sive approximations to the end-correction term, Yuktibhasha

employs a method analogous to approximating a continued

fraction by its successive convergents. Incidentally, we may

remark that, a few centuries later, Srinivasa Ramanujan was

to display great facility in transforming series and continued

fractions to obtain many spectacular results.

Any account of the work of the Kerala School cannot fail

to mention its important achievements in Astronomy. After
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all Madhava’s accurate sine tables, interpolation formulae etc.

were meant for applications in Astronomy. Madhava’s disciple

Paramesvara is reputed to have made careful observations over

a period of fifty-five years and he came up with the Drigganita

system. However, it was Nilakantha who arrived at a major

revision of the traditional planetary theory, which can be chara-

cterised as a landmark in the history of Astronomy.

In the Indian astronomical tradition, at least from the time

of Aryabhata (c.499 CE), the procedure for calculating the

geocentric longitudes of the planets, Mercury, Venus, Mars,

Jupiter and Saturn involved essentially the following steps.

First, the mean longitude was calculated for the desired day

and then two corrections, namely the manda-samskara and

sighra-samskara, were applied to the mean planet to obtain the

true longitude. In the case of the exterior planets, Mars, Jupiter

and Saturn, the manda-correction is equivalent to taking into

account the eccentricity of the planet’s orbit around the Sun and

the manda-correction coincides, to first order in eccentricity,

with the equation of centre currently calculated in astronomy.

This is followed by the sighra-samskara, which (in current

parlance) is equivalent to converting the heliocentric longitude

into the geocentric longitude.

In the case of interior planets, Mercury and Venus, the

traditional planetary model was not successful in captur-

ing their heliocentric motion. The manda-correction was

applied to the mean Sun, instead of the mean heliocentric

planet. But this was an error that was common to all the

ancient planetary models developed in the Greek, Islamic

and European traditions till the time of Kepler. The Indian

planetary models, however, gave a fairly correct procedure for

the calculation of latitudes of the interior planets based on

their notion of sighrocca. This fact that there were two differ-

ent procedures for the computation of planetary latitudes was

noted as an unsatisfactory feature of the traditional planetary

theory by Bhaskaracarya II (c.1150) and many others.

Nilakantha resolved this long-standing problem by propos-

ing a fundamental revision of the traditional planetary theory.

In his treatise Tantrasangraha (c.1500), Nilakantha proposed

that in the case of Mercury and Venus, the manda-correction

or the equation of centre should be applied to what was tradi-

tionally identified as the sighrocca of the planet – which, in

the case of interior planets, corresponds to what we currently

refer to as the mean-heliocentric planet. This led to a more

accurate formulation of the equation of centre and the latitu-

dinal motion of the interior planets than was available either

in the earlier Indian works or in the Greco-European or the

Islamic traditions of astronomy till the work of Kepler, which

was to come more than a hundred years later. (Incidentally, it

may be noted that the celebrated works of Copernicus (c.1543)

or Tycho Brahe (c.1583) did not bring about any improvement

in the planetary theory of interior planets as they merely refor-

mulated the ancient planetary model of Ptolemy for different

frames of reference.) In fact, in so far as the computation of the

planetary longitudes and latitudes is concerned, Nilakantha’s

revised planetary model closely approximates the Keplerian

model, except that Nilakantha conceives of the planets as going

in eccentric orbits around the mean Sun rather than the true

Sun.

Nilakantha was also the first savant in the history of

astronomy to clearly deduce from his computational scheme

and the observed planetary motion (and not from any specula-

tive or cosmological argument) that the interior planets

(Mercury and Venus) go around the Sun and the period of

their motion around Sun is also the period of their latitudinal

motion. He explains in his commentary on the Aryabhatiya

that the Earth is not circumscribed by the orbit of Mercury and

Venus; and the mean period of motion in longitude of these

planets around the Earth is the same as that of the Sun, precisely

because they are being carried around the Earth by the Sun.

In his works, Golasara, Siddhantadarpana, and a short

but remarkable tract Grahasphutanayane Vikshepavasana,

Nilakantha describes the geometrical picture of planetary

motion that follows from his revised planetary theory,

according to which the five planets Mercury, Venus, Mars,

Jupiter and Saturn move in eccentric orbits (inclined to

the ecliptic) around the mean Sun, which in turn goes

around the Earth. (This geometrical picture is the same as

the model of solar system proposed in 1583 CE by Tycho

Brahe, albeit on entirely different considerations.) Most of

the Kerala astronomers who succeeded Nilakantha, such as

Jyeshthadeva, Acyuta Pisarati, Putumana Somayaji, etc. seem

to have adopted his revised planetary model.

Ever since the seminal work of Needham, who showed that

till around the sixteenth century Chinese science and techno-

logy seem to have been more advanced than their counterparts

in Europe, it has become fashionable for historians of science

to wonder “Why modern science did not emerge in non-

western societies?” In the work of the Kerala School, we notice
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clear anticipations of some of the fundamental discoveries

which are associated with the emergence of modern science,

such as the mathematics of infinite series and the development

of new geometrical models of planetary motion. It seems there-

fore more appropriate to investigate “Why modern science

ceased to flourish in India after the 16th Century?” It may also

Interview with Srinivasa Varadhan
R. Sujatha

Srinivasa Varadhan*

Srinivasa Varadhan, known also as Raghu to friends, was born

in Chennai (previously Madras) in 1940. He completed his

PhD in 1963 in the Indian Statistical Institute (ISI), Calcutta,

and has been in Courant Institute of Mathematical Sciences

since 1963. An internationally renowned probabilist, he was

awarded the Abel Prize in 2007 and was honoured with the

National Medal of Science by President Obama in 2010.

Sujatha Ramdorai followed up an e-interview with a free

wheeling conversation in Chennai on January 10, 2012, where

he spoke on subjects ranging from his career and mathematics

to science education and mathematical talent in Asia.

Sujatha Ramdorai: Congratulations on being awarded the

National Medal of Science. I know that this comes after various

*We would like to gratefully acknowledge the Asia Pacific
Mathematics Newsletter and R. Sujatha for permission to reprint
the article for the RMS Newsletter.

be worthwhile to speculate “What would have been the nature

of modern science (and the modern world) had sciences contin-

ued to flourish in non-western societies?” In this way we could

gain some valuable insights regarding the sources and the

nature of creativity of geniuses such as Srinivasa Ramanujan,

Jagadish Chandra Bose and others in modern India.

other honours, including of course, the Abel Prize, so there

might be an element of having got used to such events. Still,

what were your feelings when you heard the news and when

you actually received the medal from President Obama?

Srinivasa Varadhan: It is always gratifying to be recognised

for something that one has done. I was happy for myself as well

as for my family, especially for my seven-year-old grandson,

Gavin, who was thrilled to attend the function and meet Pres-

ident Obama. It was a graceful affair and the agencies of the

government that ran it did a wonderful job.

SR: The article that appeared in a leading Indian news

magazine, Frontline, after you won the Abel Prize, gene-

rated a lot of interest in India (http://frontlineonnet.

com/fl2407/stories/20070420001909700. htm). I would like

to dwell in detail on some aspects mentioned there . . . . For

instance, the article talks about your father and his other student

V S Varadarajan . . . . Can you tell us a little more about your

childhood, the environment at home, your schooling, etc.

SV: Varadarajan’s father and my father knew each other pro-

fessionally as they were both in the field of education, but

V S Varadarajan was never a student of my father. We grew

up in different towns. My father was a science teacher and

became a headmaster at some point. He was in the district

school system and was transferred periodically to different

towns within Chingleput district, which surrounds the city of

Chennai. I was the only child and grew up without the com-

pany of any siblings. But we had a close extended family and

always visited or were visited by many cousins from both sides

during vacation time. I am still close to my cousins and keep

in touch with them. My schooling was always following my

father around. These small towns had only one school and my

Mathematics Newsletter -121- Vol. 21 #4, March 2012 & Vol. 22 #1, June 2012



father was the headmaster. I had no choice but to go to that

school. Being connected had some privileges but also some

pitfalls. Any mischief in class was quickly reported! I was a

good student in mathematics. But I did not like memorising

facts, a skill that was needed in other subjects like history or

biology. I did very well in mathematics but was only reason-

ably good in other subjects.

SR: And your college years, and your entry into Indian Sta-

tistical Institute (ISI)? The ISI is now getting special attention

and funds from the Indian government in recent years and has

been declared an institution of national importance. What was

it like to be at ISI in the early 1960s?

SV: In those times, we had two years of “intermediate” before

becoming an undergraduate. It used to be (11 + 2 + 2) for a

degree and (11+ 2+ 3) for an honours degree that automati-

cally gave you a MA degree instead of a BA. After 11 years

of school, in 1954, I had to go and stay with my uncle in

Tambaram, since there were no colleges near Ponneri, about

20 miles north of Chennai, where my father was the head-

master of the high school. Just when I finished my “interme-

diate”, my father retired from this position in 1956. He then

moved to Tambaram, where his brother, whom I had stayed

with, had a home. My father built a house and settled down

there. He worked as the headmaster for three more years at a

local high school in Tambaram before retiring in 1959. I did

very well in mathematics, physics and chemistry but performed

only above average in languages. I had taken Tamil as my lan-

guage and it was a high level programme involving classical

literature. Whereas students taking French or Sanskrit started

at a low level and could easily get a high score in the exami-

nations. Since these scores were used to determine admission

in the undergraduate or honours degree programme, these stu-

dents had an advantage over those who took other (vernacu-

lar Indian) languages like Tamil, Telugu, or Hindi. I wanted

to do an honours programme that consisted of a small class

of 10–15 students and got special attention from the depart-

ments. I tried to get admitted to physics, chemistry and statis-

tics programmes that were offered at three different colleges in

Chennai. Competition for admission was tough, I was admit-

ted into the statistics programme, but was denied admission to

chemistry. I took statistics before the physics situation was still

up in the air. Once you accepted one programme, your applica-

tion to other programmes would not be considered seriously.

I really enjoyed my three years at Presidency college. I com-

muted from home for one year and joined the hostel for the

last two years. Our class had 13 students. We were a very close

knit group and stayed together for every class for three years.

11 of us are still living and we still keep in touch and meet

each other when we get a chance.

I did very well in the honours programme. There was only

a year of English and no other language requirements. We

studied only mathematics and statistics. It all came very easily.

I could just take the examinations with no special preparation

and did not have to work very hard. After completing my hon-

ours programme, my family wanted me to compete for the

Indian Administrative Service (IAS). I was more interested in

studying statistics and working in an industry. In fact, I was too

young to sit for the IAS exam and so I convinced my parents

I would try to do research for a couple of years and would sit

for the IAS when I became eligible. So I took the exam for ISI

and was taken as a research scholar.

My initial choice was to do industrial statistics, so I was put

in touch with a faculty member who did that. I struggled for a

few months. It did not appeal to me as something I wanted to do

for the rest of my life. It was then that I met Parthasarathy and

Ranga Rao (although I met V.S. Varadarajan as well but he left

for the USA within a few months) and that changed my life.

I started learning some modern mathematics. My training so

far had been mainly in classical analysis. We started working

on a couple of problems on subjects we thought would be

interesting and went ahead. Those were exciting times.

ISI was run like a family enterprise. Mahalanobis was the

titular head. But the rumour was that it was Rani (his wife) who

really ran it! Dr. Rao was the head of the scientific staff. He

would have to listen to Professor (as Mahalanobis was referred

to), but would not always opt to follow it. We were protected by

Dr. Rao from the Professor who could sometimes act in strange

ways and was not too fond of abstract Mathematics. But we

were left free to work on what we wanted. Dr. Rao would listen

to what we were doing, and encourage us. We felt very well-

supported by the Institution. However, one big disadvantage

was Calcutta, especially Baranagar, where ISI was located, was

an area that was totally inaccessible from other attractive parts

of the city. It was congested, dirty and chaotic. We, especially

those from the south (of India), could not think of raising a

family there. Later, the Institute built apartments for the faculty

members. But it could not ease the sense of isolation.
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One serious problem with ISI then, perhaps even now, is the

large number of support staff compared to faculty and research

staff. As part of the Marxist ethos, everybody is a worker. The

workers are unionised and there have been too many confronta-

tions. But scientifically, it was very interesting with a constant

stream of distinguished visitors who would come and spend a

few weeks. There were lectures by visitors as well as ample

opportunities for young scholars to meet them informally

during tea sessions that took place twice a day, at 11.30 am

and 3.30 pm respectively. The senior faculty was always

around.

The Institute also had J.B.S. Haldane, who was literally a

towering figure with a cigar in his mouth. He was always at

the tea sessions and had interesting things to say about almost

everything.

SR: This four year programme is being reintroduced in some

selected institutions in India, and there are mixed feelings . . . .

SV: Even in those times, the honours programme was selective

and tightly regulated, in the sense that only a few selected insti-

tutions were granted permission to start these programmes.

SR: You got your PhD degree at a relatively young age

(23 years old). Kolmogorov was one of your thesis examiners

and wrote a glowing report . . . .

SV: He visited the Institute in 1962 for about six weeks. He

spent three weeks in Calcutta and then we travelled with him

from Calcutta to Bhubaneshwar, Waltair, Chennai, Bangalore,

and Cochin where he took a ship back to Russia. He was one

of the three examiners for my thesis. I gave a talk on my

thesis when he was in Calcutta. I talked for too long. The

audience became restless and some left immediately before

Kolmogorov, who stood up to comment, could speak. He threw

down the chalk and marched out angrily. My immediate reac-

tion was “there goes my PhD”. A group of us followed him to

his room and I apologised profusely for talking too long. His

response was “I am used to long seminars in Moscow. But when

Kolomogorov wants to speak, people should listen.” Anyway

he took my thesis and went home. There was no response for

several months. Then K R Parthasarathy went to Moscow and

he was given the responsibility of nudging him, which he did.

A report came some time later, in time for me to graduate

in 1963. Although it was confidential and written in Russian,

there was an English translation and I got to see it. He had said

some nice things and ended with something like how I was

someone “towards whose future the country can look forward

with pride and hope”.

SR: Can you reminisce a little about the mathematical scene in

the country at that period? There was ISI and of course, there

was Tata Institute of Fundamental Research (TIFR). People in

these institutions were doing tremendous work that made the

world sit up and take notice of mathematics research emerging

from India.

SV: Those days there was only one Indian Institute of Techno-

logy (IIT). The best minds went to pure sciences and mathe-

matics. There was no computer science, not much to speak

of. The honours programme to which only the best of the two

year “intermediate” students were admitted was a magnet that

attracted the very best. They were small classes and the pro-

grammes with a major and often a minor offered with limited

number of seats in selected colleges produced a good group

of graduates. Many went into IAS and other government ser-

vices and many went into research, at ISI and TIFR as well as

a few other places. The attraction of IITs and the abolition of

the honours programme destroyed this source.

Srinivasa Varadhan and R Sujatha

SR: Today, mathematics is establishing connections with

a variety of subjects ranging from physics to economics;

how do you think mathematics education should reflect this

trend?

SV: In general, I feel that it is not a good idea to give students

a time table; be told what they should do . . . . For example,

majoring in physics; it should involve a few core courses and a
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wider choice of auxiliary courses that should include areas in

which one is not majoring; a broad perspective is needed for

a human being. An economic major or history major knowing

how the human body works is not a bad idea . . . .

SR: The Abel Prize citation notes that “Art of large deviations

is to calculate the probability of rare events . . .”. When did

you actually start working on this theory that you and others

have now built up as an edifice of depth, awe and great beauty

in mathematics?

SV: To me, beauty in mathematics comes from unification and

simplicity. When a simple underlying idea can explain many

complex things, it is almost like watching a magic show. When

Cramer started on large deviations, he wanted to derive pre-

cise estimates on the probability of some rare events for use

in the insurance industry. He showed us how to do it. Then

Donsker had an idea of how some function space integrals can

be estimated through what we would now call large deviation

ideas. But it was slowly dawning on me that entropy controlled

all large deviations. Almost all large deviations are shadows

of “entropy”, and although the shadow may not immediately

reveal what is behind it, we can now perceive it. I started work-

ing on problems in the area from 1963 when I came to Courant.

I rediscovered in my own terms what people had done before,

and ideas have come from statistics, thermodynamics, con-

vex analysis, combinatorics as well as coding and information

theory. It took me several years before I could fully under-

stand the beautiful structure behind it all and the role played

by entropy in creating it!

SR: This brings me back to the earlier comment on connec-

tions. Can you talk a little on how you came to recognise all

these ideas as being linked to entropy? Was the ISI background

helpful in this? Or did you embark on a whole new journey of

discovery in Courant?

SV: I had learnt a little bit of information theory in ISI thanks

to K.R. Parthasarathy, whose thesis was on this. When you do

Cramer’s theorem, entropy is hidden, you do not see it. But

when you do Sanov’s theorem, you see it; it is not very differ-

ent from Cramer’s theorem and entropy is much more evident

there. You work on a special case, and do some more exam-

ples, then do the general case; and you see a pattern emerging.

It is also partly because of how I came to do these problems.

The way I came about it was thinking about specific ques-

tions, trying to understand how large deviation methods could

be applied, and then seeing the larger picture and the under-

lying unity . . . . I did not do things the other way round; that

is reading all about large deviations and applying them. I am

not a good reader; I like to work on problems and to learn and

develop the theory as I go along.

SR: Were there any clear tipping points or turning points in

your research career? Any “eureka” moments?

SV: Every problem has a “eureka” moment. A problem you

can solve right away is not fun. It must be a tough nut to crack.

Like putting a big puzzle together. You have a vague idea of

how to solve it and face many hurdles. Finally after a long

time and many attempts, the last one is overcome. That is a

“eureka” moment. It has happened many times.

SR: Probability is now a branch of mathematics that strad-

dles different areas within and outside of mathematics. It

has enormous applications, yet is recognised within the pure

mathematical firmament . . . . Would you like to share your

views on this and talk a little about its evolution in broad

terms?

SV: After Kolmogorov axiomatised probability in the 1930s, it

is now viewed as a branch of analysis. But it brings to analysis

and to mathematics, a point of view and intuition that comes

from the use of randomness in many other different areas like

statistics, computer science, physics, etc. As more and more of

these connections are revealed the importance of probability

within mathematics has grown. These are links that have made

it more central.

SR: What are your views on the perceived dichotomy between

pure and applied mathematics?

SV: I would like to argue that there is no such thing as pure or

applied mathematics. There is just mathematics. Would you

call algebra or number theory pure or applied?

SR: I was raised in a culture to believe they are “pure”.

SV: But they are being applied today in so many different areas.

SR: (Laughing) True! But pure mathematicians rarely under-

stand how or even think it is worth their while to do so.
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SV: That is a pity! You don’t have to go into details but it would

be good to try and get a vague idea.

SR: Of course, probability also got into the public lexicon due

to its connections to mathematical finance and the recession.

What are your views on this?

SV: Probability is a mathematical tool. You can compute prob-

abilities from a model. The answers you get are only as good

as the model. The financial meltdown is probably more likely

due to greed and incorrect modelling.

SR: Another phrase that is part of this lexicon is the “Black

Swan” phenomenon. How would you view it from the prism of

the theory of large deviations?

SV: I have not read the book. Rare events do occur every day.

Someone always wins a lottery!

SR: You have been in the Courant Institute since 1963. How

would you compare the research environment there at that time

to your prior experience in India? Were there times when you

thought about returning to India or building stronger links with

institutions in India?

SV: In 1963, Courant Institute was the Mecca of PDE and

applied mathematics. Many people in these areas passed

through Courant every year for a few days. We had Kurt

Friedrichs, Fritz John, James Stoker, Peter Lax, Louis

Nirenberg, Jurgen Moser, Joseph Keller and Monroe Donsker

all under one roof. There were 50 visitors on any given day,

with about 30 visiting for the whole year. There were half a

dozen seminars on any given day. I had not seen such an active

place before and it was a shock. It was also a bit intimidat-

ing and I was not totally confident that I would succeed in this

research career. The idea of going back was initially there. My

original plan was to return after three years, but I married Vasu

after one year and had to wait for four years for her to get

her degree from NYU, and then we had our first son. By this

time, I had been here for six years and was an associate pro-

fessor. Going back to India, particularly to Calcutta, was not

that attractive. Ranga Rao, Varadarajan and Parthasarathy had

left. NYU and Courant seemed much more convenient.

Sometimes I do wonder what would have happened if I had

gone back. I had always profited by interacting with others in

different areas, often looking at the same thing with different

perspectives. Would that have continued in India? I am not

sure.

SR: I would like to turn now to your recent connections

to India. In the last decade, you have been closely asso-

ciated with Chennai Mathematical Institute (CMI) and in

recent years with the Infosys Foundation. Please tell us about

this.

SV: Even though I have settled down in the US, I have strong

family ties to Chennai. While my parents were alive, I would

visit India every few months. I had kept in touch with the Insti-

tute of Mathematical Sciences (Matscience, Chennai), even

before Seshadri came there (in the early 1980s). Then South-

ern Petroleum Industries Corporation (SPIC; which funded a

mathematics research Institute in Chennai) was started and

then evolved into CMI. As for Infosys, it is a great idea to

award significant prizes in different areas of science every year.

It is good that it is done by a private foundation rather that the

government. When the Infosys foundation asked for my help

in the selection process in the mathematics category, I was

happy to do it.

SR: What are your views on the state of higher education and

research in India? A SWOT analysis.

SV: We do a great job training professionals, especially doctors

and engineers. We do not do such a good job in mathematics

and perhaps in some other sciences as well. The universities

for the most part, leave undergraduate teaching to affiliated

colleges where the quality is uneven.

Science education suffers due to lack of quality facul-

ties. The best brains are drawn into IIT medical schools and

Indian Institute of Management (IIM) which lead to financially

rewarding careers. In mathematics, a country like ours needs

to produce good PhDs, be aware of the current ongoing work

in large numbers like a few hundreds. We are nowhere near it

now. We do not have enough people to act as mentors. What

is more serious, we do not seem to have a plan (I hope I am

wrong) of how to achieve it.

SR: You are aware that fewer students are pursuing the pure

sciences in India than before. The perception is that research

and an academic career are the only possibilities if one is

interested in mathematics.
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SV: This has to be changed. One of the things I remem-

ber while I joined Courant was a small booklet “Careers in

Mathematics” which had interviews with a wide range of

people, not necessarily academics, who were using mathe-

matics in different careers. We need such awareness. There

are expanding opportunities for mathematicians, which should

be compiled in an attractive booklet and circulated widely

maybe among undergraduates and maybe even in high

school.

SR: Can you share your experiences in working and collabo-

rating with others? One other quality that people never fail to

mention is your generosity in sharing insights and ideas with

others.

SV: I enjoy thinking about mathematical problems. It is a chal-

lenge. It is fun to share it with someone. Collaborating with

someone can be a rewarding experience. The other person often

has a different perspective and there are constant discussions

back and forth. I have worked with many different people and

it has always been a rewarding experience.

SR: Are there any lessons we should be learning from the way

things are done in other parts of the world? There is a change

globally in the way research was done in the second half of

the last decade, and now. Many Asian nations are emerging as

forces to reckon with . . . yet.

SV: India seems to be far from making the big leap. Unfortu-

nately, education in India has become too politicised. States are

in charge of higher education. They run the universities with

a political perspective rather than a scientific one. Colleges

mushroom with no checks on the quality of the personnel or

facilities. Some of them are run purely for the financial gain

of the investor. While a few Indian Institute of Science Educa-

tion and Research (IISERs) and National Institute of Science

Education and Research (NISERs) are doing an excellent job,

they can only make a small dent in the huge need for good

quality higher education.

When I was a graduate student in Calcutta, there were many

students from Southeast Asia who were taught in ISI. Students

from Vietnam, Korea and Japan have done well while there

are occasionally good students from the Philippines as well.

The training in mathematics is not consistent as can be seen

in Iran. It would be good if countries such as China, India,

Japan and Korea collaborate to rise the standard of mathe-

matics training in other Asian countries. Students coming to

Courant are among the best. There are also a lot of students

from South America, Europe and China. The students, includ-

ing those from India, are very well-prepared.

SR: You are said to be deeply influenced by the Tiruppavai

(devotional poems in Tamil, composed by Andal, a famous

woman poet of the 8th century). Is it the poetry? Or the depth

in its interpretation?

SV: I like Tamil poetry in general. I studied the language in

school and college. I enjoy music as well. Thiruppavai embod-

ies a nice combination. I would not say I was deeply influenced

by it.

SR: Thank you so much! It has been a great pleasure doing

this interview with you.
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Abstract. Links between mathematicians from India and France are old, strong and fruitful. We present a short survey of these

relations. We start with a brief overview of the mathematical heritage of India. The stay of A. Weil as a Professor in Aligarh

Muslim University from 1930 to 1931 was the first outstanding event in the Franco-Indian relationship. A few years later the

French jesuit Father Racine came to India where he played a major role in the development of mathematics in this country, as

well as in its relations with French mathematicians. Now, there are many collaborations and exchanges of visitors between both

countries. This is one of the most flourishing bilateral cooperations and plays a unique role both for French and Indian mathe-

maticians.

1. Indian Tradition in Mathematics

Mathematics has been studied in India since very ancient

times. There are many references on the subject; among

the reliable ones are the books of G.R. Kaye [5] in 1915,

C.N. Srinivasiengar [13] in 1967, A.K. Bag [1] in 1979 and

A. Weil [19] in 1984. References on the more recent period

are the papers by R. Narasimhan [8] in 1991, V.S. Varadarajan

[14] in 1998 and M.S. Raghunathan [10] in 2003.

According to the Hindu tradition the most important work

on astronomy, Surya Siddhānta, is supposed to have been

written more than two thousand years ago. However, it

seems more likely that this treatise is only some 1200 years

old.

As a matter of fact there is no proof of mathematical activity

in India before 1500 B.C. The Indus civilisation (around

3000 B.C.) was discovered less than one century ago, the

writings have not yet been deciphered; there are weights and

objects which seem to be devoted to measure and hence

may be to a numerical system, but nothing else is known

yet.

The Sulvasūtras (cord manuals) were written by

Baudhāyana, Apastamba and Katyayana not earlier than

between the 8th and the 4th Century B.C.

From 500 to 200 B.C. Vedic mathematics continued

to be developed before declining and leaving place to the

∗The pdf file can be downloaded from http://www.math.
jussieu.fr/∼miw/articles/pdf/IndoFrenchCooperationMaths.pdf

mathematics of the Jains: number theory, permutations

and combinations, binomial theorem and, as always,

astronomy.

A decimal number system existed in India in the 3rd Century

B.C., during the time of the king Ashoka. On the pillars he

erected are found inscriptions in Brahmi with early ancestors

of our numerical decimal system of writing in the so–called

arabic digits. This way of writing would be an indispensable

tool for the later developments of mathematics in India: it

enabled Jain mathematicians to write out very large numbers

by which they were fascinated.

It is probably between the second and fourth Century A.D.

that the manuscript Bakhs.hālı̄ should be dated; it introduces

algebraic operations, decimal notations, zero, quadratic equa-

tions, square roots, indeterminates and the minus sign.

The classical period of mathematics in India extends

from 600 to 1200. The major works are named

Āryabhat. ı̄ya, Panc̄asiddhāntikā, Āryabhat. ı̄ya Bhasya, Mahā

Bhāskariya, Brāhmasput.asiddhānta, Pāt. ı̄ gan. ita, Gan. itasāra-

san̄graha, Gan. italaka, Lı̄lāvatı̄, Bijagan. ita, and the authors are

Āryabhat.a I (476–550), Varāhamihira (505–587), Bhāskara I

(∼ 600–∼ 680), Brahmagupta (598–670), Mahāvı̄racarya

(∼ 800–∼ 870), Āryabhat.a II (∼ 920–∼ 1000), Śrı.dhara

(∼ 870–∼ 930), Bhāskarācārya (Bhāskara II, 1114–1185).

Mahāvı̄ra, a jain from the region of Mysore, one of the few

Indian mathematicians of that time who was not an astronomer,

wrote one among the first courses of arithmetic.

Bhāskara II (also named Bhāskarācārya, or Professor

Bhāskara), belonged to the Ujjain school, like Varāhamihira
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and Brahmagupta. His treatise of astronomy called

Siddhāntaśiroman. i (1150) contains chapters on geometry

(Lı̄lāvatı̄) and on algebra (Bı̄ jagan. ita).

While the mathematical school was declining in the rest

of India, it flourished in Kerala between the 14th and

the 17th Century. After the work on astronomy and on

series by Madhava of Sangamagramma (1350–1425), the

four most important works on astronomy and mathematics

from that period are Tantrasan̄graha of Nı̄lakan. t.ha Somayaji

(1444–1544), Yuktibhasa by Jyesthdeva, Karana Paddhati by

Putamana Somayaij and Sadratnamala by Sankara Varman.

Another Indian mathematician from the 14th Century is

Narayana (∼ 1340–∼ 1400), who studied Fibonacci–like

sequences.

One of the main features of the mathematics from the Kerala

School is the geometric treatment of algebraic problems.

An example is the text Karanamrta by Citrabhanu written in

1530.

In his treatise on astronomy Madhava used a series forπ and

obtained 11 decimal digits, while Viète in 1579 could obtain

only 9 decimal digits by computing the perimeter of a polygon

with 393 216 sides. Three centuries before Newton, Madhava

knew the expansions

sin x = x − x
3

3!
+ x

5

5!
− x

7

7!
+ · · ·

and

cos x = 1− x
2

2!
+ x

4

4!
− x

6

6!
+ · · ·

The invention of infinitesimal calculus in India was moti-

vated by the predictions of eclipses. Āryabhat.a I, and

later Brahmagupta, used the concept of instant motion.

Bhāskarācārya used the derivative of the sine function to

compute the angle of the ecliptic. These works were later

pursued by the Kerala school.

One may consider Madhava as one of the founders of

modern analysis.

Srinivasa Ramanujan (1887–1920) is a major character in

Indian mathematics. Despite his passing away when he was not

yet 33, he left behind him an important work whose originality

is outstanding.

During his school years his unique subject of interest

was mathematics and he neglected all other topics. After

he obtained a 2nd class place in the entrance exam at the

University of Madras, which won for him a scholarship to the

Government College of Kumbakonam, he failed his exam at

the end of his first year at the Government College. In 1903 he

acquired a book by G.S. Carr, A synopsis of elementary Results

in Pure and Applied Mathematics, which had a strong influ-

ence on him and on his conception of mathematics. This book

is a list of exercises without proofs and Ramanujan took each

of these as a challenge. He devoted his energy to prove all the

theorems2 without any help. The main part of the notebooks

[11] of Ramanujan is written in the same style, with statements

without proofs. One may compare this with the style of the

sutras used by ancient Hindu mathematicians.

From 1903 to 1914 while he had a hard time to find

a job for supporting his living expenses, he wrote in his

notebooks some 3 254 mathematical statements. Despite his

important results, he did not get recognition from established

mathematicians.

In 1912 he obtained a position as a clerk in an office of the

Port Trust in Madras. Early 1913, he received an invitation

from G.H. Hardy to visit him in Cambridge; the same year, he

received a grant from the University of Madras which was not

large enough to support his journey or stay in England, but he

managed to accept Hardy’s invitation.

During the five years he spent in Cambridge he published

21 papers including five joint papers with Hardy. In 1916 he

graduated from Cambridge University thanks to his memoir on

highly composite numbers. In February 1918 he was awarded

the prestigious Fellowship of the Royal Society. He was elected

Fellow of Trinity College in October the same year. Shortly

afterwards he became ill — the diagnosis of tuberculosis was

the primary diagnosis when Ramanujan lived, but it is doubtful

that he had tuberculosis. He went back to India where he passed

away on April 26, 1920.

His work is extremely original. According to Hardy [4] the

main contribution of Ramanujan in algebra was on hypergeo-

metric series (identities of Dougall–Ramanujan) and Rogers–

Ramanujan continued fractions. The beginning of the circle

method, one of the most powerful tools in analytic number

theory, may be found in Ramanujan’s notebooks, but it was,

at best, only hazily developed there. It was later developed in

2As pointed out to the author by Bruce Berndt, the total num-
ber of theorems in Carr’s book is 4 417, not 6 165, a number pro-
mulgated for years because it is not recognized that there are many
gaps, some of them huge, in Carr’s numbering.
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his joint work with Hardy. His conjecture that the tau function

defined by
∑

n≥1

τ(n)xn = x
∏

n≥1

(1− xn)24

satisfies

|τ(p)| ≤ 2p11/2

for any prime numberpwas proved only in 1974 by P. Deligne.

The equation of Ramanujan–Nagell is

x2 + 7 = 2n;
Ramanujan found five solutions in positive integers

12 + 7 = 23, 32 + 7 = 24, 52 + 7 = 25,

112 + 7 = 27, 1812 + 7 = 215,

and conjectured that these are the only ones; this was proved

by T. Nagell in 1948.

In 1976 at the Trinity College (Cambridge) G.E. Andrews

found, among files from the succession of G.N. Watson, the so-

called Lost Notebooks of Ramanujan. There were 138 sheets

of paper containing some 650 statements all written while

Ramanujan was spending the last years of his life in India. In

these texts he gives formulae related to his discovery of what

he called Mock Theta Functions, a hot research subject nowa-

days.

2. Indo–French Connection

The relations between mathematicians from France and from

India are old. As was already mentioned, the first links were

established by A. Weil in 1930, and shortly after that, Father

Racine played a major role in the development of mathematical

research in India.

2.1 André Weil

In 1929 Syed Ross Masood, Vice-Chancelor of Aligarh

Muslim University, proposed a chair of French civilization to

Andrè Weil, who was recommended to him by a specialist

of Indology, Sylvain Levi. A few months later this offer was

converted into a chair of mathematics. Weil reached India in

early 1930 and stayed there for more than two years. Among

his Indian colleagues were T. Vijayaraghavan, D. Kosambi

and S. Chowla ([18] Chap. IV) whose intellectual qualities he

appreciated.

T. Vijayaraghavan, who later became the first director of the

Ramanujan Institute in Madras (at that time it was independent

of the department of mathematics of the University) is known

for his study of the so-called P.V. Numbers, which were studied

by C. Pisot. The influence of Weil on Vijayaraghavan was

important (cf. [8], p. 242).

Chowla later went to the University of Panjab and then

migrated to the USA.

Kosambi became a noted historian – his book on the Maurya

Empire is classical.

In [16], Weil gave a report on the situation of the univer-

sities in India in 1936. In his previous report [15] of 1931

at the Indian Mathematical Society he had suggested actions

for the improvement of Indian mathematics. The conclusion

of [16] deals with the potential of this country and the possi-

bility for India to soon take one of the leading places in the

international mathematical community (see also his comment

p. 536 of [17]).

2.2 Father Racine

Father Racine (1897–1976) reached India in 1937 as a Jesuit

missionary after having taken his Doctorate in Mathematics

in 1934 under Élie Cartan. He taught mathematics first at

St Joseph’s College in Tiruchirappally (Trichy, Tamil Nadu)

and from 1939 onwards at Loyola College (Madras). He had

connections with many important French mathematicians of

that time like J. Hadamard, J. Leray, A. Weil, H. Cartan. His

erudition was clear from his lectures, his courses were research

oriented in contrast with the traditional way of teaching which

aimed only at leading the largest number of students to suc-

cess in their exams. At that time with Ananda Rao, a noted

analyst, and Vaidyanathaswamy, who had broader interests,

Madras was the best place in India for studying mathematics

and starting into research.

K. Ananda Rao (1893–1966), a former student of

G.H. Hardy at Cambridge (he was there at the same time

as Ramanujan), is the author of important contributions to

the summability of Dirichlet series, and, most of all, he had

brillant research students: T. Vijayaraghavan (1902–1955),

S.S. Pillai (1901–1950), Ganapathy Iyer, K. Chandrasekharan

and C.T. Rajagopal (1903–1978) are among them.

R. Vaidyanathaswamy (1894–1960), a former student of

E.T. Whittaker at Edinburg and of H.F. Baker at Cambridge,
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had a deep impact on Indian mathematics. His background

was more abstract than the ones of his colleagues, and he was

remarkably open-minded.

Father Racine and Vaidyanathaswamy were the promoters

of modern mathematics. Instead of following the tradition by

teaching only classical material, they also introduced in their

courses the new mathematical structures which were deve-

loped in a systematic way at that time by Bourbaki. Father

Racine also encouraged his students to read recent books, like

the one of L. Schwartz on distributions. Further, he helped

young mathematicans who did not find a position after their

theses, like Minakshisundaram, one of the most gifted mathe-

maticians of his generation, according to R. Narasimhan ([8],

p. 251).

The list [12] of the former students of Father Racine

who became well known mathematicians is impres-

sive: Venugopal Rao, P.K. Raman, M.S. Narasimhan,

C.S. Seshadri, Ramabhadran, K. Varadarajan, Raghavan

Narasimhan, C.P. Ramanujam, Ramabhadran Narasimhan,

Ananda Swarup, S. Ramaswamy, Cyril D’Souza, Christopher

Rego, V.S. Krishnan and S. Sribala.

Father Racine encouraged his best students to join the newly

founded Tata Institute of Fundamental Research (TIFR) in

Bombay with K. Chandrasekharan and K.G. Ramanathan. This

explains why so many mathematicians from that generation

who were the leaders in TIFR came from Tamil Nadu.

2.3 The TATA institute

The creation of the Tata Institute of Fundamental Research in

Bombay is due to a physicist of the Indian Institute of Science

of Bangalore, Homi J. Bhabha (1909–1966), who had political

support from J. Nehru and financial support from the Tatas, a

Parsi industrial family which is still extremely powerful. At the

end of the 19th Century a member of this family, Jamsetji

Nusserwanji Tata, was at the origin of the creation of the Indian

Institute of Science in Bangalore. The goal of Bhabha was for

India to acquire nuclear power, and for this purpose it was

necessary to create a research school in physics of high level;

in turn, this objective made it necessary to create a strong

mathematical research school.

K. Chandrasekharan (who was to emigrate to ETH Zürich

later) joined the Tata Institute as early as 1948 and became

the Dean, School of Mathematics. Thanks to his remarkable

action as the head of this Institute, TIFR became a prestigious

research institute. He had the ability of discovering the tal-

ented future scientists and he knew how to direct them towards

suitable research topics, even when he was not himself a spe-

cialist. At the same time he succeeded in attracting to Bombay

a large number of the best mathematicians of that time, who

gave courses to the young students working on their PhD. With

such a leader the Tata Institute of Bombay soon had a strong

international reputation.

Raghavan Narasimhan (who left later for Chicago),

K.G. Ramanathan, K. Ramachandra in number theory,

C.S. Seshadri (FRS, former Director of the Chennai Mathe-

matical Institute), M.S. Narasimhan (who has been Director

of Mathematics at I.C.T.P. (International Center for Theoreti-

cal Physics, also called Abdus Salam Center, in Trieste) in

algebraic geometry, R. Sridharan, R. Parimala (invited lec-

turer at ICM2010) in commutative algebra, M.S. Raghu-

nathan (FRS), Gopal Prasad, S.G. Dani, specialist of arithmetic

groups, V.K. Patodi (Heat equation) are among the eminent

mathematicians from TIFR. R. Balasubramanian, now Head

of Mat. Science (IMSc Institute of Mathematical Sciences)

in Chennai, is a former student of K. Ramachandra at TIFR

Bombay.

Right after its creation, many influential French mathe-

maticians visited the Tata Institute of Bombay and gave

courses. In the 50’s, L. Schwartz visited it several times,

followed by H. Cartan, F. Bruhat, J. L. Koszul, P. Samuel,

B. Malgrange, J. Dieudonné, P. Gabriel, M. Demazure,

A. Douady and many others, invited by the Director of that

time, K. Chandrasekharan. Later, at the end of the 60’s, A. Weil

and A. Grothendieck visited TIFR.

2.4 Indo–French cooperation in mathematics

The influence of French mathematicians on the development

of mathematics in India has played a leading role in at least

two topics: algebraic geometry in the 1960’s and theoretical

partial differential equations in the 1970’s.

J-L. Verdier was responsible of a PICS Inde (PICS=

Programme International de Coopération Scientifique) of the

CNRS (Centre International de la Recherche Scientifique)

from 1986 to 1989. A report on this cooperation was pub-

lished in the Gazette des Mathématiciens of the Société

Mathématique de France (No. 49, juin 1991, pp. 59–61).
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A second report dealing with the activities from 1986 and

1995 was published in the same Gazette des Mathématiciens

(No. 71, 1997, pp. 62–65).

In applied mathematics also the cooperation between mathe-

maticians from France and India is quite strong. While

J.L. Lions was at the head of INRIA (Institut National de

Recherche en Informatique et Automatique) in Rocquencourt,

he developed close relations with several Indian institutions:

IISc (Indian Institute of Science) in Bangalore, IIT Indian Insti-

tute of Technology in Delhi, and most of all with the small

group of mathematicians working on partial differential equa-

tions in the Bangalore section of TIFR. In September 1997 a

Master of Scientific Calculus was created at the University of

Pondicherry, thanks to a cooperation directed by O. Pironneau.

The cooperation on Scientific Calculus for Mechanics and

Engineering between the laboratory of Numerical Analysis

of Paris VI and INRIA Rocquencourt in France and IISc

Bangalore, TIFR Bangalore and IIT Delhi in India, started

in 1975 and the agreements have been renewed in 1993; this

program is supported by IFCPAR, the French Ministry of

Foreign Affairs and the Pôle de recherche commun Dassault-

Aviation/Université Paris VI.

Since 1995, many projects benefitted from different finan-

cial supports in all fields of science. Among them are the

following ones.

• The Indo–French Centre for the Promotion of Advanced

Research (IFCPAR, CEFIPRA in French) is a bilateral pro-

gram of scientific cooperation between India and France

under the Department of Science and Technology, Gov-

ernment of India and the Ministry of Foreign Affairs,

Government of France. Under the heading of Pure and

Applied Mathematics the following projects have been

completed:

ARITHMETIC OF AUTOMORPHIC FORMS

Three years (September 2007 to August 2010)

CONTROL OF SYSTEMS OF PARTIAL DIFFEREN-

TIAL EQUATIONS

Three years (February 2008 to January 2011)

CONSERVATION LAWS AND HAMILTON JACOBI

EQUATIONS

Three years (September 2006 to August 2009)

ADVANCED NUMERICAL METHODS IN NONLIN-

EAR FLUID MECHANICS AND ACOUSTICS: NON-

LINEAR ANALYSIS AND OPTIMISATION

Three years (March 2006 to February 2009)

ANALYTIC AND COMBINATORIAL NUMBER

THEORY

Three years (October 2003 to September 2006)

MATHEMATICAL TOPICS IN HYPERBOLIC

SYSTEMS OF CONSERVATION LAWS

Four years (July 2002 to June 2006)

STUDIES IN GEOMETRY OF BANACH SPACES

Three years (November 2001 to October 2004)

ALGEBRAIC GROUPS IN ARITHMETIC &

GEOMETRY

Three years (September 2001 to August 2004)

NON-CUMULATIVE MARKOV PROCESSES AND

OPERATOR SPACES

Three years (May 2001 to April 2004)

NONLINEAR PARTIAL DIFFERENTIAL EQUA-

TIONS AND CONTROL

Three years and six months (July 1999 to December

2002)

THEORETICAL STUDY OF ELECTRONIC AND

MOLECULAR DYNAMICS

Three years and six months (March 1999 to August

2002)

GEOMETRY

Three years (May 1997 to April 2000)

NONLINER HYPERBOLIC AND ELLIPTICAL

EQUATIONS AND APPLICATIONS

Three years (May 1997 to April 2000)

RIGOROUS RESULTS ON SCHRODINGER EQUA-

TIONS AND FOUNDATIONS OF QUANTUM

THEORY AND APPLICATIONS TO PARTICLE

PHYSICS AND ASTROPHYSICS

Three years and six months (March 1999 to August

2002)

ARITHMETIC AND AUTOMORPHIC FORMS

Three years (November 1996 to October 1999)
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CHAOS, TURBULENCE AND COLLECTIVE

RELAXATION IN NON-EQUILIBRIUM PLASMAS

Four years (December 1995 to November 1999)

INTEGRABILITY ASPECTS OF DISCRETE AND

CONTINUOUS EQUATIONS

Three years (August 1995 to July 1998)

ASYMPTOTIC ANALYSIS IN PARTIAL DIFFEREN-

TIAL EQUATIONS

Three years (February 1995 to February 1998)

GEOMETRY AND NUMBER THEORY

Three years (February 1992 to January 1995)

NONLINEAR HYPERBOLIC EQUATIONS AND

APPLICATIONS

Three years (March 1992 to February 1995)

A STUDY OF SOME FACTORISATION AND COM-

POSITION PROBLEMS IN GRAPHS

Three years and six months (September 1992 to

February 1996)

NUMERICAL MODELLING OF THE OCEAN-

ATMOSPHERE SYSTEM WITH SPECIAL REFE-

RENCE TO MONSOONS

One year (April 1989 to March 1990)

• The Indo–French Institute of Mathematics (IFIM = Institut

Franco–Indien de Mathématiques) is a virtual institute

which was created in 2003 with the support of NBHM

(National Board for Higher Mathematics) and DST (Depart-

ment of Science and Technology) on the Indian side

and MAE (Ministère des Affaires Étrangères) and CNRS

(Centre National de la Recherche Scientifique) on the

French side. One of the main objectives is to provide

financial supports for doctoral, postdoctoral and research

positions.

• There are several MoU (Memorandum of Understand-

ing) between French and Indian Universities. One of them

involved the University of Pondicherry in India and the

Universities of Paris VI and Poitiers in France. During a

number of years there were many scientific exchanges under

this agreement with a strong support of the French Embassy

in Delhi.

Thanks to an agreement (MoU) between the CMI

(Chennai Mathematical Institute) and ENS (École Normale

Supérieure, rue d’Ulm, Paris), every year since 2000, some

three young students from ENS visit CMI for two months

and deliver courses to the undergraduate students of CMI,

and three students from CMI visit ENS for two months. The

French students are accommodated in the guest house of

IMSc, which participates in this cooperation.

Another MoU has been signed in 2009 between the

University of Paris VI Pierre et Marie Curie and the

two institutes of Chennai, CMI (Chennai Mathematical

Institute) and IMSc (Institute of Mathematical Sciences).

An item in this MoU follows a recommendation of the

COPED (Committee for Developing Countries) of the

French Academy of Sciences: each year, one full time teach-

ing duty of a mathematician from Paris VI is given in

Chennai. In practice, two professors from Paris VI go to

CMI each year to teach an graduate program for one term

each.

New IIT-s (Indian Institute of Technology) are being

launched, one of them will be created in Rajastan, and it

will be supported by the French Government. An agree-

ment with the University Paris Sud (Orsay) enables the

teachers from that University to deliver their courses in this

new IIT.

• Several other sources of funding enable senior mathe-

maticians from India and France to visit the other country.

Among them are supports from CNRS and the Minis-

try of Education in France, from the NBHM (National

Board of Mathematics) in India. As an example, an agree-

ment between CNRS and NBHM from 1999 to 2003

enabled each year some three mathematicians from each

country to visit the other one, when no other support

from one of the other programs was suitable. There are

also agreements between the Académie des Sciences de

Paris and the Indian National Science Academy (INSA) in

New Delhi.

• A number of scholarships enable young mathematicians

from India (as well as from other countries) to pursue their

studies in France. This includes cotutelle theses (codirec-

tion). The website of the French Embassy gathers some

information on this matter and proposes a number of links

to several institutions in France: Campus France, Egide,

CNOUS (Centre National des Œuvres Universitaires et

Scolaires), ONISEP (a French provider of student career

and job information), CEFI (Centre de ressources et de
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prospective sur les Grandes ècoles d’ingénieurs et de ges-

tion, et sur les emplois d’encadrement) . . .

http://ambafrance-in.org/france−inde/
spip.php?article4158

• A joint initiative of CIMPA (Centre International de

Mathématiques Pures et Appliquées), SMF (Société Mathé-

matique de France) and SMAI (Société de Mathématiques

Appliquées et Industrielles) gave rise to a wiki–style website

concerning mathematics in the world, with an emphasis on

cooperations involving French mathematicians and mathe-

maticians from developing countries:

http://smf4.emath.fr/International/

Projet-CIMPA-SMAI-SMF/

• The Online Survey of European Researchers in India, an

initiative of the Science & Technology Delegation of the

European Union to India, has been launched in February

2010. It will lead a data base of European researchers who

have links with Indian colleagues.

• The two French institutes, CSH (Centre de Sciences

Humaines) and IFP (Institut Français de Pondichéry), are

joint institutes of CNRS and MAE (French Ministry of

Foreign Affairs) since 2007. Among their missions is the

development of scientific international collaboration in the

Indian subcontinent. Both institutes aim to develop cooper-

ation in mathematics and statistics, including applications

to social sciences and humanities.

• A Cyber University called FICUS (French Indian Cyber-

University in Sciences) already started with the mathematics

component called e-m@ths

http://www.ncsi.iisc.ernet.in/disc/

indo-french/emaths.htm

In France, e-m@ths is being funded within the frame

of the Campus Numériques request for proposal. Its pro-

ceeds from the desire of the Applied Maths and Pure

Maths communities to position themselves within the field

of Information Technology for Education. It is an oppor-

tunity to gather together both communities through a joint

project that could kick-start the development of collabo-

rations in creation and utilization of learning materials.

The purpose of the “e-m@th” project is the design of a

bilateral curriculum of graduate type (Masters, first year

of PhD) involving Indian and French institutions. The goal

is the design, implementation and operation of education

modules in applied mathematics for initial or continuing

education. Simultaneously, the project aims at strengthen-

ing the links and collaborations at the research level between

the scientific teams involved in the construction of the

curriculum.

• The CIMPA, already mentioned, a non-profit international

organization established in Nice (France) since 1978, whose

aim is to promote international cooperation in higher edu-

cation and research in mathematics and related subjects,

particularly computer science, for the benefit of developing

countries, organized several research schools in India. Here

is the list:

January 1996 Pondicherry University

Nonlinear Systems

Organizers: Y. Kosmann-Schwarzbach, B. Grammati-

cos and K.M. Tamizhmani.

September 2002 TIFR Mumbai (Bombay)

Probability measures on groups: Recent Direction

and trends, Tata Institute of Fundamental Research,

Mumbai (Bombay),

Organizers: S. Dani, P. Gratzyck, Y. Guivarc’h.

December 2002: Kolkata (Calcutta)

Soft Computing approach to pattern recognition and

image processing. Machine Intelligence Unit, Indian

Statistical Institute, Calcutta,

Organizers: Ashish Ghosh, Sankar K. Pal.

February 2003: Pondicherry,

Discrete Integrable Systems, Pondicherry,

Organizers: Basil Grammaticos, Yvette Kosmann-

Schwarzbach, Thamizharasi Tamizhmani.

January 25–February 5, 2005: IISc Bangalore,

Security for Computer Systems and Networks.

Organizers: K. Gopinath and Jean-Jacques Lévy.

January 2–12, 2008: IIT Bombay (Mumbai),

Commutative algebra

Organizers: L.L. Avramov, M. Chardin, M.E. Ross,

J.K. Verma, T.J. Puthenpurakal.

• A joint Indo–French Conference in Mathematics took place

from December 15 to 19, 2008, at the Institute of Mathe-

matical Sciences of Chennai. There were some 10 plenary
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lectures and 30 lectures in parallel sessions, half of them

given by Indian mathematicians and the other half by French

mathematicians.

Since H. Cartan passed away a few days before this

meeting (at the age of 104), two special lectures (by

J. Oesterlé and C.S. Seshdari) were devoted to him the

last day.

• The most important part of cooperation between France and

India in mathematics is constituted by the new results proved

by the joint works of mathematicians from both countries.

We conclude with two such outstanding results.

The first one is the final step to the determination of

Waring’s constant g(4) = 19 in 1986 by R. Balasubramanian,

J-M. Deshouillers and F. Dress [2, 3]:

Any positive integer is the sum of at most 19 biquadrates.

The second one was called Serre’s Modularity Conjec-

ture, until it was finally proved in 2006 in a joint work by

Chandrashekhar Khare and Jean-Pierre Wintenberger [6, 7]:

Let

ρ : GQ→ GL2(F ).

be an absolutely irreducible, continuous, and odd two-

dimensional representation ofGQ over a finite fieldF = F�r

of characteristic �, There exists a normalized modular eigen-

form

f = q + a2q
2 + a3q

3 + · · ·

of level N = N(�), weight k = k(�), and some Nebentype

characterχ : Z/NZ→ F ∗ such that for all prime numbers

p, coprime to N�, we have

Trace(ρ(Frobp)) = ap
and det(ρ(Frobp)) = pk−1χ(p).
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Abstract. The Klein group contains only four elements. Nevertheless this little group contains a number of remarkable entry

points to current highways of modern representation theory of groups. In this paper, we shall describe all possible ways in which

the Klein group can act on vector spaces over a field of two elements. These are called representations of the Klein group.

This description involves some powerful visual methods of representation theory which builds on the work of generations of

mathematicians starting roughly with the work of K. Weiestrass. We also discuss some applications to properties of duality and

Heller shifts of the representations of the Klein group.

Keywords. Klein four group, indecomposable modules, modular representations, Auslander-Reiten sequence, Heller shifts.

1. Introduction

Consider the familiar complex plane C = {x + iy|x, y
are real numbers}with two reflections σ and τ in the standard

axes X and Y respectively. Precisely, we have

σ(x + iy) = x − iy, and

τ(x + iy) = −x + iy.

Thus, σ is the complex conjugation and τ is like a real brother

of σ . Note that if we apply σ or τ twice, we get the identity

map: σ 2 = 1 = τ 2. Also, we see that στ = τσ = −1. Geo-

Scientific works. Collected papers, [17] 127–128

(1931).

[16] ——, Mathematics in India, Usp. Mat. Nauk 3, I,

286–288 (1936). Scientific works. Collected papers,

[17] 129–131.

[17] ——, Scientific works. Collected papers. Vol. I

(1926–1951), Springer-Verlag, New York, 1979.

[18] ——, Souvenirs d’apprentissage, vol. 6 of Vita Mathe-

matica, Birkhäuser Verlag, Basel, 1991.

[19] ——, Number theory, An approach through history

from Hammurapi to Legendre, Modern Birkhäuser

Classics, Birkhäuser Boston Inc., Boston, MA, 2007.

Reprint of the 1984 edition.

metrically, the maps στ and τσ are rotations by 180 degrees

in the complex plane. The set of maps

{1, σ, τ, στ },
forms a group under composition and is called the Klein four

group or just Klein group, often denoted by V4. One would

guess that the letter V here is a sign of victory but the reason

is that “Vier” in German means “four.” “Klein” in German

also means “small” and indeed Klein group V4 having only

four elements is quite small. It is an absolutely amazing fact

that this small and ostensibly innocent group contains remark-

able richness and that important mathematics can be developed

Mathematics Newsletter -135- Vol. 21 #4, March 2012 & Vol. 22 #1, June 2012



by just studying this one group. The world’s smallest field is

F2 = {0, 1}, and one can think of this as a toy model of com-

plex numbers. The problem to be investigated in this paper is

the following: What are all the finite dimensional represen-

tations of V4 over F2? That is, can one describe all possible

actions of the group V4 on a finite dimensional vector spaces

W over F2. Although, we work over an arbitrary field of char-

acteristic two, not much is lost if the reader assumes through

out that the ground field k is F2. The reason for restricting to

fields of characteristic 2 is due to the fact that when the char-

acteristic of the ground field k is either zero or odd, the finite

dimensional representationsW ofV4 have a very simple nature.

Namely, W is a sum of one dimensional representations. On

each of these one-dimensional subspaces, the generators σ and

τ act as multiplication by 1 or −1. We therefore stick with

fields of characteristic 2. This bring us to the world of modular

representations. (That is, the characteristic of the field is a posi-

tive divisor of the order of the group.)

Note that V4 is a product of two cyclic groups of order

two. In terms of generators and relations, V4 has the following

presentation.

V4 = 〈σ, τ |σ 2 = τ 2 = 1, σ τ = τσ 〉.

The group algebra kV4 is then isomorphic to

k[a, b]/(a2, b2),

where a corresponds to 1 + σ and b to 1 + τ . We define an

ideal U of the kV4 as the ideal generated by a and b. This is

an extremely important ideal called the augmentation ideal of

our group ring. Sometime it will be convenient to divide kV4

by ideal generated by ab. This simply amounts adding further

relation ab = 0. The reason for this is that often ab acts on our

vector spaces as 0 and therefore why not simplify our ring even

further and add the relation ab = 0? We still call the image of

U in this new ringU as we do not want to make our notation too

complicated. In this paper we present a rather accessible proof

of the well-known classification of all the finite dimensional

representations of V4, or equivalently, of the finitely generated

indecomposable kV4-modules. These are also known as the

modular representations of V4. Note that a V4 representation

where ab acts as zero can be viewed as a finite dimensional

k-linear space equipped with a pair commuting linear maps a

and b both of which square to zero.

Having explained what a representation of V4 is, the follow-

ing two questions have to be answered.

(1) Why do we care about the representations of V4?

(2) What is unique about our approach?

In answer to the first question, first note that groups act

naturally on various algebraic objects including vector spaces,

rings, algebraic varieties and topological spaces. These actions

tend to be quite complex in general. Therefore it is impor-

tant to find simple pieces of this action and find ways to

glue these pieces together to reconstruct the original action.

Often this is related to other invariants of the group or our given

representation like cohomology groups and support varieties.

Amazingly, this goal in modular representation theory turns

out to be exceedingly difficult. It turns out that besides the

cyclic groups whose representations are very easily under-

stood, Klein four group is one of the very few (other groups

are the dihedral groups) interesting yet non-trivial examples

for which representation theorists are able to completely

classify all the finite dimensional modular representations.

There is a lot to be learned by studying the representation

theory of this one group and it goes to tell how complex the

study of modular representations can be for an arbitrary

group.

Now we turn to the second question. Although the classifi-

cation of the finite dimensional representations of V4 is well-

known and many proofs can be found in the literature, we

could not find a proof to our heart’s content. This is what moti-

vated us to write up one – one that is transparent and which

takes a minimal background. Furthermore, our approach is

diagrammatic, so the reader can see what is happening through

pictures. These methods, besides making the statements of

theorems and proofs elegant and conceptual, give a better

insight into the subject. We mostly follow Benson’s approach

[3] but we approach some parts of his proof from a different

point of view and simplify them and in particular we make

our proof accessible for a general reader. One ingredient that

is new in our approach is Auslander-Reiten sequences which

will be introduced later in the paper.

The subject of classifying the indecomposable representa-

tions of the Klein group has a long and rich history that can

be traced all the way back to V.A. Bašev [2], a student of

I.R. Šafarevič, who observed that an old result of L. Kronecker

on pairs of matrices can be used effectively in the classi-
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fication, but over algebraically closed fields. This result of

L. Kronecker on pairs of matrices was actually a completion

of the work of K. Weierstrass. Then later on I.M. Gelfand and

V. Ponomarev [9] observed in their analysis of the represen-

tations of the Lorentz group that quiver techniques were quite

useful and they both knew that G. Szekeres had a result in this

direction. However, they did not know enough details about

Szekeres’s techniques and therefore they invented their new

innovative and influencial quiver method which is influenced

by Maclane’s notion of relations – a generalization of a linear

map. In [10] A. Heller and I. Reiner provided another nice

approach to the classification where they also worked over

fields that are not necessarily algebraically closed. Finally

D. Benson [3] wrote a modern treatment of the classification

of the indecomposable representations of the Klein group in

which he combined some of the crucial ideas in the works

of the aforementioned people. The diagrammatic methods in

our paper are inspired by S.B. Conlon who introduced these

in [7]. It is quite remarkable that a complete understanding of

an innocent looking group on four elements would take the

works of some of the great minds of the 19th, 20th, and 21st

centuries.

Before going further, we remind the reader some basis

facts and terminology. We refer the reader to Carlson lecture

notes for basic representation theory [5]. In the category of

modules over a the Klein group (or more generally, over a

p-group), the three terms “injective”, “projective” and “free”

are synonymous. Given a V4-moduleM , its Heller shift	(M)

is defined to be the kernel of a minimal projective cover ofM .

It can be shown that minimal projective covers are unique up

to isomorphism and from that it follows that 	(M) is well-

defined. Inductively one defines 	n(M) to be 	(	n−1M).

Similarly, 	−1M is defined to be the cokernel of an injective

envelope ofM , and	−n(M) to be	−1(	−n+1M). Again one

can show that these are well-defined modules. The modules

	iM are also known as the syzygies of M . By the clas-

sical Krull-Remak-Schmidt theorem, one knows that every

representation of a finite group decomposes as a direct sum of

indecomposable ones. Thus it suffices to classify the indecom-

posable representations.

Advice for the novice: Some arguments in our paper are

only sketched and some notions maybe still unfamiliar for a

novice. If that is the case, we advice readers to skip these

parts on the first reading as they may became more clear later

on and they most likely will not influence the basic under-

standing of the key ideas. The main point of this article is

to provide overview of the remarkable proof of classification

of representations of Klein group V4 with appreciation of the

works of number of people and to show that this proof opens

doors to study modern group representation where Auslander-

Reiten sequences play increasingly important role. We hope

that after reading our article a reader will read more texts in

the references and possibly go on to further exciting heights

in group representation theory.

2. Indecomposable Representations of Klein’s Four
Group

We list all the indecomposable representations of V4 below.

Note that these are just the finitely generated modules over the

group algebra

kV4
∼= k[a, b]/(a2, b2)

which cannot be written as a sum of strictly smaller modules

(much the same way prime numbers cannot be written as

product of smaller numbers). Since we take a diagrammatic

approach, we first explain the diagrams that follow. Each bullet

represents a one dimensional k vector space, a southwest arrow

“↙” connecting two bullets corresponds to the action of a and

maps one bullet to the other in the indicated direction, and

similarly the south east arrows “↘” correspond to the action

of b. If no arrow emanates from a bullet in given direc-

tion, then the corresponding linear action is understood to be

zero.

Theorem 2.1.(Kronecker, Weierstrass, Basev, Gelfand,

Ponomarev, Conlon, Heller, Reiner, Benson [9,7,10,2,3]).

Let k be a field of characteristic 2. Every isomorphism class of

an indecomposable V4 representation over k is precisely one

of the following.

(1) The projective indecomposable module kV4 of dimen-

sion 4.

•
a

����
��

�� b

���
��

��
��

•

���
��

��
��

•

����
��

��

•
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(2) The (non-projective) indecomposable even dimensional

modules:

(a) For each even dimension 2n and an indecomposable

rational canonical from corresponding to the power of

an irreducible monic polynomial f (x)l =∑n
i=0 θix

i ,

(θn = 1) there is an indecomposable representation

given by

gn−1•
��

���
���

gn−2•
a�����
�

���
���

gn−3•
�����

�
• • • g0•

����
��

���
��

�

•
fn−1

•
fn−2

•
f1

•
f0

where a(gn−1) =
∑n−1

i=0 θifi , as represented by the

vertical dotted arrow emanating from gn−1 above.

(b) For each even dimension 2n there is an indecompos-

able representation given by

•
b

���
���a

�����
�

•
�����

�
���

���
•

���
���

•
�����

�

• • • • • • •

(3) The (non-projective) indecomposable odd dimensional

modules:

(a) The trivial representation k.

•
(b) For each odd dimension 2n+1 greater than one, there

is an indecomposable representation given by

•
b ���

���
•

a�����
�

���
���

•
�����

�
• • • •

���
���

•
�����

�

• • •
(c) For each odd dimension 2n+1 greater than one, there

is an indecomposable representation given by

•
b

���
���a

�����
�

•
�����

�
���

���
•

�����
�

���
���

• • • • • • • •

The reader may decide to make a pleasant check that the

above diagrams are indeed representations of V4. For each

V4-module M , one can define the dual V4-module M∗, where

M∗ is the dual k-vector space ofM , and a group element σ of

V4 acts on f in M via the rule σf (m) = f (σ−1m). Then, as

a fun exercise we ask the reader to verify that the diagrams in

3(a) and 3(b) are dual to each other. This will help the reader

to get acquainted with some of the diagrammatic methods that

will appear later on. We now begin by proving the easy part of

the theorem.

Lemma 2.2. All representations of V4 that appear in the

above theorem are indecomposable and pair-wise non-

isomorphic.

Proof. Item (1) is not isomorphic to the rest because it is

the only module that contains a non-zero element x such that

(ab)x �= 0. Modules in item (2) are even dimensional and

those in (3) are odd dimensional and hence there is no overlap

between the two. To see that all the 2n dimensional represen-

tations of item 2(a) are distinct, it is enough to observe that the

rational canonical forms of the linear transformations on the

co-invariant submodules,

b−1a : M/UM → M/UM

are distinct, where U is the ideal generated by a and b. To see

that the 2n dimensional representation of item 2(b) does not

occur in item 2(a) observe that kernel of the b-action in both

cases have different dimensions: n for the module in 2(a) and

n+ 1 for that in 2(b). The two 2n+ 1 dimensional modules in

items 3(b) and 3(c) are non-isomorphic because it is clear from

the diagrams that the dimensions of the invariant submodules

in both cases are different: n for those in item 3(b), and n+ 1

for those in item 3(c). �

Of course the hard thing is to show that every indecompos-

able representation of V4 is isomorphic to one in the above

list. Since projective modules over p-groups are free, there is

only one indecomposable projective V4-module, namely kV4

which occurs as item (1) in the list. Therefore we only consider

indecomposable projective-free (modules which do not have

projective summands) V4-modules.

One can get a better handle on the projective-free represen-

tations of V4 by studying the representations of the so called

Kronecker Quiver, which is a directed graphQ on two vertices

as shown below.

u1•
f

		

g



 •u2

A representation of the above quiver is just a pair of finite

dimensional k-vector spaces V and W and a pair of k-linear

maps ψ1 and ψ2 from V to W . Such a representation will

be denoted by the four tuple [V,W ;ψ1, ψ2], and given two

such representations, the notion of direct sum, and morphisms

between them are defined in the obvious way. Thus it makes
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sense to talk about the isomorphism class of an indecompos-

able representation of Q. Let us call a representation of Q

special if the following conditions hold:

Ker(ψ1)
⋂

Ker(ψ2) = 0

Image(ψ1)+ Image(ψ2) = V2.

Proposition 2.3 [10]. There is a one-one correspondence

between the isomorphism classes of (indecomposable)

projective-free representations of V4 and those of the special

(indecomposable) representations of the Kronecker quiver.

Under this correspondence, an (indecomposable) projective-

free representation M of G corresponds to the (indecompos-

able) representation ofQ that is given by [M/UM,UM; a, b].

Conversely, given an (indecomposable) special representa-

tion [V,W ;ψ1, ψ2] of Q, the corresponding (indecompos-

able)G-moduleM is given byM = V ⊕W where a(α, β) :=
(0, ψ1(α)) and b(α, β) := (0, ψ2(α)).

We will use this translation between the representations of

the Klein group and the Kronecker Quiver freely through out

the paper.

If M = [V1, V2; a, b] is an indecomposable projective-free

representation, then we have

V1 = 0⇔ M = 0

V2 = 0⇔ M = k.
So henceforth it will be assumed that the spaces V1 and V2 are

non-zero, i.e., M is an indecomposable projective-free and a

non-trivial representation of V4.

We begin with some lemmas that will help streamline the

proof of the classification theorem. The proofs of these lemmas

will be deferred to the last section. It should be noted that these

lemmas are also of independent interest.

Lemma 2.4 [3]. Let M be a projective-free V4-module given

by [V1, V2; a, b]. Then we have the following.

(1) M contains a copy of 	l(k) for some positive integer l if

and only if the transformation

a + λb : V1 ⊗k k[λ]→ V2 ⊗k k[λ]

is singular, i.e, det(a + λb) = 0.

(2) Dually,	−l(k) is a quotient ofM for some positive integer

l if and only if the transformation

a∗ + λb∗ : V ∗2 ⊗k k[λ]→ V ∗1 ⊗k k[λ]

is singular.

The next lemma is very crucial to the classification. To the

best of our knowledge, nowhere in the literature is this lemma

stated explicitly, although it is secretly hidden in Benson’s

proof of the classification [3]. We use Auslander-Reiten

sequences to give a transparent proof of this lemma in the last

section.

Lemma 2.5. Let M be a projective-free V4-module. Then we

have the following.

(1) If l is the smallest positive integer such that 	l(k) is iso-

morphic to a submodule of M , then 	l(k) is a summand

of M .

(2) Dually, if l is the smallest positive integer such that	−l(k)
is isomorphic to a quotient module ofM , then	−l(k) is a

G-summand of M .

Lemma 2.6 [11]. For all integers n, 	n(k) is isomorphic to

the dual representation 	−n(k)∗. Furthermore,

(1) If n is positive, then 	n(k) is a 2n+ 1 dimensional inde-

composable representation given by

•
b ���

���
•

a�����
�

���
���

•
�����

�
• • • •

���
���

•
�����

�

• • •
(2) Ifn is a negative integer, then	n(k) is a 2n+1 dimensional

indecomposable representation given by

•
b

���
���a

�����
�

•
�����

�
���

���
•

�����
�

���
���

• • • • • • • •

We now give the proof of the classification theorem assum-

ing these lemmas. The lemmas will be proved in the last

section. Let M = (V1, V2; a, b) be an indecomposable

projective-free representation of V4. We will show that M is

isomorphic to one of the representations that appear in item

(2) if it is even dimensional, and to those in item (3) if it odd

dimensional.

2.1 Even dimensional representations

Let M be an even dimensional (2n say) indecomposable

representation. We break the argument into cases for clarity.

Case 1. det(a+λb) is non-zero. We have two subcases. First

assume that det b �= 0. Then consider the map

b−1a : V1 −→ V1.
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We claim that this map is indecomposable. Suppose we have

a decomposition f ⊕ g of b−1a as follows

V1
b−1a ��

∼=
��

V1

∼=
��

A⊕ B
f⊕g

�� A⊕ B

Set C := b(A) and D := b(B). Then it is straightforward to

verify that M = (V1, V2; a, b) decomposes as

(A,C; a|A, b|A)
⊕

(B,D; a|B, b|B).

Since M is indecomposable it follows that the map b−1a is

indecomposable. Now since b−1a is indecomposable we can

choose a basis {g0, g1, . . . , gn−1} of V1 such that the rational

canonical form of b−1a has only one block which corres-

ponds to some power of an irreducible polynomial f (x)r =
∑n−1

i=0 θix
i . This means we have

b−1a (gi) = gi+1 for 0 ≤ i ≤ n− 2,

b−1a (gn−1) =
n−1∑

i=0

θigi . (∗)

Now the vectors fi := b(gi) for 0 ≤ i ≤ n−1 define a basis

for V2 because b is non-singular. With respect to the bases (gi)

of V1 and (fi) of V2, it is now clear thatM has the description

gn−1•
b ���

���
gn−2•

a�����
�

���
���

gn−2•
�����

�
• • • g0•

����
��

���
��

�

•
fn−1

•
fn−2

•
f1

•
f0

The action of a on gn−1 can be seen by applying b on both sides

of the equation (*) above: a(gn−1) =
∑n−2

i=0 b(gi) =
∑n−1

i=0 fi .

These representations are the exactly ones in item 3(a).

Now if det(b) = 0, we do a change of coordinates trick.

We assume that k is an infinite field. If k is finite, we can pass to

an extension field and do a descent argument; see [3] for details.

Then there exists some λ0 in k such that det(a + λ0b) �= 0.

Now consider the tuple (V1, V2; b, a + λ0b). By case (i), we

know that there exist bases forV1 andV2 such that a+λ0b = I
and b = J0 (the rational canonical form [8]3 corresponding to

3Most readers are familiar with the Jordan canonical form of
an operator acting on a vector space over C or other algebraically
closed fields. These forms use critically the fact that non-constant
polynomials have roots. However, a parallel and beautiful theory
also exists when the field is not algebraically closed, and this is
not so well-known. One often thinks about the base field as the
field of rational numbers and the name “The rational canonical
form” stick also to completely different fields including F2.

any indecomposable singular transformation). This gives the

representation in item 2(b).

Case 2. det(a + λb) = 0. We will show that this case cannot

arise. First suppose that there is a copy of	l(k) inM for some

positive integer l. Now pick l to be the smallest such integer,

then by lemma 2.5 we know that 	l(k) is a direct summand

of M . Since M is indecomposable, this means M has to be

isomorphic to	l(k), which is impossible since the latter is odd

dimensional while M was assumed to be even dimensional.

So the upshot is thatM does not contain	l(k) for any positive

l. By lemma 2.4 this is equivalent to the fact det(a + λb) �= 0

in the ring k[λ] which contradicts our hypothesis.

Comment. *Assume that k is an infinite field.* Then there

exists some λ0 in k such that det(a+ λ0b) �= 0. Now consider

the tuple (V1, V2; a + λ0b, b). By case (i), we know that there

exist bases for V1 and V2 such that a + λ0b = I and b = J0

(the rational canonical form corresponding to any indecom-

posable singular transformation). Solving for a from the last

two equations, we get a = I−λ0J0, which is a lower triangular

matrix with ones on the diagonal and therefore non-singular.

This contradicts the hypothesis that a is singular.

2.2 Odd dimensional representations

If M is odd dimensional, then clearly dim V1 �= dim V2.

We consider the two cases.

Case 1. dim V1 > dim V2. Then there is a non-zero vector

ω(λ) in V1 ⊗k K[λ] such that (a + λb)(ω(λ)) = 0 which

then implies, by lemma 2.4, the existence of a copy of 	l(k)

inside M for some l > 0. Picking l to be minimal, we can

conclude from lemma 2.5 that 	l(k) is a direct summand of

M . Since M is indecomposable, we have M ∼= 	l(k). This

gives the modules in item 3(b).

Case 2. dim V1 < dim V2. Dualising M = (V1, V2; a, b), we

get the dual representation M∗ = (V ∗2 , V
∗

1 ; a∗, b∗) which is

also indecomposable. Now dim V ∗2 > dim V ∗1 , so by Case (1)

we know that M∗ ∼= 	l(k) for some l positive. Taking duals

on both sides and invoking lemma 2.6, we get M ∼= 	−l(k).
This recovers the modules in item 3(c).

This completes the proof of the classification of the inde-

composable representations of V4.
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3. Some Applications

Having a good classification of the indecomposable represen-

tations of a finite group helps a great deal in answering general

module theoretic questions. In this section, we illustrate this by

proving some facts about module over the Klein group. Note

that we don’t know of any direct proofs of the statements below

that do not depend on the classification of the indecomposable

representations.

3.1 Heller shifts of the V4-representations

We will show how our knowledge of the representations of

V4 can be used to give a homological characterisation of the

parity of the dimensions of the representations. Proofs of the

propositions are given in the last section.

Proposition 3.1 [12]. If M is an even dimensional indecom-

posable projective-free representation ofV4, then	(M) ∼= M .

Corollary 3.2. A finite dimensional projective-free represen-

tationM of V4 is even dimensional if and only if	(M) ∼= M .

Proof. We only have to show that if M is an odd dimen-

sional indecomposable then 	(M) � M . By the classifica-

tion theorem, we know that M is isomorphic to 	l(k) for

some integer l. Then	(M) ∼= 	(	l(k)) ∼= 	l+1(k), which is

clearly not isomorphic toM just for dimensional reasons: just

note that dimension of 	n(k) is 2n+ 1. �

3.2 Dual representations of V4

We will use our knowledge of the representations of V4 to

characterise the parity of the dimension of a representation

using the concept of self-duality.

Recall that if M is a finite dimensional representation of

a group G, then one can talk about the dual representation

M∗ := Hom(M, k), where a group element g acts on a linear

functional φ by (g · φ)(x) := φ(xg−1). A representation ofG

is self-dual if it is isomorphic to its dual.

When G = V4, it is not hard to see that if M = (V1, V2;
a, b) is a projective-free representation of V4, then M∗ =
(V ∗2 , V

∗
1 ; a∗, b∗).

Proposition 3.3. Even dimensional indecomposable repre-

sentations of V4 are self-dual.

Corollary 3.4. A non-trivial indecomposable representation

of V4 is even dimensional if and only if it is self-dual.

Proof. If M is a non-trivial odd dimensional representation

of V4, then we know that M ∼= 	l(k) for some l �= 0. Then

M∗ ∼= (	l(k))∗ ∼= 	−l(k). In particular, M∗ � M . �

4. Proofs

In this section we give the proofs of the lemmas and

propositions that were used in the classification theorem and

applications.

4.1 Proof of Proposition 2.3

LetM be a projective-free V4 module. Then we have we have

ab(M) = 0, it follows thatUM is included inUV
4 . Remarkably

one can show that ifM is additionally not trivial representation

andM is indecomposable then UM is actually equalMV
4 , the

V4 invariant submodule of M . Consider short exact sequence

of V4 modules

0→ UM → M → M/UM → 0.

Letπ : M → UM be a vector space retraction of the inclusion

UM ↪→ M . Define a V4 action on the vector spaceM/UM⊕
M as follows:

a(x, y) := (0, ax)
b(x, y) := (0, by).

Then it is easy to verify that the map x �→ (x, π(x)) establishes

an isomorphism ofV4 modules betweenM andM/UM⊕UM .

Thus M is determined by the vector spaces M/UM and UM

and the linear maps a, b : M/UM → M . This data amounts

to giving a special representation of Q.

In the other direction, suppose [V1, V2;ψ1, ψ2] is a special

representation of Q. Define a V4 action on the vector space

V1 ⊕ V2 by setting a(x, y) := (0, ψ1(x)) and b(x, y) :=
(0, ψ2(x)). This is easily shown to be a projective free V4

module.

We leave it as an exercise to the reader to verify that the

recipes are inverses to each other.

It is also clear that these recipes respect direct sum of

representations. Thus the indecomposables are also in 1-1

correspondence.
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4.2 Proof of Lemma 2.4

Suppose M contains a copy of 	l(k), for some l ≥ 1.

g0•
b ���

��
�

g1•
a����

��
���

��
�

g2•
����
��

• • • gl−1•
���

���
gl•

����
��

•
f0

•
f1

•
fl−1

Define a vector V (λ) := g0 + g1λ + g2λ
2 + · · · +

glλ
l . A trivial verification shows that (a + λb)(V (λ)) =

0 and therefore a + λb is a singular transformation as

desired.

Conversely, suppose a + λb is singular. Then there is a

non-zero vector V (λ) = g0 + g1λ + g2λ
2 + · · · + glλ

l

of smallest degree l in V1 ⊗ k[λ] (so gl �= 0) such that

(a+bλ)(V (λ)) = 0. This means: a(g0) = 0, b(gi) = a(gi+1)

for 0 ≤ i ≤ l − 1, and b(gl) = 0. We now argue that these

equations give a copy of 	l(k) inside M . To this end, it suf-

fices to show that the vectors {g0, g1, g2, . . . , gl} are linearly

independent. As a further reduction, we claim that it suffices

to show that {a(g1), a(g2), . . . , a(gl)} are linearly indepen-

dent. For, then it will be clear that {g1, g2, . . . , gl} is linearly

independent, and moreover if g0 =
∑l

i=1 cigi , applying a on

both sides we get a(g0) = 0 = ∑l
i=1 cia(gi). Linear inde-

pendence of a(gi) forces all the ci = 0. Thus we will have

shown that {g0, g1, g2, . . . , gl} is linearly independent. So it

remains to establish our claim that {a(g1), a(g2), . . . , a(gl)} is
a linearly independent set. Suppose to the contrary that there is

a non-trivial linear combination of a(gi)’s which is zero: say
∑l

i=1 γia(gi) = 0 (*). We will get a contradiction by showing

that there is a vector of smaller degree (< l) in Ker(a + λb).
It suffices to produce elements (g̃i)0≤i≤l−1 such that a(g̃0) = 0,

b( ˜gl−1) = 0, and for 0 ≤ i ≤ l − 2, b(g̃i) = a( ˜gi+1) (�). For

then the vector
∑l−1

i=0 g̃iλ
i will be of degree less than l belong-

ing to the kernel of a + λb. To start, we set g̃0 =
∑l

i=0 γigi .

The condition a(g̃0) = 0 is satisfied by assumption (*). Now

define f̃0 := b(g̃0) =
∑l

i=1 γib(gi) =
∑l−1

i=1 γib(gi) (since

b(gl) = 0). Then we define g̃1 =
∑l−1

i=0 γigi+1 so that we have

the required condition a(g̃1) = b(g̃0). Now we simply repeat

this process: Inductively we define, for 0 ≤ t ≤ l − 1,

g̃t =
l−t∑

i=1

γigi+t ,

f̃t =
l−t∑

i=1

γib(gi+t ).

When t = l − 1, we have g̃l−1 = γ1gl and f̃l−1 = 0. So this

inductive process terminates at t = l−1(< l) and the require-

ments (�) are satisfied by construction. Thus we have shown

that the vector
∑l−1

i=0 g̃iλ
i is of smaller degree in the kernel

of a + λb contradicting the minimality of l. Therefore the

vectors {a(g1), a(g2), . . . , a(gl)} should be linearly indepen-

dent. This completes the proof of the first statement in the

lemma. The second statement follows by a straightforward

duality argument.

4.3 Proof of Lemma 2.5

First note that the second part of this lemma follows by dualis-

ing the first part; here we also use the fact that (	lk)∗ ∼= 	−lk
which will be proved in the next lemma. So it is enough to

prove the first part. Although this lemma is secretly hidden

in Benson’s treatment [3, Theorem 4.3.2], it is hard to extract

it. So we give a clean proof of this lemma using almost split

sequences, a.k.a Auslander-Reiten sequences. Recall that a

short exact sequence

0→ A
f−→ B → C → 0

of finitely generated modules over a groupG is an almost split

sequence if it is a non-split sequence with the property that

every map out of A which is not split injective factors through

f . It has been shown in [1] that given an finitely generated

indecomposable non-projective kG-module C, there exists a

unique (up to isomorphism of short exact sequences) almost

split sequence terminating in C. In particular, if G = V4 and

C = 	lk, these sequences are of the form; see [4, Appendix,

p. 180].

0→ 	l+2k→ 	l+1k ⊕	l+1k→ 	lk→ 0 l �= −1

0→ 	1k→ kV4 ⊕ k ⊕ k→ 	−1k→ 0

To start the proof, let l be the smallest positive integer such that

	lk embeds in a projective-free V4-module M . If this embed-

ding does not split, then by the property of an almost split

sequence, it should factor through	l−1k⊕	l−1k as shown in

the diagram below.

0 �� 	lk ��
� �

��

	l−1k ⊕	l−1k ��

f⊕g


�� 	l−2k �� 0

M
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Now if either f or g is injective, that would contradict the

minimality of l, so they cannot be injective. So both f and g

should factor through	l−2k⊕	l−2k as shown in the diagrams

below.

0 �� 	l−1k ��

f

��

	l−2k ⊕	l−2k ��

(f1⊕f2)
��

�� 	l−3k �� 0

M

0 �� 	l−1k ��

g

��

	l−2k ⊕	l−2k ��

(g1⊕g2)
��

�� 	l−3k �� 0

M

Proceeding in this way we can assemble all the lifts obtained

using the almost split sequences into one diagram as shown

below.

	lk
� � ��

� �

��

M

	l−1k ⊕	l−1k

��

� �

��
(	l−2k⊕	l−2k)⊕ (	l−2k⊕	l−2k)





� �

��
... � �

��
(	1k ⊕	lk)⊕ · · · ⊕ (	1k ⊕	lk)

��

� �

��
(kV4⊕k⊕k)⊕· · ·⊕(kV4⊕k⊕k)

��

So it suffices to show that for a projective-freeM there cannot

exist a factorisation of the form

	lk
� � ��

� �

��

M

(kV4)
s ⊕ kt

φ

��

where l is a positive integer. It is not hard to see that the invari-

ance (	lk)G of 	lk maps into ((kV4)
s)G. We will arrive at a

contradiction by showing ((kV4)
s)G maps to zero under the

map φ. Since ((kV4)
s)G ∼= ((kV4)

G)s it is enough to show that

φ maps each (kV4)
G to zero. (kV4)

G is a one-dimensional sub-

space, generated by say v. It v maps to a non-zero element,

then it is easy to see that the restriction of φ on the correspond-

ing copy of kV4 is injective, but M is projective-free, so this

is impossible. In other words φ(v) = 0 and that completes the

proof of the lemma.

4.4 Proof of Lemma 2.6

Recall that 	1(k) is defined to be the kernel of the augmenta-

tion map kV4 → k. Dualising the short exact sequence

0→ 	1(k)→ kV4 → k→ 0,

we get

0← 	1(k)∗ ← kV4 ← k← 0

because kV4 and k are self-dual. This shows that 	−1(k) ∼=
	1(k)∗. Now a straightforward induction gives 	−l(k) ∼=
	l(k)∗ for all l ≥ 1.

So it is enough to prove the part (1) of the lemma because it is

not hard to see that the representations in part (2) are precisely

the duals of those in part (1). We leave this as an easy exercise

to the reader.

As for (1) we will prove the cases n = 1 and n = 2. The

general case will then be abundantly clear. For n = 1, we have

to identify the kernel of the augmentation map kV4 → kwhich

is defined by mapping the generator e0 of kV4 to the basis

element g0 of k, so the kernel 	1(k) is a three dimensional

representation as shown in the diagram below

0 −→ a0•
���

��
b0•

��		
	

•
c0

−→
e0•

��





���
��

a0•
���

��
b0•

��		
	

•
c0

−→
g0•
−→ 0

Now consider the case n = 2. Note the 	1(k) is generated by

two elements g0 and g1. So a minimal projective cover will

be kV4 ⊕ kV4 generated by e0 and e1. The projective covering

maps ei to gi , i = 0, 1. The kernel 	2(k) of this projective

covering will be 5-dimensional and can be easily seen in the

diagram below.

0 → a1•

���
��

��
b1+a0•

��




���
��

��
b0•

����
��
�

•
c1

•
c0

→

e1•

����
��
�

���
��

��

a1•

���
��

��
b1•

����
��
�

•
c1

⊕

e0•

����
��
�

���
��

��

a0•

���
��

��
b0•

����
��
�

•
c0

→

g1•

���
��

��
g0•

����
��
�

•
f0

→ 0
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Now it is clear that in general 	l(k) for l ≥ 1 will be a 2l + 1

dimensional representation and has the shape of the zig-zag

diagram as shown in the statement of the lemma.

4.5 Proof of Proposition 3.1

We begin by showing the modules in item 2(b) are fixed by the

Heller shift operator. Recall that these have the form

gn−1•
b

���
���a

�����
�

gn−2•
�����

�
���

���
g1•

���
��

�
g0•

����
��

• • • • • • •
It is clear that the {g0, g1, g2, . . . , gn−1} is a minimal generat-

ing set for the above module, M say. So a minimal projective

cover of this module will be a free V4-module of rank n gene-

rated by basis elements {e0, e1, e2, . . . , en−1}, and the covering

map sends ei to gi , for all i. Counting dimensions, it is then

clear that the dimension of the kernel (	(M)) of this projective

cover is of dimension 2n. We only have to show that the V4-

module structure on the kernel is isomorphic to the one onM .

This will be clear from the following diagrams. We consider

the cases n = 2 and 3, the general case will then be clear.

0 −→ b0•
��






•
c0

−→
e0•

����
��

���
��

�

a0•
���

��
�

b0•
��






•
c0

−→
g0•

����
��

•
f0

−→ 0

0 → b1+a0•
����
��
�

���
��

��
b0•

����
��

•
c1

•
c0

→

e1•
����
��

���
��

�

a1•
���

��
�

b1•
����
��

•
c1

⊕

e0•
����
��

���
��

�

a0•
���

��
�

b0•
����
��

•
c0

→

g1•
����
��

���
��

�
g0•

����
��

•
f1

•
f0

→ 0

We now show that the modules in item 2(a) are fixed under the

Heller. Recall that in each even dimension 2n, these modules

correspond to indecomposable rational canonical forms given

by powers of an irreducible polynomials f (x)l = ∑n
i=0 θix

i ,

schematically:

gn−1•
b ���

���
gn−2•

a�����
�

���
���

gn−3•
�����

�
• • • g0•

����
��

���
��

�

•
fn−1

•
fn−2

•
f1

•
f0

where a(gn−1) =
∑n−1

i=0 θifi . It is again clear that {g0, g1,

g2, . . . , gn−1} is a minimal generating set, and hence a projec-

tive cover can be taken to be a free V4-module of rank n with

basis elements {e0, e1, e2, . . . , en−1}, and the mapping sends

the elements ei to the generators gi . We will again convince

the reader that these modules are fixed under the Heller by

examining the cases n = 1 and n = 2. We begin with the case

n = 1. Here the rational canonical form is determined by con-

stant θ0, and a(g0) = θ0f0. The following diagram shows that

the Heller fixes these two dimensional modules.

0 −→a0+θ0b0•
���

��
��

•
c0

−→
e0•

����
��

���
��

�

a0•
���

��
�

b0•
��






•
c0

−→
g0•

���
��

�

•
f0 −→

0

Now consider the four dimensional modules: n = 2 and the

rational conical form corresponds to a polynomialx2+θ1x+θ0.

In the diagram below a(g1) = θ0f0 + θ1f1.

0 → γ•
���

��
�

b1+a0•
����
��
�

���
��

��

•
c1

•
c0

→

e1•
����
��

���
��

�

a1•
���

��
�

b1•
����
��

•
c1

⊕

e0•
����
��

���
��

�

a0•
���

��
�

b0•
����
��

•
c0

→

g1•
���

��
�

g0•
���

��
�

����
��

•
f1

•
f0

→ 0

where γ = a1 + θ0b0 + θ1b1. Note that a(γ ) = θ0c0 + θ1c1,

as desired.

4.6 Proof of Proposition 3.3

Note that it suffices to show that the indecomposable represen-

tations in item 2(a) are self-dual; for that forces the represen-

tations in item 2(b) to be self-dual, and it is well known that

kV4 is self-dual.
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A 2n dimensional representation M of item 2(a) can be

chosen to be of the form (after a suitable choice of bases)

M = (V , V ; I, J )

where V is an n-dimensional vector space, I denotes the

identity transformation, and J an indecomposable rational

canonical form. It is then clear that the dual of M is

given by

M∗ = (V ∗, V ∗; I, J T )

It is a interesting exercise4 to show that a square matrix is

similar to its transpose, so there exists an invertible matrix D

such that J T = DJD−1. The following commutative diagram

then tells us that M is isomorphic to M∗.

V
J ��

D ∼=
��

V

D∼=
��

V ∗
J T

�� V ∗

5. The Quest Continues

In our paper we concentrated on Klein group but what about

C3 ⊕ C3? What are all the representation of this group?

Interestingly enough this is an extremely difficult question.

Yet, some progress has been made very recently which involves

more sophisticated machinery of representation theory. For the

curious reader we refer to a recent paper [6].
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1996. Notes by Ruedi Suter.

[6] Jon F. Carlson, Eric M. Friedlander and Julia Pevtsova,

Modules of constant Jordan type, J. Reine Angew.

Math., 614 (2008) 191–234.

[7] S.B. Conlon, Modular representations of C2 × C2,

J. Austral. Math. Soc., 10 (1969) 363–366.

[8] Stephen H. Friedberg, Arnold J. Insel and Lawrence

E. Spence, Linear algebra. Prentice Hall Inc., Upper

Saddle River, NJ, third edition (1997).

[9] I.M. Gelfand and V.A. Ponomarev, Indecomposable

representations of the Lorentz group, Uspehi Mat.

Nauk, 23(2(140)) (1968) 3–60.

[10] A. Heller and I. Reiner, Indecomposable representa-

tions, Illinois J. Math., 5 (1961) 314–323.

[11] D.L. Johnson, Indecomposable representations of the

four-group over fields of characteristic 2, J. London

Math. Soc., 44 (1969) 295–298.

[12] Claus Michael Ringel, The indecomposable represen-

tations of the dihedral 2-groups, Math. Ann., 214 (1975)

19–34.

Mathematics Newsletter -145- Vol. 21 #4, March 2012 & Vol. 22 #1, June 2012



A Unique Novel Homage to the

Great Indian Mathematician

Ramanujan Biography Magic Quare

Ramanujuan Biography Magic Square — A trial version.

G.Total 139 G.Total 364 G.Total 499 G.Total 640

139 225 135 141

Studied
Passed Joins in Loney’s

Entry to Primary Town Part II
Ramanujan Primary in First High Trigono- Grand

Born School Class School metry Janaki Born Total
22 12 18 87 18 92 18 97 18 98 19 0 21 3 18 99 640
66 50 19 4 79 67 36 43 52 10 64 9 65 50 20 6 640
41 23 47 28 78 42 80 25 14 20 41 60 45 12 59 25 640
10 54 55 20 50 24 91 60 51 7 11 66 10 76 44 11 640

18 92 18 97 50 25 35 29 18 98 19 0 21 3 18 99 640
80 119 2 24 20 60 27 32 28 27 60 20 60 50 20 11 640
91 4 100 30 25 7 72 35 22 8 40 65 55 17 54 15 640
36 10 105 74 44 47 5 43 67 2 16 50 5 71 49 16 640

30 22 23 60 18 98 19 0 30 60 70 69 21 3 18 99 640
22 35 65 13 42 10 53 30 60 40 54 75 67 58 10 6 640
21 70 24 20 13 20 52 50 65 44 50 70 44 23 50 24 640
62 8 23 42 62 7 11 55 74 85 55 15 9 57 63 12 640

20 39 22 60 21 3 18 99 21 3 18 99 30 50 60 77 640
25 16 70 30 52 56 25 8 60 50 15 16 45 40 72 60 640
37 40 29 35 61 10 50 20 43 10 66 22 75 33 50 59 640
59 46 20 16 7 72 48 14 17 78 42 4 67 94 35 21 640

640 640 640 640 640 640 640 640 640 640 640 640 640 640 640 640 10240

Legend of the Ramanujan Biography
Magic Square

From Top left towards right the important dates in the life

of Ramanujan was taken in double digits representing either

the date of the Month or month or the first or second part of

the year. Thus his date of birth 22-12-1887 is taken in four

separate squares as 22 12 18 87.

We have formed TWO SEPARATE 100× 100 Ramanujan

Biography Magic squares with all the important dates, years in

the life of Mr. Ramanujan from his birth to till his demise and

afterwards also. All the 100 squares of two digits will have a

total 2183 and 2179.
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From Top left towards right onwards or from top to bottom

onwards the magic squares will be of orders 4 × 4, 8 ×
8, 12× 12, 16× 16, 20× 20, and then in increased orders of

25× 25, 30 × 30, 36× 36, 42 × 42, 49× 49, 56× 56, 64×
64, 72× 72, 81× 81, 90× 90, and finally 100× 100.

Thus the total 100 × 100 Magic square will contain the

following small individual magic squares of sizes noted against

as below:

4× 4 Magic squares 25 25 (4× 4) = 400 squares
5× 5 Magic squares 20 20 (5× 5) = 500 squares
6× 6 Magic squares 24 24 (6× 6) = 864 squares
7× 7 Magic squares 28 28 (7× 7) = 1372 squares
8× 8 Magic squares 32 32 (8× 8) = 2048 squares
9× 9 Magic squares 36 36 (9× 9) = 2916 squares

10× 10 Magic squares 19 19 (10× 10) = 1900 squares

Total 184 (Different 10000 squares
sized squares)

An Interview with Peter Sarnak

About Peter Clive Sarnak

Peter Clive Sarnak (born 18 December 1953) is a South

African-born mathematician. He has been Eugene Higgins

Professor of Mathematics at Princeton University since 2002,

succeeding Andrew Wiles, and is an editor of the Annals

of Mathematics. Sarnak is also on the permanent faculty at

the School of Mathematics of the Institute for Advanced

Study.

Sarnak received his Ph.D. in 1980 from Stanford University

under the direction of Paul Cohen, who won a Fields medal in

1966 for his proof of the independence of the continuum

We Definitely Hope it is a Unique Idea and we Thank

The Almighty for Giving us the Idea and for his Kindness to

Complete it Successfully.

Concept, Design and Developed by

T.R. Jothilingam, B.Sc.,

Station Master, Kudal Nagar, S.Rly., Madurai,

Tamil Nadu, India. Cell: +91 09442810486.

T.J. Ramnath Babu, B.Tech., (Mech.),

Now in II Year Direct Ph.D.,

Indian Institute of Science, Bangalore, India.

T.J. Raghunath Babu, B.E., (M.B.A.)

Indian Institute of Management, Ahamadabad.

hypothesis and the axiom of choice from Zermelo–Fraenkel

set theory.

Sarnak was awarded the Polya Prize of Society of Indus-

trial & Applied Mathematics in 1998, the Ostrowski Prize in

2001, the Levi L. Conant Prize in 2003 and the Frank Nelson

Cole Prize in Number Theory in 2005. He was also elected

as member of the National Academy of Sciences (USA) and

Fellow of the Royal Society (UK) in 2002. He was awarded

an honorary doctorate by the Hebrew University of Jerusalem

in 2010.

Peter Sarnak was in India recently visiting Mumbai and Ban-

galore to deliver a series of lectures under the ICTS (Interna-

tional Centre for Theoretical Sciences) program ‘Mathematics

Panorama lectures.’

The contents of the interview are as follows.

BS: Before you moved from South Africa to the U.S., who

were the teachers or peers who shaped your mathematical

taste? Did your parents play any serious role in this?

PS: I didn’t learn about abstract mathematics until Univer-

sity, and in high school my main interest was in chess where

I played competitively at the national and international levels.

Once I was introduced to real mathematics, by a number

of wonderful and inspiring lecturers at the University of the
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Witwatersrand, I quickly devoted all of my efforts into learn-

ing mathematics and I like to think that I continue to do so

even now.

BS: Why did you think of working with Paul Cohen? Would

you have worked on issues of mathematical logic if he had been

working on it or, did you already know that he was working in

number theory when you went to him?

PS: I had taken some basic courses in mathematical logic and

even some about Cohen’s technique of forcing. I had heard

from some of the faculty that Cohen was a very dynamic

and brilliant mathematician and found this very appealing. This

information was rather accurate and I was very fortunate to

learn a great amount of mathematics and especially taste and

quality from Paul Cohen.

BS: Where do you see the future of mathematics heading in

the coming years? Do you see it getting more related to physics

or to computer science or to both?

PS: I have a rather global view of mathematics; that is, there are

very many interesting and active areas in mathematics. What

I find very pleasing is how these often interact with spectacular

consequences. There are by now many examples that one can

give and some of these come not only from such interactions

between subfields of mathematics but also ones in theoretical

physics and theoretical computer science. In connection with

the last two, in the not too distant past the flow was usually one

way, namely mathematical techniques being used to prove or

construct theories or structures. However recently the impact

of ideas from physics and computer science on “pure” mathe-

matics is quite dramatic as well. I am less familiar with other

sciences such as biology and their impact on pure mathematics,

it will no doubt come if it hasn’t already.

BS: How do you visualize yourself in the landscape of mathe-

matics as a mathematician? Do you ever feel the need to

motivate yourself?

PS: I like to work on concrete problems whose solution (or

more often than not partial solution) leads to a new under-

standing of the mathematics that underlies the problem. Most

of my work is connected with the theory of numbers where

the apparent truths are often simple to state but typically very

hard to prove. While some of the most compelling truths (for

example the Generalized Riemann Hypothesis) have so far

resisted all efforts, they serve as working hypotheses from

which other striking truths follow and of which a notable

number have been proven. In terms of style I would say that

I like to open a door on a problem and then move on to some-

thing else. Fortunately for me, I have had many stellar students

who have carried some of these things much further than I had

dreamed possible.

Being a mathematician, one is almost always stuck in what

one is trying to do (if not you are probably tackling problems

that you know how to solve before starting. . . ). So there

are times of great frustration and at which one finds it more

difficult to motivate oneself. During these periods, going back

to basics and lecturing is a very good remedy.

BS: Do you think that professional rivalries always have a

negative impact on the development of the subject or do you

think they can be good sometimes?

PS: I don’t think rivalries have a negative impact. It is good

that there is some competition and that people get credit and

recognition for making breakthroughs. Mostly mathematicians

trust each other and give proper credit where it is due, and it

is unusual to see the kind of behaviour which might be con-

sidered unethical (and is more common in other sciences), but

it happens.

BS: Who are the mathematicians who influenced you deeply?

Are there others outside of mathematics who inspired you or

continue to inspire you?

PS: Certainly for me mathematicians like Riemann and

Dirichlet from the 19-th century and Weyl, Siegel and Selberg

from the 20-th, have influenced me greatly. I still find teaching

a course about some aspect of their work (even if I have done

so a number of times before) to be exciting, rewarding and and

inspiring. So much of what we (in particular I) do relies on their

deep insights and it makes one re-examine what one is trying

in ones own research, giving a continued belief that there is a

beautiful and complete solution to what one is looking for.

BS: Have you sacrificed some other interests while choosing

mathematics as a career?

PS: It is not well appreciated outside of Mathematics that

Mathematicians are working essentially all the time. It is a job

in which one is doing what one enjoys (and so we should have
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no complaints about this!). This comes at the expense of some-

times sacrificing quality time with one’s family. This problem

is surely not restricted to Mathematics but all academia and is

certainly worse in the industrial sector.

BS: Do you think that the mathematicians of the last cen-

tury did deeper work than those in the earlier century in the

fact that a number of big conjectures got solved in the last

100 years than ever before? Or is it just a culmination of those

efforts?

PS: It is true that we have been lucky enough to live through a

period where a number of big problems were resolved. These

have involved critical ideas from different fields and so really

(at least the solutions presented) could not have been done

without the foundational works done by earlier workers in

these varying fields. For me the mathematics developed leading

up to these big breakthroughs is every bit as “deep” as the

striking achievements that we have witnessed.

BS: Is it right to say that more and more number-theoretic

results are proved and even discovered nowadays using group-

theoretic techniques or geometric techniques (dynamics of

orbits etc.)? If yes, would you advocate some changes in

the order in which various subjects in mathematics are tradi-

tionally learnt?

PS: I think number theorests have no shame in that they

are willing to use any techniques that will allow them

to understand the beautiful truths of the field that have

been uncovered, and await proof. Since many fields in

mathematics were invented to attack problems in number

theory, it is not surprising that these fields continue to be

part and parcel of techniques that are used (for example

harmonic analysis methods via exponential sums or algebro-

geometric methods. . . ). The modern theory of automorphic

forms which combines various fields and captures group

theoretic symmetries is especially powerful. It is not that

easy to explain, or to understand why it is so. I have often

wondered about someone writing a paper with the title “The

unreasonable effectiveness of automorphic forms in number

theory”. I have my views on this and would like to hear

others’ views. In the context of the homogeneous spaces

defining automorphic forms there is homogeneous dynamics

which you mention and which has proven to be remarkably

powerful in the context of questions of equidistribution in

arithmetic. It is one of our growing number of fundamental

tools.

BS: You are an expert in techniques from several diverse

areas like ergodic theory, analytic number theory, differential

geometry and representation theory. Do you think it is not

sufficient to gain good expertise just in one subject to have a

chance of making any significant contribution?

PS: I like tell my students that to start out you need to be a

real expert in one of these fields and to make some mark on

them. Then from your point of expertise, you branch out to

related areas. By tackling specific problems that might require

a combination of these fields you learn them quickly and

before long you become comfortable with these other areas.

There are mathematicians who contribute broadly and those

who have done so narrowly (but in a far-reaching way). Both

are perfectly good, I fall into the former category.

BS: Do you think that the Riemann hypothesis may one day be

solved using some existing theories like random matrix theory

when they are developed further or do you think some totally

new things a la hyperbolic geometry or p-adic numbers would

need to emerge for any hope?

PS: It is hard to predict how it will be solved (I believe strongly

in its truth and that a proof will be found). Many of the develop-

ments (say around random matrix theory) are very sugges-

tive as to what we are looking for. They also give striking

predictions, some of which can be proven in limited ranges

and are important in applications. I would like to repeat that

although the Riemann Hypothesis has defied efforts of many,

the subject has advanced greatly by progress which allowed

us to prove a number of the consquences of the generalized

Riemann Hypothesis by the approximations to it that we can

prove. That is instead of climbing the big mountain we have

found ways around it.

BS: Those who have performed well in mathematical

olympiad competitions at the school level have often turned

out to be high class mathematicians. What is the connec-

tion between possessing skills to quickly solve problems at

that level and doing good research which requires sustained

thinking on problems at a completely different level where

quickness is not really as important?

Mathematics Newsletter -149- Vol. 21 #4, March 2012 & Vol. 22 #1, June 2012



PS: Being good at mathematical competitions is neither

necessary or sufficient to make a first rate mathematician-

after all this is an ability to solve problems that are already

solved – which is not the case with research. However, having

such good problem-solving skills is a sign of mathematical

talent and so it is surely a good thing. Moreover in recent

times some of the best people (but certainly not all) doing

research were stars in these mathematical competitions. I am

not sure how well known it is that Perelman was wiz at

these.

BS: Is there a philosophy you have of what mathematics is or

what its place is in society?

PS: Not really other than it is somewhere between science

and philosophy and with modern computers there is no

doubt about the centrality of mathematics to much of what

we do.

BS: At least in India, there seems to be a phobia among children

regarding school mathematics; any suggestions to professional

mathematicians to deal with this?

PS: No.

CS: You have visited India, in particular Bangalore, twice and

have also interacted with some young students from India. You

may have formed some impressions of India and its mathe-

matical tradition and culture, based on it. Could you please

tell us some about your experiences, opinions and interactions

during your visits? Did you find any noticeable differences

between the two visits?

PS: My interactions with Indian mathematicians has always

been excellent. I have learned a lot from them (including

this recent trip) and I hope they have also learned some-

thing from me. A number of the best students that I have

had and also interacted with are Indian or of Indian descent.

At Princeton University, we have had especially brilliant stu-

dents from a number of countries around the world and

India is perhaps at the top of this list. So please keep them

coming!

PS – Peter Sarnak

BS – B.Sury

CS – C.S.Aravinda

Notebooks of Srinivasa Ramanujan

On the occasion of the 125th birth anniversary of the famous

Indian mathematician Srinivasa Ramanujan, the Tata Institute

of Fundamental Research decided to bring out an elegant two-

volume Collector’s Edition of the “Notebooks of Srinivasa

Ramanujan”.

These volumes are a faithful digitized colored presenta-

tion by specialized dedicated archivists of the Roja Muthiah

Research Library, Chennai of the original manuscript, at the

University of Madras, by the young genius in his own beauti-

ful handwriting.

Only 300 copies have been printed of this exquisite

Collector’s Edition. Connoisseurs and aficionados of Ramanu-

jan should rush to pick up this exclusive edition!

For the interested reader, who would like to compare the

present volume with the state of the original manuscripts, a

digitized version of the original manuscript has been made

available at

http://www.math.tifr.res.in/ publ/ramanujan.html

Details of cost and how to order this must-have set can also be

found there.

Problems and Solutions

The section of the Newsletter contains problems contributed

by the mathematical community. These problems range from

mathematical brain-teasers through instructive exercises to

challenging mathematical problems. Contributions are wel-

come from everyone, students, teachers, scientists and other

maths enthusiasts. We are open to problems of all types.

We only ask that they be reasonably original, and not more

advanced than the M.Sc., level. A cash prize of Rs. 500 will

be given to those whose contributions are selected for pub-

lication. Please send solutions along with the problems. The

solutions will be published in the next issue. Please send your

contribution to problems@imsc.res.in.

1. Raman V., IMSc.

(1) Make 127 using digits 1,2,7 once (example: 121 can be

made using 1 twice and 2 once as 112)

(2) Make 127 using digits 1,2,7 twice

(3) Make 127 using digits 1,2,7 n times
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2. Balachandran Sathiapalan, IMSc. Find the inverse of

the 10× 10 matrix

C(z) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 . . . 0

z 1 0 0 . . . 0

z2/2 z 1 0 . . . 0

z3/3! z2/2 z 1 . . . 0
...

...
...

...
. . .

...

z9/9! z8/8! z7/7! z6/6! . . . 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

3. S. Viswanath, IMSc. Let a1, a2, a3, · · · , an be distinct

non-negative integers. LetA be the n×nmatrix whose (i, j)th

entry is 1
ai+aj+1 . Show that detA > 0.

4. Apoorva Khare, Stanford University. Let F be a field,

and R be a finite dimensional unital F -algebra with no zero

divisors. Then R is a (possibly skew) field.

5. Apoorva Khare, Stanford University. Prove that the

following happens in any field F : if a1, . . . , ak are distinct

elements in F , then

k∑

i=1

k∏

j=1,j �=i

aj

aj − ai = 1.

6. Apoorva Khare, Stanford University. Suppose that mero-

morphic functions f �= g on a domain satisfy

f n − gn is holomorphic for all integers n > 0

then f and g are holomorphic.

7. C.P. Anilkumar and Kamalakshya Mahatab, IMSc.

Show that 1− x1x2 . . . xk is an irreducible polynomial.

8. Apoorva Khare, Stanford University. Can the open inter-

val (0, 1) be written as a countable disjoint union of closed

subsets of the real numbers?

UGC-Faculty Recharge Programme
(Initiative for Augmenting Research
and Teaching Resources in Indian

Universities)

GENESIS OF THE PROGRAMME:

Taking note of steep decline in research environment in

Indian Universities and stagnation of faculty and infras-

tructure, the Government of India, through the University

Grants Commission, has decided to launch a new Programme

called “UGC-Faculty Recharge Programme” to redress this

situation. This is a pressing requirement since majority

of our Universities, especially State Universities, have not

recruited faculty on a significant scale for a long time

and are in danger of losing more than a generation of

researchers.

Lack of availability of faculty positions, besides other

endemic problems associated with hiring of faculty, are often

cited as causative factors of this state of affairs. The recent

creation of new eight Indian Institutes of Technology, five

Indian Institutes of Science Education and Research and six-

teen Central Universities is anticipated to further aggravate this

problem.

The Faculty Recharge Initiative offers an effective

mechanism to address this problem and should provide a

unique opportunity to the Universities aspiring to upgrade and

rejuvenate faculty resources in their science – and engineer-

ing related departments. Under the Programme, fresh talent, at

all levels of academic hierarchy, is to be inducted in selected

departments/centers through a nationally-conducted competi-

tive process and the inductees are to be placed as Assistant

Professors, Associate Professors and Professors.

To impart distinct identity to these specially selected facul-

ties, a prefix ‘UGC’ has been added to each of these categories.

And, the faculties will be designated as UGC-Assistant

Professors, UGC-Associate Professors and UGC-Professors,

respectively. It is intended to ensure that individuals with

exceptional creativity, zeal and commitment to research and

teaching will be selected through this Programme. The

positions will be tenable at Universities eligible to receive

developmental funds under UGC.

ADVERTISEMENT DETAILS:

University Grants Commission of India invites applications

from outstanding highly motivated individuals, with demon-

strated flair for research and teaching, for positions of Assistant

Professor, Associate Professor and Professor in areas of basic

sciences, i.e. Physics, Mathematics, Chemistry, Biology, and

Engineering- and Earth Sciences. These positions have been

created as part of a new Initiative designed to augment

faculty resources in Indian Universities. The intent is to induct

exceptional candidates with notable record of research in

interdisciplinary/frontier areas of science, who will spearhead
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internationally competitive research programmes along with

their teaching responsibilities.

Initial appointments at each level shall be for a period

of 5 years, extendible through peer evaluation by successive

5-year terms. There is provision for elevation to next higher

rank following end-of-term or mid-term appraisal of those

occupying the position of Assistant/Associate Professor. The

positions are tenable till the age of superannuation (presently

at 65 years).

The University Grants Commission will synergize and

coordinate with Institutions under its umbrella for appro-

priate placement of successful candidates. The UGC-faculty

will receive emoluments at par with those of the Central

University appointees. In addition, facilities (such as residen-

tial accommodation, etc.), commensurate with those available

to faculty of the host Institution, may be extended to them.

Also, they will be entitled to competitive start-up grant for

research.

For Details, Visit:

http://www.ugcfrp.ac.in/

Indian National Science Academy

Bahadur Shah Zafar Marg, New Delhi 110 002

INSA TEACHERS AWARD – 2012

CALL FOR NOMINATIONS

In order to recognize excellence in teaching of science, the

Academy proposes to institute the INSA Teachers Award to

value consistent and high level of teaching in Indian Colleges,

Universities and Institutions. The award aims to recognize and

honour teachers who have inspired students to take up careers

in Science and Technology. All disciplines of Science and

Technology including Medical & Engineering Sciences will

come under the purview of this award. The maximum number

of awards shall be 10 per year. The awardees shall receive a

scroll, a cash award of Rs. 50,000/- and a one time book grant

not exceeding Rs. 20,000/-.

The nominee should be currently working in India and

should have at least 10 years of teaching experience at

undergraduate or postgraduate level in any Indian College/

University/Institution. Any teacher below the age of 55

years as on December 31, 2011 shall be eligible for

nomination.

A person may be nominated by the Fellow of INSA,

Principal of a College, Vice-Chancellor of a University,

Director of an Institution or by any former student who is

associated with an academic/R& D institution. The nominator

may forward only one nomination in a year.

The last date for receipt of nomination is July 25, 2012. For

further details and nomination proforma, please visit

www.insaindia.org.

Ramanujan Mathematical Society
RMS Series on Little Mathematical
Treasures (Published jointly by the
Ramanujan Mathematical Society

and the Universities Press)

The proposed series is addressed to mathematically mature

readers and to bright students in their last two years of

school education. It is envisaged that the books will contain

expository material not generally included in standard school

or college texts. New developments in mathematics will be

presented attractively using mathematical tools familiar at the

high school and undergraduate levels. There will be problem

sets scattered through the texts, which will serve to draw the

reader into a closer hands-on study of the subject. Readers will

be invited to grapple with the subject, and so experience the

creative joy of discovery and contact with beauty.

A thing of beauty is a joy forever . . . . So it is with

mathematics. The discoveries of Archimedes, Apollonius and

Diophantus have been sources of joy from very ancient times.

It is our hope that these books will serve our readers in a similar

manner.

Proposals for publication of a book in the series is invited

either with a note for writing a book for the series or with a

draft of the proposed book. Decision of the Editorial Board

will be final.

The RMS series on LMT is jointly published by RMS and

Universities Press. The authors are paid a royalty of 10% of

the net price of each book. The books are distributed in India

and abroad by the Universities Press.

Editorial Board: Antar Bandyopadhyay, Pradipta

Bandyopadhyay, Manjunath Krishnapur, Phoolan Prasad
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(editor-in-Chief), R. Ramanujam, S.A. Shirali, Geetha

Venkataraman, A. Vijayakumar.

Address for correspondence: Prof. Phoolan Prasad,

Department of Mathematics, Indian Institute of Science,

Bangalore – 560 012.

Email: prasad[at]math[dot]iisc[dot]ernet[dot]in

Books Published in the Series

1. A Gateway to Modern Mathematics: Adventures in

Iteration-I by S.A. Shirali

2. A Gateway to Modern Mathematics: Adventures in

Iteration-II by S.A. Shirali

Resume of “Adventures in Iteration”

To “reiterate” anything means to say something for a second

time. In mathematics, “iteration” refers to any sequence of

operations that is performed repeatedly; its essential aspect

is that the “output” at each stage is used as the “input” for

the following step. Many actions in elementary arithmetic and

algebra are iterations in hidden form; e.g., the Euclidean algo-

rithm for finding the greatest common divisor of two integers,

the division algorithm for finding the square root of a number,

Newton’s method for the numerical solution of equations, and

the simplex method for solving linear programs.

Iterations are an exciting topic to study, for an amateur as

well as the professional. Many of the iterations in elementary

mathematics offer scope for extended investigation; e.g., the

Kaprekar iteration that leads to the number 61 74. Another

example is the “four-numbers iteration.” In the process, one

encounters unsolved problems that look easy but are extremely

difficult, e.g., the Collatz “3n + 1” problem. Concepts such

as those of fixed point, limit point, convergence, orbit,

etc., emerge naturally while studying iterations. They are

like a gateway for learning important themes of modem

mathematics, such as fractals and chaos; they offer a route

for experiencing the experimental and visually aesthetic side

of mathematics. The Mandelbrot set, the snowflake curve and

the Sierpinski triangle, for example, are all defined through

iterations.

These topics, and many more, are studied in the two-volume

book Adventures in Iteration. Volume 1 is at an elementary

level, and is suitable for students aged 13–18 years; Volume 2 is

more challenging, and suitable for students aged 15–20 years.

Teachers who run mathematics clubs in their schools will find

here a rich source of material. These books will also be of

value to members of the general public who have an interest

in mathematics and take delight in learning a beautiful area of

modem mathematics.

Reviewer’s Comments: “I enjoyed reading this manuscript,

and I think that anyone with any curiosity about numbers

and their many strange and wonderful properties will find it

fascinating too. Writing a book around the topic of ‘itera-

tion’ is an excellent idea – it is a central theme of current

research in mathematics (under such names as ‘non-linear sys-

tems theory’. ‘chaos’) yet there are examples easily accessi-

ble to non-mathematicians, and easily stated problems which

have resisted solution so far. The author’s treatment conveys

very effectively the ‘culture’ of mathematics – the ideas which

interest mathematicians and have done world-wide over the

millennia.” a reviewer.

Books under Publication

Title: “Mathematics 12–14” in 4 volumes by S.A. Shirali

The book is intended for students in the age group of 12 to 14

years in schools, however it would be useful also to students

in 11th and 12th standards and of course teachers.

One of the reviewers writes “Shirali’s book is a superb intro-

duction to some substantial material for students of mathe-

matics in classes 7, 8 and 9 in Indian schools. If this book had

come twenty years ago, there would have been an entire gene-

ration of school students who would have “journeyed into a

world of pattern power and beauty”, to quote the author. This

book is far from being routine and needs dedication both from

the teacher and the pupil. It is time that such a book is avail-

able at a reasonable price to our students. For those students

who have missed reading such a book at an earlier level, it will

serve as revision material even at the plus two level. I would

like to add that these volumes will inspire students to seek

a career in pure or applied mathematics. Any publisher who

offers to publish this will be doing a great service to Indian

Mathematics and will also find a large market from the enor-

mous number of mathematically talented students in Indian

schools.” – Alladi Sitaram
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Dear Academicians/Research
Scholars/Faculty

Members/Colleagues

An International Conference on Mathematical Sciences will

be held at the Science College, Nagpur [affiliated to RTM

Nagpur University] from December 28–31, 2012.

Conference Website:

www.icms2012.org

Dr. P. BISWAS

Member/Scientific Committee

ICMS-2012

Senior Academician in Higher Mathematics

Von Karman Society for Advanced Study &

Research in Mathematical Sciences (VKS)

Old Police Line, Jalpaiguri – 735 101, West Bengal

E-Mail: p.biswas1943@gmail.com

Ph: (0) 8900524407/8953743489/03561-256894

Problems and Solutions

The Mathematics Newsletter of the Ramanujan Mathematical society will henceforth feature a Problems and Solutions section in

each issue. We invite you to submit original and interesting mathematical problems for solutions by the readers of the Newsletter.

• Proposed problems with solutions should be sent to problems@imsc.res.in

• Proposed problems should be original and not be under submission to any other journal or publication.

• Proposed problems with solutions should be submitted before 28 February, 31 May, 31 August, and 30 November for the March,

June, September and December issues.

• A cash prize of Rs. 500 will be awarded to those whose problems are selected for publication in the Newsletter.

For updates and discussions visit:

http://www.imsc.res.in/problems/

Workshops/Conferences in India

For details regarding Advanced Training in Mathematics Schools,

Visit: http://www.atmschools.org/

Name: National Seminar on Mathematical Modeling in Science and Technology

Location: The Technological Institute of Textile & Sciences, Birla Colony, Bhiwani, India.

Date: August 18, 2012

Visit: http://titsbhiwani.ac.in

Name: National Seminar on Current Research and Developments in Mathematics and Computing (CRDMC-2012)

Location: Aliah University, Kolkata, India.

Date: October 3–4, 2012

For details see: http://www.aliah.ac.in/Math−Brochure.pdf

Name: VI-MSS Event: Workshop and Conference on Limit Theorems in Probability

Location: Bangalore, India.

Date: January 1–9, 2013

Visit: http://icerm.brown.edu/vi-mss
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Name: Recent Advances in Operator Theory and Operator Algebras

Location: Indian Statistical Institute, Bangalore, India.

Date: December 31, 2012–January 11, 2013

Visit: http://www.isibang.ac.in/∼jay/rota.html

Name: International Conference on Mathematical Sciences (ICMS2012)

Location: Shri Shivaji Education Society’s Science College, Nagpur, Maharashtra, India.

Date: December 28–31, 2012

Visit: http://www.icms2012.org

Name: Eighth International Triennial Calcutta Symposium on Probability and Statistics

Location: Department of Statistics, Calcutta University, Kolkata, West Bengal, India.

Date: December 27–30, 2012

Visit: http://triennial.calcuttastatisticalassociation.org/sympBrochure.php

Name: The International Congress on Science and Technology

Location: Allahabad, U.P., India.

Date: December 22–24, 2012

Visit: http://sites.google.com/site/intcongressonsciandtech/

Name: 6th International Conference of IMBIC on “Mathematical Sciences for Advancement of Science and Technology”

(MSAST 2012)

Location: Salt Lake City, Kolkata, West Bengal, India.

Date: December 21–23, 2012

Contact: Dr. Avishek Adhikari, Convenor MSAST 2012 & Secretary, IMBIC; e-mail: msast.paper@gmail.com

Visit: http://www.isical.ac.in/∼avishek−r/

Name: 2nd International Conference on Mathematical Sciences and Applications

Location: India International Centre, 40, Max Mueller Marg, Lodhi Estate, New Delhi, India.

Date: December 15–16, 2012

Visit: http://www.journalshub.com/news.php

Name: VI-MSS Event: Winter School and Conference on Computational Aspects of Neural Engineering

Location: Bangalore, India

Date: December 10–21, 2012

Visit: http://icerm.brown.edu/vi-mss

Name: International Conference on Frontiers of Mathematical Sciences with Applications (ICFMSA-2012)

Location: Calcutta Mathematical Society, Kolkata, India.

Date: December 7–9, 2012

Visit: http://www.calmathsoc.org/downloads/ICFMSA-2012.pdf

Name: ICTS Program: Winter School on Stochastic Analysis and Control of Fluid Flow

Location: School of Mathematics, Indian Institute of Science Education and Research, Thiruvananthapuram, Kerala, India.

Date: December 3–20, 2012

Visit: http://www.icts.res.in/program/control2012
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Name: ICTS Program: Groups, Geometry and Dynamics

Location: CEMS, Kumaun University, Almora, Uttarakhand, India.

Date: December 3–16, 2012

Visit: http://www.icts.res.in/program/GGD2012

Name: 2012 Third International Conference on Emerging Applications of Information Technology (EAIT 2012)

Location: Indian Statistical Institute, Kolkata, India.

Date: November 29–December 1, 2012

Visit: http://sites.google.com/site/csieait2012

Name: International Seminar on History of Mathematics and Celebration of National Mathematics Year 2012 to Commemorate

125th Birth Year of Srinivasa Ramanujan

Location: Department of Mathematics & Statistics, Ramjas College, Delhi University, North Campus, Delhi, India.

Date: November 19–20, 2012

Visit: http://www.indianshm.com

Name: 100th Indian Science Congress, Science for Shaping the Future of India

Location: University of Calcutta, Kolkata

Date: January 3–7, 2013

Visit: http://sciencecongress.nic.in/html/89th.html

Name: National Mathematics Year 2012: 125 Birth Year of Srinivasa Ramanujan: National Conference on Mathematical Analysis

and Applications

Date: October 29–31, 2012

Location: Ramanujan Institute for Advanced Study in Mathematics, University of Madras, Chennai 600 005, India

Contact: Dr. E. Thandapani

E-mail: ncmaa2012riasm@gmail.com

Name: Refresher Course in Mathematics: Topology

Date: September 28–October 18, 2012

Location: Ramanujan Institute for Advanced Study in Mathematics, University of Madras, Chennai 600 005, India

Contact: Director, Academic Staff College, University of Madras, Phone No: 044-25399469, 25380585

Coordinator: Dr. Agrawal Sushama

Workshops/Conferences in Abroad

Name: The 8th William Rowan Hamilton Geometry and Topology Conference

Location: The Hamilton Mathematics Institute, Trinity College, Dublin, Ireland.

Date: August 28–September 1, 2012

Visit: http://www.hamilton.tcd.ie/events/gt/gt2012.htm

Name: Joint Introductory Workshop: Cluster Algebras and Commutative Algebra

Location: Mathematical Sciences Research Institute, Berkeley, California.

Date: August 27–September 7, 2012

Visit: http://www.msri.org/web/msri/scientific/workshops/all-workshops/show/-/event/Wm557
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Name: 8th International Symposium on Geometric Function Theory and Applications

Location: Ohrid, Republic of Macedonia.

Date: August 27–31, 2012

Visit: http://www.uab.ro/gfta-2012/

Name: International Conference on Theory and Applications in Nonlinear Dynamics

Location: The Westin Seattle, 1900 5th Avenue, Seattle, Washington.

Date: August 26–30, 2012

Visit: http://www.icand2012.org

Name: Symmetries in Differential Geometry and Mathematical Physics

Location: University of Luxembourg, Luxembourg City, Luxembourg.

Date: September 3–6, 2012

Visit: http://math.uni.lu/symm2012/index.html

Name: Summer School on Quantum Ergodicity and Harmonic Analysis (Part One)

Location: Philipps University Marburg, Germany.

Date: September 3–5, 2012

Visit: http://www.mathematik.uni-marburg.de/∼ramacher/QE

Name: Workshop on Combinatorics

Location: University of Lisbon, Lisbon, Portugal.

Date: September 3–5, 2012

Visit: http://worklis2012.fc.ul.pt

Name: Geometry, Structure and Randomness in Combinatorics

Location: Centro di Ricerca Matematica Ennio De Giorgi, Scuola Normale Superiore, Collegio Puteano, Piazza dei Cavalieri,

3, I-56100 Pisa, Italy

Date: September 3–7, 2012

Visit: http://crm.sns.it/event/241/

Name: Dynamical Systems: 100 years after Poincaré

Location: University of Oviedo, Gijn, Spain.

Date: September 3–7, 2012

Visit: http://www.unioviedo.es/ds100Poincare/

Name: Third Iberoamerican Meeting on Geometry, Mechanics and Control

Location: University of Salamanca, Salamanca, Spain.

Date: September 3–7, 2012

Visit: http://fundacion.usal.es/3imgmc

Name: Complex patterns in wave functions: Drums, graphs, and disorder

Location: Kavli Royal Society International Centre, Chicheley Hall, Chicheley, Newport Pagnell, Buckinghamshire MK16 9JJ,

UK.

Date: September 5–7, 2012

Visit: http://royalsociety.org/events/Complex-patterns-in-wave-functions/
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Name: ICERM Semester Program: Computational Challenges in Probability

Location: ICERM, Providence, Rhode Island.

Date: September 5–7, 2012

Visit: http://icerm.brown.edu/sp-f12

Name: Fourth Russian-Armenian workshop on mathematical physics, complex analysis and related topics

Location: Institute of Mathematics, Siberian Federal University, Krasnoyarsk, Russian Federation.

Date: September 9–16, 2012

Visit: http://conf.sfu-kras.ru/conf/math2012/info

Name: 3rd IMA Conference on Numerical Linear Algebra and Optimisation

Location: University of Birmingham, United Kingdom.

Date: September 10–12, 2012

Visit: http://www.ima.org.uk/conferences/conferences−calendar/numerical−linear−algebra−and

−optimisation.cfm

Name: International Conference on Nonlinear PDE & Free Surface and Interface Problems Workshop

Location: Oxford, United Kingdom.

Date: September 10–15, 2012

Visit: http://www.maths.ox.ac.uk/groups/oxpde/events

Name: 6th International Conference on Stochastic Analysis and its Applications

Location: The Mathematical Research and Conference Center of the Institute of Mathematics of the Polish Academy of Sciences,

Bedlewo, Poland.

Date: September 10–14, 2012

Visit: http://bcc.impan.pl/6ICSA/

Name: Algebra Geometry and Mathematical Physics – 8th workshop – Brno 2012

Location: Faculty of Mechanical Engineering, Brno University of Technology, Czech Republic.

Date: September 12–14, 2012

Visit: http://agmp.eu/brno12/general.php

Name: ERC research period on Diophantine geometry

Location: Centro di Ricerca Matematica “Ennio De Giorgi”, Scuola Normale Superiore, Piazza dei Cavalieri 3, 56100 Pisa, Italy

Date: September 20–October 20, 2012

Visit: http://www.crm.sns.it/event/242/

Name: Mathematics and Physics of Moduli Spaces

Location: Heidelberg University, Germany.

Date: September 24–28, 2012

Visit: http://www.match.uni-heidelberg.de/MPMS/

Name: Tensors and Their Geometry in High Dimensions

Location: University of California, Berkeley, Berkeley, California.

Date: September 26–29, 2012

Visit: http://math.berkeley.edu/∼oeding/RTG/index.html
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Name: New trends in Dynamical Systems

Location: Salou, Catalonia, Spain.

Date: October 1–5, 2012

Visit: http://www.gsd.uab.cat/ntds2012/index.php

Name: Cluster Algebras in Combinatorics, Algebra, and Geometry

Location: Mathematical Sciences Research Institute, Berkeley, California.

Date: October 29–November 2, 2012

Visit: http://www.msri.org/web/msri/scientific/workshops/all-workshops/show/-/event/Wm570

Name: International Conference in Number Theory and Applications 2012 (ICNA 2012)

Location: Department of Mathematics, Faculty of Science, Kasetsart University, Bangkok, Thailand.

Date: October 24–26, 2012

Visit: http://maths.sci.ku.ac.th/icna2012

Name: Conference on Cycles, Calibrations and Nonlinear PDE

Location: Stony Brook University, Stony Brook, New York.

Date: October 22–28, 2012

Visit: http://www.math.sunysb.edu/∼cycles2012

Name: AIM Workshop: Lipschitz metric on Teichmüller space

Location: American Institute of Mathematics, Palo Alto, California.

Date: October 22–26, 2012

Visit: http://aimath.org/ARCC/workshops/lipschitzteich.html

Name: First International Conference on Analysis and Applied Mathematics

Location: Gumushane University, Gumushane, Turkey.

Date: October 18–21, 2012

Visit: http://icaam2012.gumushane.edu.tr

Name: 2nd Annual Symposium on Large-Scale Inference

Location: AFI Silver Theatre and Cultural Center, Silver Spring, Maryland.

Date: October 18, 2012

Visit: http://LargeData@s-3.com

Name: School on Conformal Blocks in ICMAT-Madrid

Location: Madrid, Spain.

Date: October 15–19, 2012

Visit: http://confblocks.sciencesconf.org

Name: Higher Teichmüller-Thurston Theory

Location: Centre de recherches mathématiques, Montreal, Canada.

Date: October 15–19, 2012

Visit: http://www.crm.umontreal.ca/2012/Thurston12

Name: The International Workshop on Functional Analysis

Location: West University of Timisoara, Timisoara, Romania.
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Date: October 12–14, 2012

Visit: http://wfa.info.uvt.ro

Name: 4th Berlin Workshop on Mathematical Finance for Young Researchers

Location: Humboldt Universitaet zu Berlin, Berlin, Germany.

Date: October 11–13, 2012

Visit: http://www.qfl-berlin.com/workshop2012

Name: Workshop on geometry and statistics in bioimaging: Manifolds and stratified spaces

Location: Sandbjerg Estate, Sonderborg, Denmark.

Date: October 8–12, 2012

Visit: http://csgb.dk/activities/2012/geostat/

Name: The Legacy of Daniel Quillen: K-theory and Homotopical Algebra

Location: Massachusetts Institute of Technology, Cambridge, Massachusetts, USA.

Date: October 6–8, 2012

Visit: http://math.mit.edu/quillen/

Name: Yamabe Memorial Symposium (50th anniversary)

Location: University of Minnesota, Minneapolis, Minnesota.

Date: October 5–7, 2012

Visit: http://www.math.umn.edu/yamabe/2012/

Name: International Conference on Applied and Computational Mathematics (ICACM)

Location: Middle East Technical University (METU), Ankara, Turkey.

Date: October 3–6, 2012

Visit: http://www.iam.metu.edu.tr/icacm/

MINI-MTTS Programme 2012
A one week Mini Mathematics Training and Talent Search programme is being organized during August 27 to September

1, 2012 at the Department of Mathematics, Manipur University with the funding of National Board of Higher Mathematics,

Govt of India. The program is targeted to students currently in 2nd year/3rd Semester of BSc/BA/BE/B.Tech students

having Mathematics as one of the compulsory papers. The topics which will be discussed in the program are Number

Theory, Foundations of Set Theory, Real Analysis, and Linear Algebra. For further details,

Office of the Convenor, Department of Mathematics, Manipur University, Canchipur

E-mail: mranjitmu@rediffmail.com

The Mathematics Newsletter may be download from the RMS website at
www.ramanujanmathsociety.org
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MATHEMATICS NEWSLETTER

Mathematics Newsletter is a quarterly journal published in March,
June, September and Decembor of  each year. The first issue of  any
new volume is published in June.

Mathematics Newsletter welcomes from its readers

Expository articles in mathematics typed in LaTeX or Microsoft word.

lnformation on forthcoming and reports on just concluded meetings,
seminans, workshops and conferences in mathematics.

Problems for solution.

Solutions to problems that have appeared in the Newsletter and comments
on the solutions.

Brief reports on the matfiematical activities of their departments which
may be of  interest to others.

lnfotmation rcgarding faculty positions and scholarchips available.

Abstracts (each not exceeding a page) of  Ph.D theses.

Dehils of recent books published by them.

Any other item that may be interest to the mathematical community.

Readers are requested not to send regular papers for favour of publication in
the Mathematics Newsletter. The Newsletter is not the journal for such articles.

- Chief  Editor, Mathematics Newsletter
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