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Abstract 

We show that if M and N have the same homotopy type of simply 
connected closed smooth m-manifolds such that the integral and      
mod-2 cohomologies of M vanish in odd degrees, then their homotopy 

inertia groups are equal. Let nM 2  be a closed ( )1−n -connected       

2n-dimensional smooth manifold. We show that, for ,4=n  the 

homotopy inertia group of nM 2  is trivial and if 8=n  and 

( ) ,~;2 ZZ =nn MH  then the homotopy inertia group of nM 2  is also 

trivial. We further compute the group ( )nM 2C  of concordance classes 

of smoothings of nM 2  for .8=n  Finally, we show that if a smooth 

manifold N is tangentially homotopy equivalent to ,8M  then N is 

diffeomorphic to the connected sum of 8M  and a homotopy 8-sphere. 
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1. Introduction 

Let mΘ  be the group of smooth homotopy spheres defined by Kervaire 

and Milnor in [18]. Recall that the collection of homotopy spheres ∑  which 
admit a diffeomorphism ∑→ #MM  form a subgroup ( )MI  of ,mΘ  called 

the inertia group of M, where we regard the connected sum mM ∑#  as a 
smooth manifold with the same underlying topological space as M and with 
smooth structure differing from that of M only on an m-disc. The homotopy 

inertia group ( )MIh  of mM  is a subset of the inertia group consisting of 

homotopy spheres ∑  for which the identity map mMMid ∑→ #:  is 
homotopic to a diffeomorphism. Similarly, the concordance inertia group of 

,mM  ( ) ,m
m

c MI Θ⊆  consists of those homotopy spheres m∑  such that M 

and mM ∑#  are concordant. Among these groups, only the concordance 

inertia group ( )MIc  is a homotopy type invariant of M [5, 17]. Also, in [12], 

it was shown that the homotopy inertia group ( )MIh  is an h-cobordism 

invariant for manifolds of dimension at least eight. 

The paper is organized as following. Preliminary definitions and 
notations are given in Section 2. In Section 3, we show that if M and N have 
the same homotopy type of simply connected closed smooth m-manifolds 
such that the integral and mod-2 cohomologies of M vanish in odd degrees, 
then their homotopy inertia groups are equal. Thus, the homotopy inertia 
group ( )MIh  is a homotopy type invariant for closed oriented simply 

connected manifolds with vanishing the integral and mod-2 cohomology           

in odd degrees. In fact, we show that if ( )5≥mM m  is a closed simply 

connected smooth m-manifold such that the integral and mod-2 

cohomologies of mM  vanish in odd degrees, then the natural forgetful           

map ( ) ( )MMF DiffDiff
Con SC →:  is injective, where ( )MDiffC  is the 

group of concordance classes of smooth structures on mM  and ( )MDiffS  is 

the set of diffeomorphism classes of homotopy-smooth structures on .mM  
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Let nM 2  be a closed ( )1−n -connected 2n-dimensional smooth manifold. In 

this section, we also show that, for ,4=n  the homotopy inertia group 

( )n
h MI 2  is trivial and if 8=n  and ( ) ,~;2 ZZ =nn MH  then the homotopy 

inertia group ( )n
h MI 2  is also trivial. 

In Section 4, we compute the th0  reduced stable cohomotopy group 

( )nM 20~π  for 8,4=n  and the group ( )nM 2C  of concordance classes of 

smoothings of nM 2  for ,8=n  which will be used in Section 5. 

In Section 5, with the use of surgery theoretic structure sets, we give a 
diffeomorphism classification of closed smooth manifolds in the tangential 

homotopy type of .2nM  Recall that a homotopy equivalence of smooth 
manifolds of the same dimension NLf →:  is called tangential if the 

vector bundles ( )( )NTf ∗  and ( )LT  are stably isomorphic. In [27], it was 

studied that under what conditions tangentially homotopy equivalent 
manifolds are necessarily homeomorphic. Examples of non-homeomorphic 
tangentially homotopy equivalent manifolds were given in [8, 10]. In this 
section, we show that if 0,4mod0 >≡ nn  and a smooth manifold N is 

tangential homotopy equivalent to ,2nM  then N is homeomorphic to .2nM  
We also show that if a smooth manifold N is tangentially homotopy 

equivalent to ,8M  then N is diffeomorphic to ,#8 ∑M  where 8Θ∈∑  is a 

homotopy 8-sphere. 

Notation. We denote by [ ]YX ;  the set of all free homotopy classes of 

maps from X to Y. If X, Y are well pointed spaces, and if Y is 0-connected, 
then the fundamental group ( )Y1π  acts on the set [ ]0; YX  of based 

homotopy classes; the set [ ]YX ;  of all free homotopy classes can be 

identified with the orbit set of this action [40, Section III.1]. If Y is an          
H-space (or if Y is 1-connected), this action is trivial, so [ ] [ ] .;; 0YXYX =  

Denote by ( ),nOcolimO n=  ( ),nPLcolimPL n=  ( ),nTopcolimTop n=  =G  
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( ),nGcolimn  the direct limit of the groups of orthogonal transformations,          

PL homeomorphisms, homeomorphisms and homotopy equivalences, 
respectively. We also denote ( )nSPLcolimSPL n=  and ( ),nSGcolimSG n=  

the direct limit of the groups of orientation-preserving PL homeomorphisms 
and homotopy equivalences, respectively. 

In this paper, all the manifolds will be closed, smooth, oriented and 
connected, and all the homotopy equivalences, homeomorphisms and 
diffeomorphisms are assumed to preserve orientation, unless otherwise 
stated. 

2. Preliminaries 

Definition 2.1. (a) A homotopy m-sphere m∑  is an oriented smooth 

closed manifold homotopy equivalent to the standard unit sphere mS  in 

.1+mR  

(b) A homotopy m-sphere m∑  is said to be exotic if it is not 

diffeomorphic to .mS  

(c) Two homotopy m-spheres m
1∑  and m

2∑  are said to be equivalent if 

there exists an orientation preserving diffeomorphism .: 21
mmf ∑→∑  

The set of equivalence classes of homotopy m-spheres is denoted by 
.mΘ  

Definition 2.2. ( ).or PLDiffCat =  Let M be a closed Cat-manifold. 

Let ( )fN ,  be a pair consisting of a closed Cat-manifold N together with a 

homeomorphism .: MNf →  Two such pairs ( )11, fN  and ( )22, fN  are 

concordant provided there exists a Cat-isomorphism 21: NNg →  such that 

the composition gf D2  is topologically concordant to ,1f  i.e., there exists             

a homeomorphism [ ] [ ]1,01,0: 1 ×→× MNF  such that 101
fFN =

×|  and 
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.211 gfF N D=×|  The set of all such concordance classes is denoted by 

( ).MCatC  

We will denote the class in ( )MCatC  of ( )fN ,  by [ ]., fN  The base 

point of ( )MCatC  is the equivalence class [ ]IdM ,  of .: MMId →  

Definition 2.3. ( ).setsstructure-or TopDiffCat =  Let M be a closed 

Cat-manifold. We define the Cat-structure set ( )MCatS  to be the set of 

equivalence classes of pairs ( ),, fN  where N is a closed Cat-manifold and 

MNf →:  is a homotopy equivalence. And the equivalence relation is 

defined as follows: 

( ) ( )2211 ,~, fNfN  if there is a Cat-isomorphism 21: NNh →  

          such that hf D2  is homotopic to .1f  

We will denote the class in ( )MCatS  of ( )fN ,  by [ ]., fN  The base 

point of ( )MCatS  is the equivalence class [ ]IdM ,  of .: MMId →  

Denote by [ ]mmM ∑#  the equivalence class of ( )IdM mm ,#∑  in ( )MCatS  

or ( ).MDiffC  (Note  that [ ]mmM S#  is the class of ( ) )., IdM m  

Definition 2.4. Let mM  be a closed smooth m-dimensional manifold. 
The inertia group ( ) mMI Θ⊂  is defined as the set of mΘ∈∑  for which 

there exists a diffeomorphism .#: ∑→φ MM  

Define the homotopy inertia group ( )MIh  to be the set of all ( )MI∈∑  

such that there exists a diffeomorphism ∑→ #MM  which is homotopic to 
.#: ∑→ MMId  

Define the concordance inertia group ( )MIc  to be the set of all 

( )MIh∈∑  such that ∑#M  is concordant to M. 

Observe that there are natural forgetful maps ( ) →MF Diff
Con C:  
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( )MDiffS  and ( ) ( ).: MMF TopDiff
Diff SS →  In [39], Weinberger showed 

that the forgetful map ( ) ( )MMF TopDiff
Diff SS →:  is finite-to-one with 

image containing a subgroup of finite index. It also follows that the forgetful 

maps ( ) ( )MMF TopDiff
Diff SS →:  and ( ) ( )MMF DiffDiff

Con SC →:  fit 

into a short exact sequence of pointed sets: 

( ) ( ) ( ).MMM Top
F

Diff
F

Diff DiffCon
SSC →→  

Definition 2.5 [4, 38, 24, 28, 29]. Let N and M be closed smooth 
manifolds. A degree one normal map ( ) MNbfN →:,,  is a degree one 

map MNf →:  together with a stable bundle map ,: ξ→νNb  where 

Nν  is the stable normal bundle of N, b covers f and ξ is some stable vector 

bundle over M (necessarily fibre homotopy equivalent to .)Mν  

A normal bordism of degree one normal maps ( ) 1,0,,, =ibfN iii  is a 

degree one normal map ( ) [ ]1,0:,, ×→ MZcgZ  restricting to ( )iii bfN ,,  

over { }.iM ×  

The set of normal bordism classes of degree one normal maps into a 
closed smooth manifold M is called the normal structure set of M, and we 

denote it by ( ).MDiffN  

The normal structure set ( )MDiffN  of an m-dimensional smooth closed 

simply connected manifold mM  fits into the surgery exact sequence of 
pointed sets 

[ ]( ) ( ) ( )MLM Diff
m

Diff SN
θ

+
σ

→→×→ Z11,0"  

( ) ( ),Zm
Diff LM

ση
→→ N  (2.1) 

where the map ( ) ( )MM DiffDiff NS →η :  is defined by mapping [ ]fN ,  

to ( )[ ],:,, MNbfN →  here ( ) ( )NN fb ν→ν ∗−1:  is the canonical        
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bundle map and ( ) ( ),1
Nf ν=ξ ∗−  ( )ZmL  are the surgery obstruction 

groups, the maps ( ) ( )Zm
Diff LM →σ N:  and ( [ ]) →×σ 1,0: MDiffN  

( )Z1+mL  are the surgery obstruction maps and the map ( )Z1: +θ mL  

( )MDiffS→  is the action of ( )Z1+mL  on ( ).MDiffS  Using identity maps 

as base points, we have Sullivan’s familiar identifications ( )MDiffN  

[ ]OGM ,=  and [ ]( ) [ ],,1,0 OGSMMDiff =×N  where SM is the 

suspension of M. 

Definition 2.6 [27, 9]. Let M be a closed smooth m-manifold with stable 
normal bundle Mν  of rank .mk �  The smooth tangential structure set            

of M: 

( ) ( ){ } ,~:,:,, −ν→ν→|= MN
DiffT bMNfbfNMS  

consists of equivalences classes of triples ( ),,, bfN  where N is a smooth 

manifold, MNf →:  is a homotopy equivalence and MNb ν→ν:  is a 

map of stable bundles. Two structures ( )000 ,, bfN  and ( )111 ,, bfN  are 

equivalent if there is an s-cobordism ( )BFNNU ,,,, 10  and where 

MUF →:  is a simple homotopy equivalence, MUB ν→ν:  is a bundle 

map and these data restrict to ( )000 ,, bfN  and ( )111 ,, bfN  at the boundary 

of U. 

The tangential surgery exact sequence for a simply connected closed 
smooth manifold M finishes with the following four terms: 

( ) ( ) ( ) ( ),1 ZZ m
DiffTDiffT

m LMML
t σηθ

+ →→→ NS  (2.2) 

where the definition of ( )MDiffTN  is similar to the definition of 

( )MDiffTS  except that for representatives ( )bfN ,,  we require only that 

MNf →:  is a degree one map and the equivalence relation is defined 

using normal cobordisms over ( )., MM ν  The set ( )MDiffTN  of tangential 

normal invariants of M can be identified with [ ]., SGM  
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Let .McolimMQM nn
n ∑Ω=∑Ω= ∞∞  Then QM is an infinite loop 

space, i.e., the zero space of the Ω-spectrum { }.MQ n∑  For 00, QSSM =  

has components ,,0 Z∈kSQk  determined by the degree of self maps of 

spheres. We let 0SQk  be the kth component of .0QS  The space 0QS  is an 

H-space under the loop product 

000: QSQSQS 6×∗  

which satisfies 

,: 000 SQSQSQ tsts +×∗ 6  

and for any space M there is a free and transitive action 

[ ] [ ] [ ] [ ] [ ]( ) [ ] [ ].,,,, 0
1

0
0

0
1 α∗φαφ→×

∗
6SQMSQMSQM  

It is important to note that 0
0SQ  has the same homotopy type of SG and the 

H-space structure on SG given by composition of maps corresponds not to 

the loop product on 0
0SQ  [36]. Therefore, [ ] [ ] ( )MSQMSGM 00

0
~,, π==  

as sets, where ( )M0~π  is the th0  reduced stable cohomotopy group of M. 

Actually, ( )M0~π  is a ring, and, as groups, [ ] ( )MSGM 0~1~, π+=  where the 

addition on the right is given by ( ) ( ) αβ+β+α+=β+α+ 111  [13]. 

3. The Homotopy Inertia Group 

In [15], the concordance inertia group ( )n
c MI 2  and the inertia         

group ( )nMI 2  of an ( )1−n -connected 2n-smooth manifold nM 2  were 

considered for .8,4=n  In this section, we compute the homotopy inertia 

group of .2nM  

Theorem 3.1. Let 5≥m  and mM  be a closed simply connected smooth 

m-manifold such that the integral and mod-2 cohomologies of mM  vanish in 

odd degrees. Then ( ) ( )MMF DiffDiff
Con SC →:  is injective. 
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Proof. For { },2,1∈i  let [ ] ( ),, MfN Diff
ii C∈  where iN  is a closed 

smooth manifold and if  is a homeomorphism from iN  to M such that 

[ ]( ) [ ]( ).,, 2211 fNFfNF ConCon =  Thus, ( )11, fN  and ( )22, fN  represent 

the same element in ( ),MDiffS  and therefore, there exists a diffeomorphism 

φ from 1N  to 2N  such that .~ 12 ff −φD  

Since each ( )ii fN ,  represents an element in ( )MPLC  which is 

isomorphic to ( ) [ ]{ },,0; 2
3 IdMMH ==Z  there is a PL-homeomorphism 

ik  from iN  to M such that ikId D  coincides up to topological concordance, 

and hence up to homotopy with .if  Therefore, ,~ 12 kk −φD  say under the 

homotopy H. Define the homotopy equivalence IMINH ×→×1:~  by 

( ) ( )( ),,,,~ ttxHtxH =  where ( ) ., 1 INtx ×∈  By [33, Theorem 1], H~  is 

homotopic to a PL homeomorphism ( ).mod 1 IN ∂×  It is because such a 

deformation is obstructed by cohomology classes in ( )( ).;,1 ∗
∗ ∂× PIINH  

Since 1N  can have nonzero cohomology groups in even dimensions and        

iP  is zero for odd i, these cohomology groups are all zero. Thus, φD2k  is 

topological concordant to 1k  and hence φDD 2kId  to ,1kId D  and φD2f  

to .1f  This completes the proof by noting that both ( )11, fN  and ( )22, fN  

represent the same element in ( ).MDiffC  
 

As a corollary to the result above, we have the following. 

Corollary 3.2. Let 5≥m  and mM  be a closed simply connected 

smooth m-manifold such that the integral and mod-2 cohomologies of mM  
vanish in odd degrees. Then ( ) ( ).MIMI hc =  

Remark 3.3. (1) If nM 2  is a closed simply connected smooth              

2n-manifold such that the integral cohomology of nM 2  vanishes in odd 

degrees, by Corollary 3.2, ( ) ( ).22 n
c

n
h MIMI =  
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(2) If nM 2  is a closed smooth manifold homotopy equivalent to       

,nPC  then ( ) 02 =n
c MI  for 8≤n  [16]. Therefore, by Corollary 3.2, 

( ) ,02 =n
h MI  .8≤n  

By [15, Theorem 2.7((i), (iii))] and Corollary 3.2, we have the following. 

Corollary 3.4. Let nM 2  be a closed smooth ( )1−n -connected 2n-

manifold. Then 

(1) If ,4=n  then ( ) .02 =n
h MI  

(2) If 8=n  and ( ) ,~; ZZ =MH n  then ( ) .02 =n
h MI  

Since the concordance inertia group is a homotopy invariant and by 
Corollary 3.2, we have the following result. 

Corollary 3.5. If M and N have the same homotopy type of simply 
connected closed smooth m-manifolds such that the integral and mod-2 
cohomologies of M vanish in odd degrees, then their homotopy inertia 
groups are equal. 

4. Smooth Structures on 7-connected 16-manifolds 

In [15, Theorem 2.7(ii)], it was shown that the group ( )nM 2C  of 

concordance classes of smoothings of a closed smooth ( )1−n -connected        

2n-manifold nM 2  is isomorphic to the group of smooth homotopy spheres 

n2Θ  for .4=n  In this section, we compute the group ( )nM 2C  for .8=n  

We denote ,22 n
g

nnX DS ∪=  where nng SS →−12:  is an attaching 

map. Let [ ] [ ]SGSPLi nn
n ;;: SS →  and [ ] [ ]−→−∗

− ,,: nX Sι  be the 

induced maps by the natural maps SGSPLi →:  and ,: Xn →Sι  

respectively. Denote by ,: 2n
X Xf S→  a degree one map. 
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Theorem 4.1. (i) [ ] [ ]SPLSPLXPL ,,: 816 S→∗ι  is surjective. 

(ii) [ ]SGX ,16  is isomorphic to either 24 ZZ ⊕  or .222 ZZZ ⊕⊕  

The proof of Theorem 4.1 requires one fact which we prove below: 

Lemma 4.2. Let ,4mod0=n  .0>n  Then [ ] [ ]SGSPLi nn
n ,,: SS →  

is an isomorphism. 

Proof. Consider the homotopy exact sequence for the fibration →SPL  
:PLGSG →  

( ) ( ) ( )SPLPLGSG nnn π→π→π→ ++ 11"  

( ) ( ) "→π→π→ PLGSG nn
in

 (4.1) 

and by using the fact ( ) s
nn SG π=π  is a finite group, ( ) 01 =π + PLGn  and 

( ) ,Z=π PLGn  we have that [ ] [ ]SGSPLi nn
n ,,: SS →  is an isomorphism.  

 
 

Proof of Theorem 4.1. (i) There is a commutative diagram: 

 
(4.2) 

in which, the homomorphism 

( ) ( )SGSPLi nnn π→π:  
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is an isomorphism by Lemma 4.2, where 16,8=n  and the rows and 

columns are part of the long exact sequences obtained from the cofiber 

sequence X→→ 815 SS  and the fiber sequence ,PLGSGSPL →→  

respectively. From this commutative diagram, it is seen that 

[ ] [ ]SPLSPLXPL ,,: 816 S→∗ι  

is surjective if and only if 

( ) ( )SGSGg 158: π→π∗  

is the zero homomorphism. To show that ( ) ( )SGSGg 158: π→π∗  is the 

zero homomorphism, we will use Toda’s notation [35, p. 189] for special 

elements in the stable stems .s
nπ  Recall that s

∗π  equal the direct sum of the 
s
nπ  is an anti-commutative graded ring with respect to composition as 

multiplication and ( )SGnπ  can be identified with the nth stable homotopy 

group of sphere ;s
nπ  i.e., ( ) s

nn SG π=π  for .1≥n  This fact is used to 

identify the map 

( ) ( )SGSGg 158: π→π∗  

with the map 

( ( )) ( ) ( ),: 158
q

q
q

q
q gS SS ++

∗ π→π  

where ( )gSk  is the kth iterated suspension of g. Since ( ) ( ),228 εZZ ⊕=π vs  

where v  and ε  are the generators of the first and second components of .8
sπ  

Let qqf SS →+8:  represent either v  or .ε  First note that the homotopy 

class 

( )[ ] ( ) ,~
15167 ZZ ⊕=π∈+σ= sxaSgS  

where ( ) 16, ZZ ∈σ∈ Sa  is the generator represented by the suspension of 

the Hopf map 815: SS →σ  and 15Z∈x  has odd order. Using this together 
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with the fact that ( ) ( )ε228 ZZ ⊕=π vs  has order 4, we see that 

( ) ( )( )xaSSfgSf qq +σ= −1DD  

( ( )( )) ( ( ))xSfSSfa qq 11 −− +σ= DD  

( ( )( )) ( ( )).1 σ=σ= − qq SfaSSfa DD  

Since ( )σqS  represents the element ( )σS  in s
7π  and ( ) DD ε=σSv  

( ) 0=σS  in s
15π  [35, Theorem 14.1(iii), p. 190], we have ( ) 0=σqSf D  in 

.15
sπ  This implies that ( ) 0=gSf qD  in .15

sπ  Therefore, the map ( ( )) :∗gS q  

( ) ( )q
q

q
q SS ++ π→π 158  is the zero homomorphism and hence ( )SGg 8: π∗  

( )SG15π→  is the zero homomorphism. 

(ii) Recall the homotopy class 

( )[ ] ,~
15167 ZZ ⊕=π∈+σ= sxagS  

where ,Z∈a  σ  itself denotes the generator of 16Z  represented by the 

suspension of the Hopf map 815: SS →σ  and 15Z∈x  has odd order. 

Using this together with the fact that ( ) ( )ρη⊕η=π ∗ D2216 ZZ  has order 4, 

we see that ( ( ) [ ] [ ]) sSGSGgS 16
169 ,,:Im π⊆→∗ SS  is generated by the 

following three elements: 

,,,3 σησμσν aaa DDDD ε  

where μν ,3  and εDη  are the generators of the first, second and third 

components of 

[ ] ,~, 222
9

9 ZZZS ⊕⊕==π SGs  

respectively. Now, by [35, Theorem 14.1((i), (ii)), p. 190], we have 

( ) ,0=σν=σν DD aa  

0=σ εD  
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and .ρη=μσ DD  Using these relations and anti-commutativity of ,s
∗π  we 

have the following relations: 

( ( )) ,023 =σνν=σν DDD aa  

( )( ) ( )( ) ,0=ση=ση=ση εεε DDDDDD aaa  

( ) ( ) ( ) ( ).μρ=ρη−=μσ−=σμ=σμ DDDDD aaaaa  

This implies that ( ( ) [ ] [ ])SGSGgS ,,:Im 169 SS →∗  is contained in the 

subgroup of s
16π  generated by .μρ D  This shows that ( ( ) [ ]SGgS ,:Im 9S∗  

[ ]) ., 2
16 ZS =→ SG  Now, by the exact sequence in the horizontal rows of 

the commutative diagram (4.2) along SG and using the fact we have observed 

in the proof of (i) that [ ] [ ]SGSGXG ,,: 816 S→∗ι  is surjective, we get that 

[ ] 24
16 ~, ZZ ⊕=SGX  or .222 ZZZ ⊕⊕  

This completes the proof of Theorem 4.1. 
 

The following result follows from Theorem 4.1. 

Corollary 4.3. Let 16M  be a closed 7-connected 16-manifold such that 

( ) .~;8 ZZ =MH  Then [ ]SGM ,  is isomorphic to either 24 ZZ ⊕  or ⊕2Z  

.22 ZZ ⊕  

Theorem 4.4. Let 8M  be a closed 3-connected 8-manifold. Then 

 (i) [ ] ,~, 22 ZZ ⊕=SGM  

(ii) [ ] ,~, 2
1

1 ZZ ⊕⎟
⎠
⎞⎜

⎝
⎛= +

=⊕k
iOGM  

where k is the 4th Betti number of M. 

Proof. According to Wall [37], M has the homotopy type of =X  

,84
1 DS gi

k
i ∪⎟

⎠
⎞⎜

⎝
⎛

=w  where k is the 4th Betti number of 4
1, i

k
iM S=w  is the 



Homotopy Inertia Groups and Tangential Structures 105 

wedge sum of 4-spheres and 4
1

7: i
k
ig SS =→ w  is the attaching map of .8D  

Let 8: S→Xf X  be the collapsing map obtained by identifying 8S  with 

.4
1 i

k
iX S=w  Then by the naturality of the Puppe sequence, we have the 

following exact ladder: 

( )( )
[ ] [ ]CatXCatCatS

XfgS
i

k

i
,,, 84

1

∗∗

→→
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
→

=
SSw"  

[ ],,, 74
1

CatCat
g

i

k

i

Cat
SS

∗∗

→
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
→

=
w

ι
 (4.3) 

where ( )gS  is the suspension of the map .: 4
1

7
i

k
ig SS =→ w  

Using the facts that 

[ ]∏
=

=
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ k

i
ii

k

i
CatCatS

1

54
1

,~, SSw  

and 

[ ]∏
=

=
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡ k

i
ii

k

i
CatCat

1

44
1

,,~, SSw  

the above exact sequence (4.3) becomes 

[ ]
( )( )

[ ] [ ] [ ]∏ ∏
= =

∗∗∗

→→→→
k

i

k

i
i

fgS
i CatCatXCatCat

CatX

1 1

485 .,,,, SSS
ι

"  (4.4) 

If SGCat =  in the exact sequence (4.4) and using the fact that [ ]SGn ,S  

,0=  where ,5,4=n  we get that 

[ ] [ ] .~,~, 22
8 ZZS ⊕== SGXSG  

Hence 

[ ] .~, 22
8 ZZ ⊕=SGM  

This proves (i). 
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We now take OGCat =  and by using the facts that [ ] 2
8, ZS =OG  

Z⊕  and [ ] 0, =OGnS  [33], where ,7,5=n  it follows that 

[ ] [ ] .~,~, 2
1

1 ZZ ⊕⎟
⎠
⎞⎜

⎝
⎛== +

=⊕k
iOGMOGX  

This proves (ii). 
 

Recall that OPL  has a commutative H-space structure which makes the 

fibration BSPLBSOOPL →→  into a sequence of H-space maps where 

BSO and BSPL have compatible commutative H-space structures coming 
from the Whitney sum of bundles [23]. Associated to this fibration, we have 
the long exact Puppe sequences of abelian groups, for any space X, 

[ ] [ ] [ ] [ ],,,,, BSPLXBSOXOPLXSPLX
X

→→→→
∂φ∗

"  (4.5) 

where ∗φ  is induced by the natural map .: OPLSPL →φ  When MX =  is 

a smooth manifold, M∂  computes the difference a smooth structure makes to 

the isomorphism class of the stable tangent bundle. That is, 

[ ]( ) ( ) ( ) ( ) k ( ) [ ]01 0 0, , ,M N f f T N T M KO M M BSO∗−∂ = − ∈ =  

where ( )MT 0  is the stable tangent bundle of M. 

We now prove the following. 

Theorem 4.5. Let 16M  be a closed smooth 7-connected 16-manifold 

such that ( ) .~;8 ZZ =MH  Then ( )MDiffC  contains exactly four elements. 

Proof. Since OPL  fits into a fibration 

( ),3,~ 2ZKPLTopOTopOPL −→→  

we have the following long exact sequence: 
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( )[ ] ( )[ ] ( )2
2

2 ;2,,, ZZ MHKMPLTopM ==Ω"  

[ ] [ ] [ ]PLTopMOTopMOPLM ,,,0 →→→=  

( )[ ] ( ) .0;3,, 2
3

2 === ZZ MHKM  

This implies that [ ] [ ].,~, OTopMOPLM =  To show that ( )MDiffC  

contains exactly four elements, it is enough to show that [ ]OPLM ,  

contains exactly four elements by using the identifications ( ) =16MDiffC  

[ ]OTopM ,  given by [22, pp. 194-196]. Since 16M  is a closed 7-connected 

16-manifold such that ( ) ,~;8 ZZ =MH  M has the homotopy type of 

,168 DS α= ∪X  where 815: SS →α  is the attaching map of .16D  

Consider the following commuting diagram of long exact sequences: 

 (4.6) 

and using the facts that [ ] [ ]OPLSPL ,,: 88 SS →φ∗  and [ ] →∗ SPLX ,:ι  

[ ]SPL,8S  are surjective by the result of [6] and Theorem 4.1, respectively,       

we have that [ ] [ ]OPLOPLX ,,: 8S→∗ι  is surjective. Since [ ]OPL,8S  

,~
2Z=  the homomorphism [ ] [ ]OPLOPLX ,,: 8S→∗ι  fits into the 

following long exact Puppe sequences of abelian groups: 

[ ] [ ] [ ] [ ],,,,, 15816 OPLOPLOPLXOPL
Xf

SSS
σ
→→→→

∗∗ ι
"  (4.7) 

where [ ] [ ]OPLXOPLf X ,,: 16
16 →Θ=∗ S  is monic by [15, Theorem 

2.7(iii)]. This implies that [ ] [ ]OPLMOPLX ,~, =  contains exactly four 

elements. This proves the theorem. 
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In [15], it was proved that there are, up to concordance, exactly two 
smooth structures on a closed smooth 3-connected 8-manifold. Now, 
Theorem 4.5 implies the following. 

Corollary 4.6. Let 16M  be a closed smooth 7-connected 16-manifold 

such that ( ) .~;8 ZZ =MH  Then 16M  has exactly four distinct smooth 

structures up to concordance. 

5. The Smooth Tangential Structure Set 

In order to determine the smooth tangential structure set ( ),MDiffTS  

one must compute the surgery obstruction map σ. We now prove the 
following. 

Theorem 5.1. Let nM 2  be a closed smooth ( )1−n -connected               

2n-manifold with ,4mod0≡n  .0>n  Then the surgery obstruction :σ  

[ ] ( ) ZZ =→ ~, 2
2

n
n LSGM  is the zero map. 

Let [ ] [ ]OGMSGM ,,: →φ∗  and [ ] [ ]OGMOTopM ,,: →ψ∗  be 

the induced maps by the natural maps OGSG →φ :  and →ψ OTop:  

,OG  respectively. We prove the following. 

Theorem 5.2. Let nM 2  be a closed smooth ( )1−n -connected 2n-

manifold with .0,4mod0 >≡ nn  Then 

( [ ] [ ])OGMSGM nn ,,:Im 22 →φ∗  

( [ ] [ ]) [ ].,,,:Im 222 OTopMOGMOTopM nnn ≅→ψ= ∗  

Proof. Consider the following commutative diagram: 

 

 



Homotopy Inertia Groups and Tangential Structures 109 

                                            [ ( )]TopGM n Ω,2  

 (5.1) 

In this diagram, the rows and columns are the parts of the long                 
exact sequences obtained from the fiber sequences ,BSOOGSG →→  

BSTopTopGSG →→  and .TopGOGOTop →→  

Now the following three facts used in conjunction with a simple diagram 
chase in (5.1) show that 

( [ ] [ ])OGMSGM nn ,,:Im 22 →φ∗  

( [ ] [ ]) [ ].,,,:Im 222 OTopMOGMOTopM nnn ≅→ψ= ∗  

thus proving Theorem 5.2. 
 

Fact 1. The homomorphism [ ] [ ]BSTopMTopGM nn
M ,,: 22 →∂  is 

monic for .4mod0≡n  

Fact 2. The homomorphism [ ] [ ]OGMOTopM nn ,,: 22 →ψ∗  is 

monic. 

Fact 3. The homomorphism [ ] [ ]BSOMOTopM nn
M ,,: 22 →∂  is the 

zero map. 

It remains to verify these facts. Fact 1 is due to Kramer [21, Proposition 
9.9]. 
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Proof of Fact 2. Consider the Puppe’s exact sequence (4.4) for the 

inclusion nn
i

ki
i Mi 2

1: →=
= Sw  along ( )TopGCat Ω=  and using the fact 

that [ ( )] 0, =Ω TopGnS  for even n, we get that [ ( )] .0,2 =Ω TopGM n  

Now it follows from the vertical exact sequence in (5.1) that the 

homomorphism [ ] [ ]OGMOTopM nn ,,: 22 →ψ∗  is monic. 
 

Proof of Fact 3. Since [ ]OTopM n ,2  is a finite group and k ( )2nKO M  

[ ]2 ,nM BSO=  [41] is torsion-free, it follows that the homomorphism :M∂  

[ ] [ ]BSOMOTopM nn ,, 22 →  is the zero map. 
 

Proof of Theorem 5.1. The smooth structure set ( )nDiff M 2S  fits into 

the following surgery exact sequence: 

( ) [ ] ( )., 2 Zn
inj

Diff LOGMM
σ
→�S  (5.2) 

Thus, a normal map [ ]OGM ,∈ϕ  represents a homotopy smoothing 

structure for M if and only if ( ) .0=ϕσ  Observe that if ϕ lies in the image 

[ ] ( ) [ ],,, 222 OGMMOTopM n
inj

nDiffn �� S
∗ψ

 then ( ) .0=ϕσ  Therefore, 

the surgery obstruction ( [ ] [ ]) ( )Zn
nn LOGMOTopM 2

22 ,,:Im: →→ψσ ∗  

is the zero map. Combining this with the following commutative diagram [9] 
and Theorem 5.2: 

 (5.3) 

we get that the surgery obstruction [ ] ( ) ZZ =→σ ~,: 2
2

n
n LSGM  is the 

zero map. This completes the proof of the theorem. 
 

Theorem 5.3. Let nM 2  be a closed smooth ( )1−n -connected 2n-

manifold with ,4mod0≡n  .0>n  Then the map ( ) →η nDiffTt M 2: S  

[ ]SGM n ,2  is a set bijection.  
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Proof. Since ( ) ,012 =+ ZnL  the tangential surgery exact sequence for 
nM 2  runs as follows: 

( ) [ ] ( ).,0 2
22 Zn

nnDiffT LSGMM
t ση

→→→ S  (5.4) 

From Theorem 5.1, it follows that the map ( ) →η nDiffTt M 2: S  

[ ]SGM n ,2  is a set bijection. 
 

Theorem 5.4. Let nM 2  be a closed smooth ( )1−n -connected              

2n-manifold with ,4mod0≡n  .0>n  Let MNf →:  be a tangential 

homotopy equivalence where N is a closed smooth manifold. Then there             

exist a smooth manifold N~  and a homeomorphism MNg →~:  such that 

( )fN ,  and ( )gN ,~  represent the same element in ( ).MDiffS  

Proof. Observe that a tangential homotopy equivalence MNf →:  

represents an element of ( )MDiffS  and its image in k ( ) [ ]0 ,KO M M BSO=  

is given by ( ) ( ) ( ) .0001 =−∗− MTNTf  Therefore, by using the third row 

exact sequence in the diagram (5.1) and Theorem 5.2, there exist a smooth 

manifold N~  and a homeomorphism MNg →~:  such that ( )fN ,  and 

( )gN ,~  represent the same map in [ ]., OGM  Thus, ( )fN ,  and ( )gN ,~  

represent the same element in ( ).MDiffS  
 

We note that Theorem 5.4 implies the following. 

Corollary 5.5. Let nM 2  be a closed smooth ( )1−n -connected 2n-

manifold with ,4mod0≡n  .0>n  If a smooth manifold N is tangential 
homotopy equivalent to M, then N is homeomorphic to M. 

Theorem 5.6. Let M be a closed smooth 3-connected 8-manifold. If a 
smooth manifold N is tangential homotopy equivalent to M, then there is a 
homotopy 8-sphere ∑  such that N is diffeomorphic to .#∑M  
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Proof. By [15, Theorem 2.7(ii)], we have ( ) {[ ] ∈∑|∑= #MMDiffC  

}.8Θ  Now applying Theorem 5.4. 
 

As a consequence of [15, Theorem 1.1] and Theorem 5.6, we get 

Corollary 5.7. Let M be a closed smooth 3-connected 8-manifold          

such that ( ) .~;4 ZZ =MH  If a smooth manifold N is tangential homotopy 

equivalent to M, then N is diffeomorphic to M. 
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