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UNIFORMLY BOUNDED BANACH REPRESENTATIONS OF SIMPLE
LIE GROUPS
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Abstract. In this note, we address a question raised by Krötz on the classification of
G-invariant domains of holomorphy for irreducible admissible Banach representations of
connected non-compact simple real linear Lie groups G. When G is not of Hermitian type,
we give a complete description of such G-invariant domains for irreducible admissible
uniformly bounded representations on reflexive Banach spaces and, in particular, for all
irreducible uniformly bounded Hilbert representations. When the group G is Hermitian,
we determine such G-invariant domains only when the representations considered are
highest or lowest weight representations.

1. Introduction
Let G be a connected non-compact simple real linear Lie group with Lie algebra g.
Let K be a maximal compact subgroup of G with Lie algebra k. Further, let GC be the
universal complexification of G and KC , that of K, and let gC denote the complexification
of g. Let (π, V ) be a Banach representation of G, i.e. assume there is a continuous action
G × V −→ V,

(g, v) 7→ g · v,

g ∈ G, v ∈ V

of G on a complex separable Banach space V which gives rise to a group homomorphism
g 7→ π(g) with π(g)v = g · v. We remark here that a Banach space carrying an irreducible
representation of a separable locally compact group is necessarily separable. For much of
this introductory material [War72, Chapter 4] is a good reference. We call a vector v ∈ V
an analytic vector if the orbit map γv : G −→ V of v, given by g 7−→ π(g)v and a priori
continuous, extends to a holomorphic (V -valued) function on an open neighbourhood of
G in GC or equivalently, if γv is a (V -valued) real analytic map. Note that the space V ω of
analytic vectors for the representation (π, V ) is a G-invariant subspace which is dense in V .
Recall that a Banach representation (π, V ) is called admissible if dim HomK (W, VK ) < ∞
for any finite-dimensional K-module W , where VK is the space of K-finite vectors of (π, V ).
By an irreducible Banach representation (π, V ) of G, we mean a topologically irreducible
representation i.e. V has no non-trivial closed G-invariant subspace. Irreducible admissible
Banach representations are the class of representations for which Harish-Chandra built his
theory of harmonic analysis on real reductive groups. If π is irreducible and admissible,
then we know that K-finite vectors are necessarily analytic vectors i.e., VK ⊆ V ω .
So, given a non-zero vector v ∈ VK , one might ask: to which G × KC -invariant domain
in GC does its orbit map γv extend holomorphically. Towards describing such G-invariant
domains, let Ξ denote the crown domain introduced in [AG90]. As we will see in some
detail in Section 2, it is a G-invariant domain in XC = GC /KC on which the G-action
1

2

GANG LIU, APRAMEYAN PARTHASARATHY

is proper, and which contains the Riemannian symmetric space X = G/K. Further, let
Ξ+ , Ξ− be the related G-invariant domains in XC , described in Section 2. We also write
e = q −1 (Ξ), Ξ
e ± = q −1 (Ξ± ), where q : GC −→ GC /KC is the canonical projection.
Ξ
A first remark is that it is reasonable to expect that such a domain would be independent
of the vector v ∈ VK because U(gC )·v = VK as U(gC )-modules. Here U(gC ) is the universal
enveloping algebra of gC . In fact, Krötz [Krö08, Theorem 5.1] proved a classification of
such domains when π is an irreducible unitary representation and, further, proposed the
following generalisation.
Conjecture: Let (π, V ) be an irreducible admissible Banach representation of G. There
exists a unique maximal G × KC -invariant domain Dπ ⊂ GC , such that for every non-zero
vector v ∈ VK , the orbit map γv : g 7→ π(g)v extends to a holomorphic map γ
ev : Dπ −→ V .
In more detail, we have
i) Dπ = GC if π is finite-dimensional.
e + if G is Hermitian, and π is a highest weight representation.
ii) Dπ = Ξ
e − if G is Hermitian, and π is a lowest weight representation.
iii) Dπ = Ξ
e in all other cases.
iv) Dπ = Ξ
In this note, we shall prove this for irreducible admissible uniformly bounded representations on reflexive Banach spaces. Notice that for a finite-dimensional representation π, the
fact that Dπ = GC follows directly from the definitions. Henceforth, all the representations
that we consider will be infinite-dimensional.
Now, we denote the continuous dual of a Banach space V by V 0 . We recall that a
Banach space V is called reflexive if the canonical isometric embedding v 7→ (v, ·) of V
into its continuous double dual V 00 is surjective. Here (·, ·) : V × V 0 → C is the duality
bracket. Equivalently, a Banach space V is reflexive if the closed unit ball is compact in
the weak-topology. Finite dimensional spaces, Hilbert spaces, Lp -spaces for 1 < p < ∞, as
well as uniformly convex Banach spaces are all reflexive. Spaces of continuous functions
on infinite compact metric spaces, endowed with the supremum norm, L1 spaces and L∞
spaces are all not reflexive (see [Bre11, Sections 3.5, 3.7], for instance).
A Banach representation (π, V ) of G is said to be uniformly bounded if there exists a
constant C > 0 such that
(1)

kπ(g)kop ≤ C

∀ g ∈ G,

where k·kop denotes the operator norm on the space of bounded linear operators on V .
Note that kπ(g)kop ≤ C and π(g)−1 op ≤ C for all g ∈ G together force C ≥ 1. Unitary
representations on a Hilbert space are, of course, uniformly bounded.
Uniformly bounded Hilbert representations have been classically well-studied in the
context of harmonic analysis on semisimple Lie groups - the Kunze-Stein phenomenon
(see [Cow78] and the references therein), Langlands classification and (g, K)-module cohomology [BW80, Chapters IV, V]. Uniformly bounded representations on Lp -spaces, as
well as on certain classes of uniformly convex Banach spaces, to our knowledge, have been
studied in the context of Property (T) and rigidity (see [BFGM07], for instance). For a
nice and concise overview of some of these aspects, we also refer to [Cow08].
We show in this note, that for an infinite-dimensional irreducible admissible uniformly
bounded representation π of a connected non-compact simple real linear Lie group G,
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which is not of Hermitian type, on a reflexive Banach space, the associated G × KC e mentioned earlier in the section. A
invariant domain of holomorphy Dπ is the domain Ξ
non-trivial irreducible, uniformly bounded Hilbert representation is necessarily admissible (see [BW80, Theorem 5.2, Chapter IV]), and so our main result Theorem 3 gives, in
particular, the G-invariant domains of holomorphy for all irreducible uniformly bounded
Hilbert representations. We further emphasise that, already, the class of irreducible uniformly bounded Hilbert representations is a much larger class than the class of irreducible
unitary representations. If G is Hermitian and π is a highest (respectively, lowest weight)
uniformly bounded representation of G on a reflexive Banach space, then we show that
e + , (respectively, Dπ = Ξ
e − ). It is not yet clear to us how to handle the case when G
Dπ = Ξ
is Hermitian but π is neither a highest nor a lowest weight representation. In the unitary
setting of [Krö08], an SL(2, R)-reduction is used, together with the uniqueness of the direct integral decomposition for unitary representations. Since there is no analogous result
on the uniqueness of direct integral decompositions in the Banach space setting, such a
method does not extend. However, since the class of groups which are not Hermitian is a
very large one, and since uniformly bounded representations are an important class, our
results, while not complete, are, in our opinion, already of interest.
Finally, our methods are an extension of the circle of ideas developed in [KS04], [KO08],
and [Krö08]. An important point in the proof is that the holomorphic extension of the orbit
map γv of a non-zero K-finite vector v depends essentially on the smooth Fréchet structure
of the Casselman-Wallach globalisation of the underlying (g, K)-module. Another key
observation is that from the vanishing at infinity of the matrix coefficients for non-trivial
irreducible, uniformly bounded representations, one can derive the appropriate properness
of the G-action, which then leads to the determination of the desired G-invariant domain
of holomorphy.
Acknowledgements: We would like to thank Bernhard Krötz for introducing the subject to us, and for helpful correspondence. We would also like to thank Tsachik Gelander
for pointing out to us that matrix coefficients vanish at infinity for non-trivial irreducible
uniformly bounded representations on reflexive Banach spaces. Originally, our results
were stated for representations on the more restrictive class of uniformly convex uniformly
smooth Banach spaces. Finally, the article is much improved due to the suggestions of the
referees. We are grateful to them for their comments, and in particular, for bringing the
reference [Joh87] to our notice.

2. Complex geometric setting
We begin by briefly describing the complex geometric setting, and refer to [KS05],
[KO08] for comprehensive accounts. With G and K as before, let g = k ⊕ p be a Cartan
decomposition such that K is the analytic subgroup corresponding to k, and let a be a
maximal abelian subspace of p. Let Σ = Σ(g, a) denote the set of restricted roots of the
pair (g, a). Set Ω = {Y ∈ a | |α(Y )| < π2 ∀ α ∈ Σ}. Ω is open, convex, and invariant
e = G exp(iΩ)KC ⊂ GC , we
under the Weyl group W = W (g, a) associated to Σ . Setting Ξ
e C . This description is known as the elliptic model of
define the crown domain as Ξ = Ξ/K
the crown domain.
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It was shown in [AG90] that Ξ is a Stein domain admitting a proper G-action. Notice
that X ⊂ Ξ ⊂ XC . Now, if we define the set of elliptic elements in XC by XC, ell :=
G exp(ia)KC /KC , then it is known that the crown domain Ξ is the maximal domain
contained in XC, ell which admits a proper G-action but it is not a maximal domain in all
of XC admitting a proper G-action. However, the polyhedron Ω in the elliptic model of
the crown domain is maximal with respect to proper G-action. So to understand larger
domains containing Ξ in XC on which G acts properly, we need an alternative description
of the crown domain - the unipotent model of the crown domain. Fixing an order on the
restricted root system Σ(g, a), let g = k ⊕ a ⊕ n be the Iwasawa decomposition, where n is
the sum of the root-spaces corresponding to the positive restricted roots. Set Λ to be the
connected component of {Y ∈ n | exp(iY )KC /KC ∈ Ξ} containing 0. Then, as described
in [KO08, Section 8], we have the unipotent model Ξ = G exp(iΛ)KC /KC of the crown
domain. Denote by ∂Ξ the topological boundary of the crown domain Ξ. It is a union of
G-orbits. The elliptic part ∂ell Ξ of the boundary is then given by ∂ell Ξ = G exp(i∂ Ω)KC ,
and we define the unipotent part of the boundary to be ∂u Ξ := ∂ Ξ\∂ell Ξ. Indeed, it can be
seen that ∂u Ξ = G exp(i∂Λ)KC /KC . It was shown in [AG90] that the G-stabiliser of any
point in ∂ell Ξ is a non-compact subgroup of G. It therefore follows that for any G-invariant
domain D with X ⊆ D ⊆ XC on which G acts properly, we have that D∩∂ell Ξ = ∅. Further,
∂u Ξ 6⊂ D, and so if D 6⊂ Ξ, then D ∩ ∂u Ξ 6= ∅
Now recall that a simple real Lie group is called Hermitian if the corresponding symmetric space G/K admits a G-invariant complex structure. In this case, as a kC -module,
−
±
pC splits into irreducible components p+
C , and pC , and we let P denote the corresponde ± = GKC P± . When G is Hermitian, the
ing analytic subgroups of GC . Then we set Ξ
unipotent model allows for a description of the directions in which the crown domain Ξ
e ± in such a way that it still admits a
can be extended to obtain the larger domains Ξ
proper G-action. In fact, in this case we have a nice explicit description of the unipotent
part ∂u Ξ of the boundary of the crown domain. We elaborate a little on this now. If G
is Hermitian, then the restricted root system Σ(g, a) is either of type Cn or BCn . We
can then consider the set {γ1 , . . . , γn } of long strongly orthogonal restricted roots. Fixing
Ej ∈ gγj so as to form slL
2 -triples with {Ej , θ(Ej ), [Ej , θ(Ej )]}, θ being the Cartan involution, we have that Λ = nj=1 (−1, 1)Ej . So we have a description of the unipotent model
Ξ = G exp(iΛ)KC /KC of the crown domain, and the unipotent part of the boundary is
given by ∂u Ξ = G exp(i∂Λ)KC /KC . The idea is that we can enlarge Ξ by enlarging Λ in
such a way that G acts properly on the enlarged domain. Explicitly, setting
Λ+ =

n
M
j=1

(−1, ∞)Ej ,

Λ− =

n
M

(−∞, 1)Ej

j=1

we have the larger domains Ξ± = G exp(iΛ± )KC /KC which still carry a proper G-action.
In fact, Ξ+ and Ξ− are Stein domains which are maximal domains in XC admitting a
proper G-action. The relation to the elliptic model Ξ = G exp(iΩ)K
C /KC is also easy to
L
see now, since, setting Tj = 21 [Ej , θ(Ej )], we have that Ω = nj=1 (− π2 , π2 )Tj .
The symmetric space G/K depends only on the Lie algebras g and k, and the crown
domain is a fibre bundle G×K Ad (K)Ω over G/K with the convex balls Ad (K)Ω as fibres.
Hence the crown domain, as a topological space, is contractible to p × Ad (K)Ω. Thus, as
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remarked in [Krö08, Remark 5.2], the domains Ξ, Ξ± are independent of the choice of the
connected group G.
3. Holomorphic extensions of irreducible admissible representations
For use later in the section, we explain what we mean by going to infinity on the
group G. Fix a positive system Σ+ = Σ+ (g, a) of restricted roots, and let a+ be the
corresponding positive Weyl chamber. Set A+ = exp(a+ ). We have then the KAKdecomposition G = KA+ K, with A+ denoting the closure of A+ . Let B(·, ·) denote the
Killing form on g. Then the modified Killing form hX, Y iθ = −B(X, θY ), X, Y ∈ g, is
an inner-product on g. One way is to consider the operator norm of the adjoint kAd(g)k,
for g ∈ G, on the Lie algebra g, considered as a real Hilbert space with respect to h·, ·iθ ,
and we write g → ∞ to denote that kAd(g)k goes to infinity. Because of [vdBS87, Lemma
2.1, (iii)] and the KAK-decomposition of G, this is the same as saying eα(log a) → ∞ for
all α ∈ Σ+ , where g = k1 ak2 , k1 , k2 ∈ K, a ∈ A+ , log : A → a is the inverse of the Lie
algebra exponential map exp : a → A.
In this section, we relate the complex geometric setting discussed above to irreducible
admissible G-representations. The first important observation in this direction is the
following result on the holomorphic extension of the orbit map of a non-zero K-finite
e We present the essential ideas of the proof,
vector to the G × KC -invariant domain Ξ.
along the lines of the proof of [KS04, Theorem 3.1]. Note that while admissibility is a
crucial assumption, we do not need the Banach spaces to be reflexive for the following
theorem.
Theorem 1. Let (π, V ) be an irreducible admissible Banach representation of a connected,
non-compact, simple Lie group G. If 0 6= v ∈ VK is a K-finite vector, then the orbit map
e = G exp(iΩ)KC .
γv : G −→ V extends to a G-equivariant holomorphic map on Ξ
Proof. Let V ∞ be the subspace of smooth vectors in V . Then VK ⊂ V ∞ and it is clear
that γv (G) ⊂ V ∞ . Now, by the admissibility of π, V ∞ equipped with the topology
induced by the universal enveloping algebra U(gC ) becomes the (smooth) CasselmanWallach globalisation of the Harish-Chandra module VK (See [Cas89], [Wal92, Chapter
11] or see [BK14] for a different approach). On the other hand, since the topology on V ∞
as a Casselman-Wallach globalisation is finer than the topology on it induced from V , we
only need to prove that the orbit map γv : G −→ V ∞ extends to a G-equivariant map on
e = G exp(iΩ)KC which is holomorphic with respect to the topology of the CasselmanΞ
Wallach globalisation (π ∞ , V ∞ ).
Now, by Casselman’s submodule theorem, (π ∞ , V ∞ ) is embedded (as a closed G∞ , H∞ ) arising from a minisubmodule) into a smooth principal series representation (πτ,λ
τ,λ
∞ . Then we
mal parabolic subgroup P of G. In this way, we can assume that v ∈ V ∞ ⊆ Hτ,λ
can follow the argument in [KS04, Theorem 3.1] in order to conclude that γv : G −→ V ∞
e
extends to a G-equivariant holomorphic map on Ξ.

This theorem tells us that the G-invariant domains of holomorphy that we seek necese The question then is whether such domains can be larger
sarily contain the domain Ξ.
e
than Ξ, and if so, to understand the connection between the geometry of the domains and
representation theory. This crucial link is established by using the vanishing property of
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matrix coefficients at infinity of the irreducible admissible representations under consideration, and relating this to properness of the G-action. We can then use the finer group
theoretic structure according to whether G is Hermitian or non-Hermitian to establish
precisely what the sought-after G-invariant domains of holomorphy are. Here is the result
on vanishing at infinity of matrix coefficients that we need.
Proposition 1. Let (π, V ) be an infinite-dimensional uniformly bounded irreducible representation of G on a reflexive Banach space. Then all the matrix coefficients of π vanish
at infinity.
Proof. For the case of irreducible uniformly bounded Hilbert representations, see [BW80,
Theorem 5.4]). For irreducible uniformly bounded representations on a reflexive Banach
space, we refer to the recent article [BG16, Corollary 9.5]. We remark that since our
group G is a connected simple linear Lie group, any proper normal subgroup is necessarily
discrete, and which by [Kna02, Proposition 1.93. (c),(d)] is closed and lies in the centre
of G. Further, by [Kna02, Theorem 6.31 (e)], the centre of G is contained in the maximal
compact subgroup K. Thus, any proper normal subgroup of G is finite. We can then
use the irreducibility of π to apply [BG16, Corollary 9.5] and conclude that the matrix
coefficients for irreducible uniformly bounded representations on reflexive Banach spaces
vanish at infinity.

We now use this proposition to prove the following theorem on the properness of the
G-action.
Theorem 2. Let G be a non-compact simple real linear Lie group and let (π, V ) be an
infinite-dimensional uniformly bounded irreducible admissible representation of G on a
e C , for any maximal G × KC reflexive Banach space. Then G acts properly on D = D/K
e
invariant domain D ⊂ GC to which the orbit map γv of a non-zero K-finite vector v
extends holomorphically.
The first crucial step is the following lemma, which allows us to prove this theorem,
not just for irreducible uniformly bounded Hilbert representations but also for irreducible
admissible uniformly bounded representations on reflexive Banach spaces. This extends
[Krö08, Lemma 4.2] proved there in the unitary case.
Lemma 1. Let (π, V ) be an infinite-dimensional irreducible admissible uniformly bounded
representation of G on a reflexive Banach space. Then G acts properly on V \ {0}.
Proof. The G-action on V \ {0} is proper if and only if for every compact subset W
of V \ {0}, the set WG = {g ∈ G | π(g)W ∩ W 6= ∅} is compact. Notice that since
the G-action is continuous, if W is compact, then WG is always closed. We claim that
WG is also compact. Suppose WG is not compact for a compact W . Then there exist
sequences (gn )n∈N in WG and (vn )n∈N in W such that lim gn = ∞ but π(gn )vn ∈ W
n→∞
for all n ∈ N. By the compactness of W we may assume, by going to subsequences if
necessary, that there exist v, w ∈ W such that lim vn = v and lim π(gn )vn = w. Now,
n→∞

n→∞

since π is uniformly bounded, we have that kπ(gn )vn − π(gn )vk ≤ C kvn − vk, and so it
follows that lim π(gn )v = w. Since w 6= 0, there is an f ∈ V 0 such that (w, f ) 6= 0.
n→∞
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But then lim (π(gn )v, f ) = (w, f ) 6= 0 - a contradiction to the vanishing of all the matrix
n→∞
coefficients at infinity, guaranteed by Proposition 1. This concludes the proof.

Now we are in a position to prove Theorem 2. This proof crucially uses the fact that
the representation is uniformly bounded, thus extending [KO08, Theorem 4.3].
Proof of Theorem 2 : We know that the orbit map γv : G → V extends to a G-equivariant
e → V . Then using the identity theorem for holomorphic maps we can
holomorphic map D
e
deduce, as in the proof of [KO08, Theorem 4.3], that π(z̃)v 6= 0 for all z̃ ∈ D.
Now suppose that G does not act properly on D. Then there exist sequences (gn )n∈N in
G with gn → ∞, (zn )n∈N in D such that zn → z ∈ D and gn zn → w ∈ D. We choose pree of zn , z, w, respectively, such that z̃n → z̃. Then a sequence (kn )n∈N
images z̃n , z̃, w̃ in D
in KC can also be chosen so that gn z̃n kn → w̃, from which it follows that π(gn z̃n kn )v →
π(w̃)v. For a uniformly bounded representation, we note that sub-multiplicativity of the
operator norm gives us also a bound from below:
1
≤ kπ(g)k ≤ C
C

∀g ∈ G,

where C is as in (1). So it follows that C1 kπ(z̃n kn )vk ≤ kπ(gn z̃n kn )vk ≤ C kπ(z̃n kn )vk.
e ∃ α1 , α2 > 0 such that α1 < kπ(z̃n kn )vk < α2 , for all n ∈ N.
Then since π(z̃)v 6= 0 ∀z̃ ∈ D,
Let W denote the linear span of the K-translates of v. From these considerations and the
fact that z̃n → z̃, we obtain that π(z̃n )|W −π(z̃)|W → 0, and hence that β1 < kπ(kn )vk < β2
for some constants β1 , β2 > 0. As v ∈ VK , W is finite-dimensional, and so the closure U
of the sequences (π(gn z̃n kn )v)n∈N and (π(z̃n kn )v)n∈N in V is a compact subset of V \ {0}.
But then the set UG = {g ∈ G | π(g)U ∩U 6= ∅} contains the unbounded sequence (gn )n∈N ,
and this is a contradiction to Lemma 1, thus proving the theorem.

Now we are in a position to use the geometry of the situation according to if G is
Hermitian or not Hermitian, along with Theorem 1 and Theorem 2 to determine the Ginvariant domains of holomorphy. First, suppose G is non-Hermitian. Then as in [Krö08,
Lemma 4.4], we have that for any root α ∈ Σ and Y ∈ gα , there exists an m ∈ M = ZK (a)
such that Ad (m)Y = −Y . For the sake of the reader, we give a few more references
and details here. If dim gα > 1, then this follows from the fact [Kos04, Theorem 2.13]
that the identity component of M acts transitively on the unit sphere in the root space
gα . If not, we first observe that the M -group of SL(3, R) is (Z/2Z)2 and see by an easy
calculation that the result holds for SL(3, R). Then since G is non-Hermitian, we use the
classification of non-compact real simple Lie algebras [Kna02, Appendix C] to see that the
only Lie algebras that we need to consider are the following: sl(n, R) for n ≥ 3 (split real
form), so(p, q) for 0, 2 6= p, q and p+q > 2, E I (split real form), E II (quaternion type), E
V (split real form), E V I (quaternion type), E V III (split real form), E IX (quaternion
type), F I (split real form) and G (split real form). Except in the orthogonal cases in
the above list, we can put Y ∈ gα with dim gα = 1 into a Lie sub-algebra isomorphic to
sl(3, R), as in the proof of [Krö08, Lemma 4.4]. Further, [Joh87, Theorem 3.5] describes
the component group of the M -groups as being a certain number of copies of Z/2Z, with a
precise description of how many copies occur. In the split cases, by [Joh87, Theorem 3.5 ,
Corollary 3.ii.] and reading off the rank of these groups from [Kna02, Appendix C], we see
that the M -group of SL(3, R) embeds into the M -group of the given group. In the three
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quaternionic exceptional cases in the above list, we see by [Joh87, Theorem 3.5, Corollary
3.iii], that the component group of M is (Z/2Z)2 and so the M -group of SL(3, R) embeds
into the M -group of these groups. The case of the orthogonal groups in the above list can
be done by explicit calculation.
The above discussion, together with a certain precise description of the boundary of
e in the SL(2, R) case, leads, as in [Krö08, Theorem 4.1], to the geometric result that
Ξ
D ⊂ Ξ for any G-invariant domain D such that X ⊂ D ⊂ XC on which G acts properly.
e C is contained in the crown domain Ξ. Now suppose D
e is
Therefore, we have that D/K
a maximal G × KC -invariant domain to which γv extends holomorphically. Observe that
e necessarily contains the domain Ξ.
e Theorem 2 then tells us that G acts
by Theorem 1, D
e
properly on D/KC , and so it follows that it is equal to Ξ. This yields our main result in
the non-Hermitian case.
Theorem 3. Let G be a connected non-compact real simple linear Lie group which is not
Hermitian. If (π, V ) is an infinite-dimensional irreducible admissible uniformly bounded
representation of G on a reflexive Banach space, then the corresponding G-invariant doe In particular, this is the case for all infinitemain of holomorphy is given by Dπ = Ξ.
dimensional irreducible uniformly bounded Hilbert representations of G.

We conclude by considering the case when G is Hermitian. Here we use the notation
set up in Section 2. Suppose (π, V ) is a highest (respectively, lowest) weight infinitedimensional irreducible admissible uniformly bounded G-representation on a reflexive Banach space V , i.e. P± acts finitely on VK . Using this, and Theorem 1 as well as the fact
that VK is also naturally a KC -module, we can conclude as in [Krö08] that, for 0 6= v ∈ VK ,
e±.
the orbit map γv extends holomorphically to the G × KC -invariant domain GKC P± = Ξ
Now since G is Hermitian, it is in fact true that if a G-invariant domain D such that
e + /KC or D ⊂ Ξ
e − /KC . Thus
X ⊂ D ⊂ XC admits a proper G-action, then either D ⊂ Ξ
we can conclude, using Theorem 2, that
Proposition 2. For a Hermitian group G, we have that the G-invariant domains of
eπ = Ξ
e ± depending on whether (π, V ) is of highest weight or lowest weight,
holomorphy D
respectively.
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