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Abstract

We survey the recent results and current issues on the topological rigidity problem for closed aspherical
manifolds, i.e., connected closed manifolds whose universal coverings are contractible. A number of open
problems and conjectures are presented during the course of the discussion. We also review the status and
applications of the Farrell-Jones Conjecture for algebraic K-and L-theory for a group ring RG and coefficients
in an additive category. These conjectures imply many other well-known and important conjectures.
Examples are the Borel Conjecture about the topological rigidity of closed aspherical manifolds, the Novikov
Conjecture about the homotopy invariance of higher signatures and the Conjecture for vanishing of the
Whitehead group. We here present the status of the Borel, Novikov and vanishing of the Whitehead group
Conjectures.
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1. Introduction

A classification of manifolds up to CAT (Diff, PL or Top) isomorphism requires the construction of a
complete set of invariants such that

(1) the invariants of a manifold are computable,
(2) two manifolds are CAT-isomorphic if and only if they have the same invariants, and
(3) there is given a list of non-CAT isomorphisms manifolds realizing every possible set of invariants.

The most important invariant of a manifold Mn is its dimension, the number n ≥ 0 such that M is locally
homeomorphic toRn, so that an n-dimensional manifold Mn cannot be homeomorphic to an m-dimensional
manifold Nm. The homology and cohomology of an orientable n-dimensional closed manifold M are related
by the Poincarè duality isomorphisms H∗(M) � Hn−∗(M). Any n-dimensional closed manifold M has Z2-
coefficient Poincarè duality H∗(M;Z2) � Hn−∗(M;Z2) with Hn(M;Z2) = Z2, Hm(M;Z2) = 0 for m > n. The
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dimension of a closed manifold M is thus characterized homologically as the largest integer n ≥ 0 with
Hn(M;Z2) , 0. Homology is homotopy invariant, so that the dimension is also homotopy invariant : if
n , m an n-dimensional closed manifold Mn cannot be homotopy equivalent to an m-dimensional closed
manifold Nm.

The flavor of the classification of closed manifolds depends heavily on the dimension. In one dimension,
the classification is trivial- all we have is the circle. In dimension two, it is easy. Manifolds are determined
by their orientability and their Euler characteristic, and the smooth, piecewise linear, topological, and ho-
motopy categories coincide. For n ≥ 3 there exist n-dimensional manifolds which are homotopy equivalent
but not diffeomorphic, so that the diffeomorphism and homotopy classifications must necessarily differ.

In the 3-dimensional setting there is no distinction between smooth, PL and topological manifolds, i.e.,
the categories of smooth, PL and topological manifolds are equivalent. A lot of techniques have been
developed in the last century to study 3-manifolds but most of them are very special and don’t generalise
to higher dimensions. The first interesting family of 3-manifolds to be classified were the flat Riemannian
manifolds-those which are locally isometric to Euclidean space. David Hilbert, in the 18th of his famous
problems, asked whether there were only finitely many discrete groups of rigid motions of the Euclidean
n-space with compact fundamental domain. Ludwig Bieberbach (1886-1982) proved this statement in
1910, and in fact gave a complete classification of such groups. Compact 3-manifolds of constant positive
curvature were classified in 1925, by Heinz Hopf (1894-1971). Twenty-five years later, Georges de Rham
(1903-1990) showed that Hopf’s classification, up to isometry, actually coincides with the classification up to
diffeomorphism. The lens spaces, with finite cyclic fundamental group, constitute a subfamily of particular
interest. These were classified up to piecewise-linear homeomorphism in 1935 by Reidemeister, Franz, and
de Rham, using an invariant which they called torsion (See Milnor 1966 as well as Milnor and Burlet 1970
for expositions of these ideas).

In the 1980s Thurston developed another approach to 3-manifolds, see [143] and [37]. He considered 3-
manifolds with Riemannian metrics of constant negative curvature −1. These manifolds, which are locally
isometric to the hyperbolic 3-space, are called hyperbolic manifolds. There are fairly obvious obstructions
showing that not every 3-manifold can admit such a metric. Thurston formulated a general conjecture that
roughly says that the obvious obstructions are the only ones; should they vanish for a particular 3-manifold
then that manifold admits such a metric. His proof of various important special cases of this conjecture led
him to formulate a more general conjecture about the existence of locally homogeneous metrics, hyperbolic
or otherwise, for all manifolds; this is called Thurstons Geometrization Conjecture for 3-manifolds. An
important point is that Thurstons Geometrization Conjecture includes the Poincarè Conjecture as a very
special case. A proof of Thurstons Geometrization Conjecture is given in [115] following ideas of Perelman.
For more details on the history of the Poincarè Conjecture, the development of 3-manifold topology, and
Thurstons Geometrization Conjecture (see Milnor’s survey article [109]).

For n ≥ 4 group-theoretic decision problems prevent a complete classifications of smooth n-manifolds, by
the following argument. Every smooth manifold M can be triangulated by a finite simplicial complex, so
that the fundamental group π1(M) is finitely presented. Homotopy equivalent manifolds have isomorphic
fundamental groups. Every finitely presented group arises as the fundamental group π1(M) of an n-
dimensional manifold M. It is not possible to have a complete set of invariants for distinguishing the
isomorphisms class of a group from a finite presentation. Group-theoretic considerations thus make the
following questions unanswerable in general:

(1) Is M homotopy equivalent to N ?
(2) Is M diffeomorphic to N ?
(3) Is π1(M) isomorphic to π1(N) ?

The surgery method of classifying manifolds seeks to answer a different problem:

Problem 1.1. Let f : N → M denote a homotopy equivalence between manifolds. Is f homotopic to a
homeomorphism, a PL homeomorphism or a diffeomorphism?
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In this paper, we review the status of the above Problem 1.1 for topological rigidity, its recent developments
and many interesting open question along this direction.

This paper is organized as follows. In section 2, we give the notation and state the basic definitions and
results that will be used throughout the paper.

In section 3, we study about aspherical manifolds. Aspherical manifolds are manifolds with contractible
universal cover. Many examples come from certain kinds of non-positive curvature conditions. Their
homotopy types are determined by the fundamental groups. Important rigidity conjectures state more
strongly that the geometry of such spaces is specified by their fundamental group. For example, the
Borel conjecture states that the homeomorphism type of a closed aspherical manifold is determined by the
fundamental group. The counterexamples to most of the old conjectures stem from essentially two different
constructions of aspherical manifolds. The first was the reflection group trick of Michael Davis [39] and
the second construction was Gromov’s idea of hyperbolization [77]. Here we mention certain results and
examples of M. Davis and J. C. Hausmann [43] and M. Davis and T. Januszkiewicz [45], which were given
by using these constructions.

In section 4, we discuss Problem 1.1 for topological rigidity. In other words if M, N are two manifolds with
isomorphic fundamental groups, then are M, N are homeomorphic to one another?. In particular, we study
the above topological rigidity problem for aspherical manifolds and non-positively curved manifolds. We
also present the status of the problem beginning with the rigidity results of Bieberbach and Mostow.

In section 5, we discuss the Farrell-Jones conjectures whose truth would certainly imply the main topological
results of Section 3, and would also imply many other well known conjectures in algebraic K- and L-theory
and algebraic topology (e.g. the Novikov Conjectures, the Borel Conjecture in dimensions ≥ 5, and the
Conjecture for vanishing of the Whitehead group). We also here present the status of the Farrell-Jones
conjectures.

2. Basic Definitions and Concepts

In this section, we review some basic definitions, results and notation to be used throughout the article:

We write Diff for the category of smooth manifolds, PL for the category of piecewise-linear manifolds, and
Top for the category of topological manifolds. We generically write CAT for any one of these geometric
categories. Let I = [0, 1] be a fixed closed interval inR. Rn is n-dimensional Euclidean space,Dn is the unit
disk, Sn is the unit sphere, Σ1 is the closed orientable surface of genus 1 and Tn = S1

×S1
× ....×S1 (n-factors)

is n-dimensional torus with their natural smooth structures and orientations. Define Hn = {(x1, x2, ...xn) ∈
Rn : x1 ≥ 0}. Cn is n-dimensional complex space, andHn is n-dimensional quaternionic space.

Out(G) is the group of outer automorphisms of the group G, Top(X) is the group of all self-homeomorphisms
of a topological space X and Isom(M) is the group of isometries of a Riemannian Manifold M. The general
linear group GL(n,K) is the group consisting of all invertible n× n matrices over the fieldK, and the group
of orthogonal n × n real matrices is denoted by O(n).

Topological spaces are typically denoted by X, Y, Z. Manifolds tend to be denoted by Mn, Nn, where n
indicates the dimension. Homotopy spheres will be represented by Σn.

Definition 2.1. (Structure Sets) Let M be a closed topological manifold. We define S(M) to be the set of
equivalence classes of pairs (N, f ) where N is a closed manifold and f : N→M is a homotopy equivalence.
And the equivalence relation is defined as follows: (N1, f1) ∼ (N2, f2) if there is a homeomorphism h : N1 →

N2 such that f2 ◦ h is homotopic to f1.

Definition 2.2. Let M be a compact manifold with boundary ∂M. We define S(M, ∂M) to be the set of
equivalence classes of pairs (N, f ) where N is a compact manifold with boundary ∂N and f : (N, ∂N) →
(M, ∂M) is a homotopy equivalence such that the restricted map f∂N : ∂N→ ∂M is a homeomorphism. And
the equivalence relation is defined as follows:
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(N1, f1) ∼ (N2, f2) if there is a homeomorphism h : (N1, ∂N1)→ (N2, ∂N2) such that f2 ◦ h is homotopic to
f1 rel ∂N1.

The following definitions are taken from [65]:

Definition 2.3. (Normal Cobordism)Let Mn be a closed topological manifold. (N, f ) ∈ S(M) is normally
cobordant to (M, id) if there exists a compact cobordism Wn+1 and a map F : (W, ∂W)→ (M × [0, 1], ∂) with
the following properties:

(1) The boundary ∂W = N
∐

M. (Set N = ∂+W, M = ∂−W).
(2) The restriction map F|∂+W : ∂+W →M × 1 is equal to f and F|∂−W : ∂−W →M × 0 is equal to the identity

map.
(3) The map F is covered by a (vector) bundle isomorphism F̄ : N(W)→ E, where N(W) is the stable normal

bundle of W and E is a bundle over M × [0, 1].

From now onward we will denote a normal cobordism by the triple (W,F,') where ' denotes the isomor-
phism covering F. We now put an equivalence relation ∼ on the set of all normal cobordisms. We say
(W1,F1,'1) ∼ (W2,F2,'2) if and only if there exists a triple (W,F , ≡) where W is a cobordism between
W1 and W2 and F : W → M × I × I satisfies the following properties where I = [0, 1]. The restriction
F|W1 : W1 → M × 0 × I is F1, and F|W2 : W2 → M × 1 × I is F2. Also F|W− = idM×0×I and F|W+ is a homotopy
equivalence, where W− and W+ are described. Also, ≡ is an isomorphism of N(W) (the stable normal
bundle) to some bundle ε over M × I × I which covers F and which restricts to '1 and '2 over W1 and W2,
respectively.

When m = dim M ≥ 4, the equivalence classes of normal cobordisms form a group which depends only
on π1(M) and the first Stiefel-Whitney class ω1(M) ∈ H1(M,Z2) ([146, 98]). When M is orientable, then
ω1(M) = 0. The group of normal cobordisms modulo equivalence is denoted Lm+1(π1(M)) where m = dim M
(See [146] for a purely algebraic definition of the groups Ln(π)).

Definition 2.4. (Special Normal Cobordism) A normal cobordism (W,F,') is called a special normal cobor-
dism if F|∂+W : ∂+W →M× 1 is a homeomorphism. We can define a stronger equivalence relation ∼s on the
set of special normal cobordisms by requiring F|W+ of the earlier equivalence relation ∼ in the Definition
2.3 to be a homeomorphism. This set of special normal cobordisms modulo the equivalence relation ∼s is
also an abelian group and it is naturally identified with [M× [0, 1], ∂; G/Top]. Here G/Top is an H-space and
[X,A; G/Top] denotes the set of homotopy classes of maps f : X → G/Top such that the restriction f|A = 1,
where 1 is the homotopy identity element in G/Top.

Definition 2.5. We next define a variant of S(M) denoted by S̄(M). The underlying set of S̄(M) is the same
as that of S(M). But now (N1, f1) is said to be equivalent to (N2, f2) if there exist an h-cobordism W between
N1 and N2 and a map F : W →M × I such that F|∂−W = f1 and F|∂+W = f2, where ∂−W = N1 and ∂+W = N2.

Remark 2.6. Note that S(M) = S̄(M) when Wh(π1(M)) = 0 and dim M ≥ 5. A set S̄(M, ∂M) can be defined
similarly when M is a compact manifold with boundary (The notation S̄(M, ∂M) is sometimes abbreviated
to S̄(M, ∂) and likewise [M, ∂M; G/Top] to [M, ∂; G/Top]).

The formulation of the surgery exact sequence given below is also due to the work of Sullivan [140] and
Wall [146] refining the earlier work of Browder and Novikov [116]:

Definition 2.7. (Surgery Exact Sequence) Let Mn be a compact connected manifold with non-empty bound-
ary. For any non-negative integer m, there is long exact sequence of pointed sets:

...
π
−→ S̄(M ×Dm, ∂) ω

−→ [M ×Dm, ∂; G/Top] σ
−→ Ln+m(π1M) −→ ....

−→ S̄(M ×D1, ∂) ω
−→ [M ×D1, ∂; G/Top] σ

−→ Ln+1(π1M) τ
−→ S̄(M, ∂) ω

−→ [M, ∂; G/Top]
σ
−→ Ln(π1M).



Ramesh Kasilingam, Journal of Advanced Studies in Topology 7:4 (2016), 161–204 165

Recall that Ln+m(π1M) = Ln+m(π1(M × Dm−1)) is the set of equivalence classes of normal cobordisms on
M ×Dm−1 and that

[M ×Dm, ∂; G/Top] = [M ×Dm−1
× [0, 1], ∂; G/Top]

consists of the equivalence classes of special normal cobordisms on M ×Dm−1. Then, σ is the map which
forgets the special structure; while, τ sends a normal cobordism W to its top ∂+W. The maps ω, when
m ≥ 1, similarly have a natural geometric description. We illustrate this when m = 1. Let (W,F) represent
an element x in S̄(M × [0, 1], ∂). Then, W is an h-cobordism between ∂+W and ∂−W. Furthermore, the
restrictions F|∂−W : ∂−W → M × 0 and F|∂+W : ∂+W → M × 1 are both homeomorphisms. If the first of these
two homeomorphisms is idM, then (W,F,') is also a special normal cobordism and, considered as such, is
ω(x). A bundle isomorphism ' with domain N(W) is determined since F is a homotopy equivalence. But
it is easy to see that (W,F) is equivalent in S̄(M × [0, 1], ∂) to an object (W′,F′) such that ∂−W′ = M and
F′
|∂−W′ = idM.

Definition 2.8. The map σ in the surgery sequence in Definition 2.7 is called the surgery map or the assembly
map.

Definition 2.9. (Simple Normal Cobordism) A normal cobordism (W,F,') is called a simple normal cobor-
dism if F|∂+W : ∂+W → M × 1 is a simple homotopy equivalence. There is an obvious equivalence relation
on the set of simple normal cobordisms analogous to the equivalence relation on normal cobordisms and
special normal cobordisms. Wall [146] showed that the equivalence classes of simple normal cobordisms
form an abelian group, denoted by Ls

n+1(π1M), which depends only on π1M and on the first Stiefel-Whitney
class ω1(M). The forget-structure maps define group homomorphisms

σ̄ : [M × [0, 1], ∂; G/Top]→ Ls
n+1(π1M) and

η : Ls
n+1(π1M)→ Ln+1(π1M).

And these homomorphisms factor the surgery map

σ : [M × [0, 1], ∂; G/Top]→ Ln+1(π1M)

as σ = η ◦ σ̄. It is known that η is an isomorphism after tensoring with Z[ 1
2 ]. This is a consequence of

Rothenberg’s exact sequence [146, p.248]. Of course η is an isomorphism before tensoring with Z[ 1
2 ] if

Wh(π1M) = 0 [92].

Definition 2.10. (Spectrum) A spectrum

E = {(En, σn)|n ∈ Z}

is a sequence of pointed spaces {En|n ∈ Z} together with pointed maps called structure maps

σn : En ∧ S
1
→ En+1.

A map of spectra f : E → E
′

is a sequence of maps fn : En → E
′

n which are compatible with the structure
maps σn, i.e.,

fn+1 ◦ σn = σ
′

n ◦ ( fn ∧ idS1)

holds for all n ∈ Z.

Definition 2.11. (Ω-spectrum) Given a spectrum E, we can consider instead of the structure map σn :
En ∧ S1

→ En+1 its adjoint σn : En → ΩEn+1 = map(S1,En+1). We call E an Ω-spectrum if each map σn is a
weak homotopy equivalence.
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Definition 2.12. (Homotopy groups of a spectrum) Given a spectrum E, define for n ∈ Z its n-th homotopy
group

πn(E) := colimk→∞πk+n(Ek)

to be the abelian group which is given by the colimit over the directed system indexed by Z with k-th
structure map

πk+n(Ek)
σk
→ πk+n(ΩEk+1) = πk+n+1(Ek+1).

Notice that a spectrum can have, in contrast to a space, non-trivial negative homotopy groups. If E is an
Ω-spectrum, then πn(E) = πn(E0) for all n ≥ 0.

Definition 2.13. Let q ∈ Z. An Ω-spectrum F is q-connective if πn(F) = 0 for n < q. A q-connective cover of
an Ω-spectrum F is a q-connective Ω-spectrum F〈q〉 together with a map F〈q〉 7→ F inducing isomorphisms
πn(F〈q〉) � πn(F) for n ≥ q. In general, F〈q〉 is obtained from F by killing the homotopy groups πn(F) for
n < q, using Postnikov decompositions and Eilenberg-MacLane spectra.

If f : (X, x)→ (Y, y) is any pointed map of spaces, we can naturally construct a fibration f̃ : X̃→ Y together
with a homotopy equivalence X 7→ X̃ over Y. We denote by hty f ib( f ), the fibre f̃−1(y) of f̃ .

Theorem 2.14. (Quillen’s plus construction) Let G be a discrete group and H ⊂ G be a perfect nor-
mal subgroup. Then there exists a CW-complex BG+ and a continuous map γ : BG → BG+ such that
ker(π1(BG)→ π1(BG)+) = H and such that H̃∗(hty f ib(γ),Z) = 0. Moreover, γ is unique up to homotopy.

Definition 2.15. For any ring R, let γ : BGL(R) → BGL(R)+ denote the Quillen’s plus construction with
respect to [GL(R),GL(R)] ⊂ GL(R). We define Ki(R) = πi(BGL(R)+), i > 0.

Definition 2.16. We define the K-theory space to be K(R) = K0(R) × BGL(R)+, and then for all i ≥ 0 we can
set

Ki(R) = πi(K(R)).

Definition 2.17. (Negative K-theory) Define inductively for n = −1, −2,....

Kn(R) := coker(Kn+1(R[t]) ⊕ Kn+1(R[t−1])→ Kn+1(R[t, t−1])).

Definition 2.18. (K-theory of a unital C∗-algebra) Let A be a C∗-algebra with unit 1A. Define

Ki(A) = πi−1(GL(A)), i = 1, 2, 3, ..

and K0(A) as the algebraic K-theory group of the ring A.Let G be a discrete group and the Hilbert space

l2(G) = { f : G→ C :
∑
γ∈G

| f (γ)|2 < ∞},

and let B(l2(G)) be the C∗-algebra of all bounded linear operators T : l2(G)→ l2(G) . The reduced C∗-algebra
of G, denoted by C∗r(G) which is the norm closure of the ∗-algebra generated operators of the form

Lγ( f )(µ) = f (γ−1µ),

for f ∈ l2(G), γ, µ ∈ G. This amounts to embedding the group ring CG in B(l2(G)) by letting elements act by
left convolution, and then close this embedding with respect to the operator norm on B(l2(G)).

Definition 2.19. (G-Homology theory) Let Λ be a commutative ring. A G-homology theory HG is a
covariant functor from the category of G-CW-pairs to the category of Z-graded Λ-modules together with
natural transformations

∂G
n (X,A) : HG

n (X,A)→HG
n−1(A)

for n ∈ Z satisfying the following axioms:
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• G-Homotopy invariance;

• Long exact sequence of pairs;

• Excision;

• Disjoint union axiom.

Definition 2.20. (Equivariant homology theory) An equivariant homology theory H? assigns to every
group G, a G-homology theory HG. These are linked together with the following so called induction
structure: given a group homomorphism α : H→ G and a H-CW-pair (X,A), there are for all n ∈ Z natural
homomorphisms

indα : HH
n (X,A)→HG

n (indα(X,A))

satisfying

• Bijectivity: If ker(α) acts freely on X, then indα is a bijection;

• Compatibility with the boundary homomorphisms;

• Functoriality in α;

• Compatibility with conjugation.

Theorem 2.21. (Lück-Reich (2005)) Given a functor E : Groupoids→ Spectra sending equivalences to weak
equivalences, there exists an equivariant homology theoryH?(−; E) satisfying

H
H
n (pt) � HG

n (G/H) � πn(E(H))

Theorem 2.22. (Equivariant homology theories associated to K and L-theory, Davis-Lück (1998)) Let R be
a ring (with involution). There exist covariant functors

KR : Groupoids→ Spectra;

L〈∞〉R : Groupoids→ Spectra;

Ktop : inj − Groupoids→ Spectra;

with the following properties:

• They send equivalences of groupoids to weak equivalences of spectra;

• For every group G and all n ∈ Zwe have

πn(KR(G)) � Kn(RG);

πn(L〈∞〉R (G)) � L〈∞〉n (RG);

πn(Ktop(G)) � Kn(C∗r(G));

Definition 2.23. (Smash product) Let E be a spectrum and X be a pointed space. Define the smash product
X ∧ E to be the spectrum whose n-th space is X ∧ En and whose n-th structure map is

X ∧ En ∧ S
1 idX∧σn
→ X ∧ En+1.

Theorem 2.24. (Homology theories and spectra) Let E be a spectrum. Then we obtain a homology theory
H(; E) by

Hn(X,A; E) := πn((X ∪A cone(A)) ∧ E).

It satisfies Hn(pt; E) = πn(E).
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3. Aspherical Manifolds

Given a pair of topological spaces X and Y with isomorphic homology groups or homotopy groups, are
they homotopy equivalent? An important theorem of Whitehead answers this question for CW-complexes:

Theorem 3.1. (J.H.C. Whitehead) A continuous map f : M → N between CW-complexes is a homotopy
equivalence iff it induces an isomorphism on πm for all m. Moreover, if π1(X) = 0 = π1(Y) then f is a
homotopy equivalence if and only if f∗ is an isomorphism on homology groups.

Remark 3.2. Whitehead requires that the isomorphism is induced by a continuous map. There are examples
where πm(M) � πm(N) for all m; but M is not homotopy equivalent to N. Here are explicit examples:

1. Consider M = S3
×RP2 and N = S2

×RP3. Both of them have fundamental group Z2 and universal
cover S3

× S2. So their homotopy groups are all the same. On the other hand, only the latter is
orientable sinceRP3 is orientable butRP2 isn’t, so they have different values on H5 and therefore can’t
be homotopy equivalent.

2. Let M = S2
× S2 and N = S(η2

⊕ ε1) where η2 is the canonical C-line bundle over CP1 = S2, ε1 is the
trivial R-line bundle and S(η2

⊕ ε1) denotes the sphere bundle associated to the Whitney sum η2
⊕ ε1.

Since the fibration
S2
7→ N 7→ S2

has a cross section, it follows that the long exact homotopy sequence for this fibration splits and that
there are isomorphisms

πi(N) � πi(S2) ⊕ πi(S2) � πi(S2
× S2).

Finally, to see M and N are not homotopy equivalent, one computes their Stiefel-Whitney classes. It
turns out ω2(S2

× S2) = 0 while ω2(N) , 0. Since the Stiefel-Whitney classes can be defined in terms
of Steenrod powers, they are homotopy invariants, so M and N are not homotopy equivalent.

However there is an important special case where this worry is unnecessary:

Definition 3.3. A closed connected manifold M is called an aspherical manifold if πm(M) = 0 for m , 1.
(This is equivalent to requiring that the universal cover M̃ of M is contractible.

From the homotopy theory point of view an aspherical manifold is completely determined by its funda-
mental group due to Hurewicz :

Theorem 3.4. If π1(M) � π1(N) and both M and N are aspherical, then M and N are homotopy equivalent.

Example 3.5. (Aspherical Manifolds)

1. A connected closed 1-dimensional manifold is homeomorphic to S1 and hence aspherical.

2. Let M be a connected closed 2-dimensional manifold. Then M is either aspherical or homeomorphic
to S2 or RP2. This can be easily seen from the following facts : Let M , S2, RP2. We may assume
that M is a CW-complex, hence its universal cover M̃ is a 2-manifold, a CW-complex. M̃ must be
non-compact as π1(M) is infinite. Thus H2(M̃) = 0. Moreover H1(M̃) = 0 and Hi(M̃) = 0, i > 1. Hence
by Hurewicz theorem πi(M̃) = 0, i ≥ 1. Whitehead theorem now says that M̃ is contractible.

3. In dimension 3; Note that S2
× S1 has fundamental group Z, RP3 has fundamental group Z2 and

clearly they are not aspherical. Consider the 3-manifold M = S2
× S1#S2

× S1; it has fundamental
group Z ∗ Z. Thus π1(M) is infinite and H1(M) = Z ⊕ Z, H1(M) = Z ⊕ Z (by Universal coefficient
Theorem). Hence by Poincarè Duality, H2(M) = Z ⊕Z. Now if we suppose M to be aspherical, then
M = K(Z ∗Z, 1) is S1

∨ S1 up to homotopy. This contradicts the fact that H2(M) = Z ⊕Z. Thus all the
above cases are non-examples.
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In fact, all closed oriented 3-manifolds M such that π = π1(M) is not isomorphic to Z, a finite group
or a non-trivial free product are aspherical. This can be easily seen from the following facts: If M is a
closed oriented 3-manifolds then there exists a unique (up to homeomorphism) collection of oriented
prime manifolds P1...., Pk such that M = P1#, ...#Pk, the connected sum. This is known as prime
decomposition theorem. Now if P is an oriented prime 3-manifold then either it is S2

× S1 or any
embedded 2-sphere in P bounds a ball (also called irreducible). In other words, M is a connected
sum of irreducible 3-manifolds and copies of S2

× S1. Moreover it is known that any orientable prime
3-manifold P with π2(P) , 0 is S2

× S1. Thus essentially in dimension 3, orientable prime 3-manifolds
for which π2(P) = 0 and π1(P) is infinite are aspherical.

To see this, let P̃ be the universal cover of P. Since π1(P) is infinite, P̃ is non-compact and π2(P̃) =

π2(P) = 0. Moreover P̃ being a non-compact 3-manifold, H3(P̃) = 0 and Hi(P̃) = 0, i > 1. Hence by
Hurewicz Theorem πi(P̃) = 0, i ≥ 1. It follows that P̃ is contractible by Whitehead Theorem.

Thurston’s Geometrization Conjecture implies that a closed 3-manifold is aspherical if and only if
its universal covering is homeomorphic to R3. This follows from [82, Theorem 13.4 on page 142]
and the fact that the 3-dimensional geometries which have compact quotients and whose underlying
topological spaces are contractible have as underlying smooth manifold R3 (see [136]). A proof
of Thurston’s Geometrization Conjecture is given in [115] following ideas of Perelman. There are
examples of closed orientable 3-manifolds that are aspherical but do not support a Riemannian metric
with nonpositive sectional curvature (see [99]). For more information about 3-manifolds we refer to
[82, 136].

4. Any complete non-positively curved Riemannian manifold is aspherical. This follows from the
Cartan-Hadamard Theorem. Special cases are flat Riemannian manifolds and locally symmetric
spaces of non-compact type.

5. Let G be a non-compact Lie group and K a maximal compact subgroup. Then G/K is diffeomorphic to
Rn for some n. Let Γ be a discrete torsion free subgroup of G. The natural Γ-action on G/K is free and
proper. Hence, the double coset space Γ \ G/K is aspherical. In the special case where G is virtually
nilpotent and π1(G) = 1, the double coset space Γ \ G/K is called an infranilmanifold.

6. On the basis of such examples the following conjecture was made in [89] :

Conjecture 3.6. (F. E. A. Johnson) Let M be a closed manifold of type K(π, 1). Then universal covering space
M̃ is homeomorphic to Rn.

More general than Conjecture 3.6 would be [90]:

Conjecture 3.7. (F. E. A. Johnson) Let M be a manifold of type K(π, 1). Then universal covering space M̃ is
homeomorphic to Rn.

Remark 3.8.

1. F. E. A. Johnson [90] proved the Conjecture 3.6 when n ≥ 5 and π is a non-trivial direct product.
Finally, F. E. A. Johnson [90] gave an example to show that the generalized Conjecture 3.7 is false in
each dimension n ≥ 4.

2. The counterexamples to most of the old conjectures stem from essentially two different construc-
tions of aspherical manifolds. The first was the reflection group trick of Michael Davis [39] which
yielded the first aspherical manifolds whose universal covers are not Euclidean spaces. The second
construction of aspherical closed manifolds was Gromov’s idea of hyperbolization [77]. It implies
that aspherical manifolds exist in abundance. For instance, any closed PL manifold is the image of
an aspherical manifold by a degree one tangential map, and any cobordism class can be represented
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by an aspherical manifold. In both constructions (Gromov’s and Michael Davis), the fundamental
groups of the aspherical manifolds are centerless. Interestingly, Lee and Raymond [100] showed that
if the fundamental group of an aspherical manifold has nontrivial center, or more generally contains
a nontrivial abelian normal subgroup, then the universal cover is homeomorphic to an Euclidean
space. This is rather uncommon in the setting of Davis constructions.

4. Michael W. Davis discussed the reflection group trick using the theory of Coxeter groups to construct a
large number of new examples of closed aspherical manifolds in [40]. The most striking consequence
of this construction is the existence of counter examples to the Conjecture 3.6 in each dimension ≥ 4.

First we will discuss Davis construction of aspherical manifolds by using the reflection group trick [39]:

Definition 3.9. Suppose that Γ is a group and V is a set of generators, each element of which has order two.
For any pair of elements (v,w) of V, let m(v,w) denote the order of vw in Γ. Since vw = (wv)−1, we have
m(v,w) = m(w, v). Let E be the set of unordered pairs {v,w} of distinct elements in V such that m(v,w) , ∞.
The pair (Γ,V) is a Coxeter system and Γ is a Coxeter group if the set of generators V together with the
relations v2 = 1 for v ∈ V, (vw)m(v,w) = 1 for v,w ∈ E form a presentation for Γ.

Definition 3.10. Suppose that (Γ,V) is a Coxeter system, that X is a Hausdorff space and that (Xv)v∈V is a
locally finite family of closed subspaces indexed by V (The Xv are called the panels of X). Let ΓS be the
subgroup generated by S ⊂ V and let XS be the face of X defined by XS = ∩v∈SXv. Denote by K0(Γ,V) or
K0(resp.D0(X) or D0), the abstract simplicial complex with vertex set V and with simplices, those non empty
subset S of V such that Γs is finite (resp.such that XS is nonempty). Thus, D0 is the nerve of the covering of
∂X(= ∪v∈VXv) by its panels.

Definition 3.11. Let K be an abstract simplicial complex and let S ∈ K. The link of S in K, denoted by
Link(S; K), is the abstract simplicial complex consisting of all simplices T ∈ K such that S ∩ T = ∅ and
S ∪ T ∈ K. An n-dimensional abstract simplicial complex K is a generalized n-manifold (or a Cohen-
Macaulay complex) if H∗(Link(S; K)) = H∗(Sn−dim(S)−l) for all S ∈ K. If, in addition, |K| has the homology of
Sn, then it is a generalized homology n-sphere.

Definition 3.12. Let G be a discrete group acting on a Hausdorff space X.
The action is proper if the following three conditions hold:

(a) the orbit space X/G is Hausdorff,

(b) for each x ∈ X the isotropy subgroup Gx is finite,

(c) each x ∈ X has a Gx-invariant open neighborhood Ux such that 1Ux ∩Ux = ∅ whenever 1 < Gx. Next
suppose that X is an n-dimensional manifold that G acts properly. The action is locally smooth if

(d) For each x ∈ X there is an open neighborhood Ux as in (c) and a faithful representation Gx → O(n)
so that Ux is Gx-homeomorphic to Rn with the linear Gx-action given by the representation. Such a
neighborhood Ux is called a linear neighborhood x.

Definition 3.13. A reflection on a connected manifold M is a locally smooth involution r : M→M such that
the fixed point set Mr separates M. Suppose that Γ is a discrete group acting properly, locally smoothly and
effectively on a connected manifold M and that Γ is generated by reflections. Then Γ is a reflection group
on M.

Definition 3.14. Let Γ be a reflection group on M. Let R denote the set of all reflections in Γ. For each x ∈M,
let R(x) be the set of all r in R such that x belongs to Mr. A point x is nonsingular if R(x) = ∅; otherwise it
is singular. A chamber of Γ on M is the closure of a connected component of the set of nonsingular points.
Let Q be a chamber. Denote by VQ(or simply V) the set of reflections v such that R(x) = {v} for some x ∈ Q.
If v ∈ V, then Qv = Mv ∩Q is a panel of Q. V is the set of reflections through panels of Q. As a convenient
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shorthand, we shall say that (Γ,V) is a reflection system on M with fundamental chamber Q. A reflection
system is cocompact if its fundamental chamber is compact.

For any x ∈ Q denote by V(x) the intersection of R(x) with V. In other words, V(x) is the set of reflections
through the panels of Q which contain x. For any subset T of R let ΓT denote the subgroup of Γ generated
by T.

Definition 3.15. Let (Γ,V) be a Coxeter system and X a space with faces indexed by V. Give Γ the discrete
topology. Define an equivalence relation ∼ on Γ × X by (1, x) ∼ (h, y)⇔ x = y and 1−1h ∈ ΓV(x). The natural
Γ-action on Γ × X is compatible with the equivalence relation; hence, it passes to an action on the quotient
space Γ × X/ ∼. Denote this quotient space byU(Γ,X) (or simply byU) and call it the Γ-space associated
to (Γ,X).

Definition 3.16. Let Cn be the standard simplicial cone in Rn defined by the linear inequalities xi ≥ 0,
1 ≤ i ≤ n. For any x = (x1, ..., xn) ∈ Cn, its codimension c(x) is the number of xi which are equal to 0. An
n-manifold with corners Q is a Hausdorff space together with a maximal atlas of local charts onto open
subsets of Cn so that the overlap maps are homeomorphisms which preserve codimension. For any x ∈ Q,
its codimension c(x) is then well defined. An open pre-face of Q of codimension m is a connected component
of c−1(m). A closed pre-face is the closure of an open pre-face. For any x ∈ Q, let Σ(x) be the set of closed
pre-faces of codimension one which contain x. The manifold with corners Q is nice if Card(Σ(x)) = 2 for any
x with c(x) = 2. A manifold with faces is a nice manifold with corners Q together with a panel structure on
Q such that:

(a) Each panel is a pairwise disjoint union of closed pre-faces of codimension one,

(b) Each closed pre-face of codimension one is contained in exactly one panel.

Definition 3.17. Suppose (Γ,V) is a Coxeter system and that a space X has a panel structure indexed by V.
The panel structure is Γ-finite if the subgroup ΓV(x) is finite for all x ∈ X.

Remark 3.18. In dimension ≥ 4 a necessary and sufficient condition for contractible manifold to be homeo-
morphic to a Euclidean space is that it be simply connected at infinity (A non compact space Y is simply
connected at infinity if every neighborhood of infinity contains a simply connected neighborhood of infinity)
[39].

We will need the following theorems to construct Davis examples of closed aspherical manifolds [39]:

Theorem 3.19. Let L be a generalized homology sphere. Then there is a subdivision L∗ of L and a cocompact
reflection system (Γ,V) on a contractible manifold with K0(Γ,V) = L∗.

Theorem 3.20. Let (Γ,V) be a cocompact reflection system on a contractible manifold M. Then M is simply
connected at infinity iff |K0(Γ,V)| is simply connected.

Corollary 3.21. In every dimension ≥ 4 there exist cocompact reflection systems on contractible manifolds
not homeomorphic to a Euclidean space.

Definition 3.22. A compact manifold with faces is a homology-cell (resp. a homotopy-cell) if each face is
acyclic (resp. contractible).

Theorem 3.23. If Q is a homology-cell of dimension n + 1, then Do(Q) is a generalized homology n-sphere.

Conversely, we have the following result:

Theorem 3.24. Let Ko be a generalized homology n-sphere. Then there is a homotopy (n + 1)-cell Q with
Do(Q) = K0.
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Theorem 3.25. Let (Γ,V) be a Coxeter system and let Q be a connected manifold with faces with Γ-finite
panel structure indexed by V. Put M = U(Γ,Q). Then M is a manifold and (Γ,V) is a reflection system on
M.

Corollary 3.26. In every dimension ≥ 4 there exist closed aspherical manifolds whose universal cover is
not homeomorphic to Euclidean space.

Remark 3.27. The idea in the construction of examples given by Theorem 3.26 as follows:

Start with a simplicial complex L which is a generalized homology sphere. Choose a Coxeter system (Γ,V)
with K0(Γ,V) = L given by Theorem 3.19. Finally, by Theorem 3.24, there exists a compact manifold with
faces X with Γ-finite panel structure satisfying the following condition:

(?) X is contractible and for each subset S of V such that ΓS is finite, the face XS is acyclic.

Now consider the Γ-space M =U(Γ,X). By Theorem 3.25, M is a manifold and (Γ,V) is a cocompact reflection
system on M. In [39, Corollary 10.3], Davis showed that Condition (?) is equivalent to the statement that
M is contractible. Since finitely generated Coxetergroups have faithful linear representations([24]), they
are virtually torsion-free (by Selberg’s Lemma). Hence there is a torsion-free subgroup Γ′ of finite index in
Γ. Since each Γ-isotropy group is finite, each Γ′-isotropy group is trivial. Hence, Γ′ acts freely on M and
consequently, Γ′ \M is aspherical. It is closed since the index of Γ′ in Γ is finite. The universal cover of Γ′ \M
is M. Since in dimensions ≥ 4 we can choose M to be non simply connected at infinity by Theorem 3.21, it
follows that there exist closed aspherical manifolds which are not covered by a Euclidean space. Thus, the
above Conjecture 3.6 is false in every dimension ≥ 4.

Remark 3.28.

1. Corollary 3.26 follows from Theorem 3.19 and Theorem 3.20 and the fact that there exist non simply
connected homology spheres in dimensions ≥ 3.

2. Using the reflection group trick of [39], Michael W. Davis and Jean-Claude Hausmann [43] constructed
an example of a closed aspherical manifold which does not support any differentiable structure. Here
are the results:

Theorem 3.29. For each n ≥ 13, there exists an aspherical closed PL-manifold M of dimension n which does
not have the homotopy type of a closed smooth manifold.

Theorem 3.30. For each n ≥ 8, there exists an aspherical closed topological manifold M of dimension n
such that M is not homeomorphic to a closed PL-manifold.

Now we will discuss the second construction of aspherical closed manifolds using Gromov’s idea of
hyperbolization [77]:

Remark 3.31. A very important construction of aspherical manifolds comes from the hyperbolization tech-
nique due to Gromov [77]. A hyperbolization technique of Gromov [77] is explained in [45, 42]: given
a simplicial complex K, one can construct a new space h(K) and a map f : h(K) → K with the following
properties:

(a) h(K) is a locally CAT(0) cubical complex; in particular, it is aspherical.

(b) The inverse image in h(K) of any simplex of K is a hyperbolized simplex. So, the inverse image of
each vertex in K is a point in h(K).

(c) f : h(K)→ K induces a split injection on cohomology ( [45, p. 355]).

(d) Hyperbolization preserves local structure: for any simplex σ in K the link of f−1(σ) is isomorphic to a
subdivision of the link of σ in K ([45, p. 356]). So, if K is a polyhedral homology manifold, then so is
h(K).
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(e) If K is a polyhedral homology manifold, then f : h(K)→ K pulls back the Stiefel-Whitney classes of K
to those of h(K).

In [44] the above version of hyperbolization is used to define a relative hyperbolization procedure (an idea
also due to Gromov [77]). Given (K, ∂K), a triangulated manifold with boundary, form K ∪ c(∂K) and then
define H(K, ∂K) to be the complement of an open neighborhood of the cone point in h(K ∪ c(∂K)). Then
H(K, ∂K) is a manifold with boundary; its boundary is homeomorphic to ∂K. The main results of [44] are as
follows:

Theorem 3.32. H(K, ∂K) is aspherical if and only if each component of ∂K is aspherical.

Theorem 3.33. The inclusion π1(∂K)→ π1(H(K, ∂K)) is injective.

Theorem 3.34. Suppose that each component of a closed manifold M is aspherical and that M is the
boundary of a (triangulable) manifold. Then M bounds an aspherical manifold.

Remark 3.35. In [98] Kirby and Siebenmann showed that there are manifolds which do not admit PL
structures, the possibility remained that all manifolds could be triangulated. In [79] Galewski and Stern
constructed a closed 5-manifold M5 so that every n-manifold, with n ≥ 5, can be triangulated if and only
if M5 can be triangulated. Moreover, M5 admits a triangulation if and only if the Rokhlin µ- invariant
homomorphism, µ : θH

3 → Z2, is split.

In [104] Manolescu showed that the µ-homomorphism does not split. Consequently, there exist Galewski-
Stern manifolds, Mn, that are not triangulable for each n ≥ 5. In [72] Freedman proved that there exists a
topological 4- manifold with even intersection form of signature 8. It followed from later work of Casson
that such 4-manifolds cannot be triangulated [7]. In [45] Davis and Januszkiewicz applied Gromov’s hyper-
bolization procedure to Freedman’s E8-manifold to show that there exist closed aspherical 4-manifolds that
cannot be triangulated. In [42] Michael W. Davis, Jim Fowler and Jean-Franois Lafont applied hyperboliza-
tion techniques to the Galewski-Stern manifolds to show that there exist closed aspherical n-manifolds that
cannot be triangulated for each n ≥ 6. The question remains open in dimension 5. Here is the result:

Theorem 3.36. For each n ≥ 6 there is a closed aspherical manifold Mn that cannot be triangulated.

4. Topological rigidity and Borel conjecture

Recall that if M is an aspherical manifold, then M is a K(π, 1)-space where π = π1(M). Now among spaces
having the homotopy type of a CW-complex, the K(π, 1)’s are the spaces whose homotopy type is completely
determined by the fundamental group alone. Thus one would suspect that if the K(π, 1)-space is also a
manifold, then π might come close to determining the topology of the manifold. This leads one to perhaps
the most difficult and important problem concerning aspherical manifolds:

Problem 4.1. Let M and N be closed aspherical manifolds with π1(M) isomorphic to π1(N). Are M and N
homeomorphic?

Since any isomorphism of the fundamental groups α : π1(M)→ π1(N) may be geometrically realized as the
induced isomorphism on the fundamental group of a homotopy equivalence f : M→ N, the problem may
be stated perhaps more interestingly as follows:

Problem 4.2. (Borel Conjecture) Let f : N→M denote a homotopy equivalence between closed aspherical
manifolds. Is f homotopic to a homeomorphism?

Definition 4.3. (Topologically rigid) We call a closed manifold M topologically rigid if any homotopy
equivalence N→M with a closed manifold N as source is homotopic to a homeomorphism.

The Borel Conjecture is equivalent to the statement that every closed aspherical manifold is topologically
rigid.
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Remark 4.4.

1. When M is aspherical, Out(π1M) acts on S(M). The statement that |S(M)| = 0 is equivalent to Borel’s
conjecture 4.2. While the statement that Out(π1M) acts transitively on S(M) is equivalent to the
weaker statement that any closed aspherical manifold N with π1M ' π1N is homeomorphic to M.

2. In particular the Borel Conjecture 4.2 implies because of Theorem 3.4 that two aspherical closed
manifolds are homeomorphic if and only if their fundamental groups are isomorphic.

3. The Borel Conjecture 4.2 is true in dimension≤ 2 by the classification of closed manifolds of dimension
2. It is true in dimension 3 if Thurstons Geometrization Conjecture is true. This follows from results
of Waldhausen (see Hempel [82, Lemma 10.1 and Corollary 13.7]) and Turaev (see [144]) as explained
for instance in [95, Section 5].

4. Borel’s Conjecture 4.2 implies Poincarè’s Conjecture which says that any simply connected closed
n-manifold (n ≥ 3) is homeomorphic to the unit sphere Sn in Rn+1. This is seen as follows: Let Σn

be a counterexample to Poincarè’s Conjecture, and consider the connected sum M = Tn#Σn. Van
Kampen’s theorem shows that Tn and Mn have isomorphic fundamental groups. And M is seen to be
aspherical by applying the Hurewicz isomorphism theorem to the universal cover of Tn#Σn. Borel’s
Conjecture is contradicted by showing that Tn#Σn is not homeomorphic to Tn. For this we use the
following two results:

Theorem 4.5. (M. Brown, Schoenflies Theorem [27]) Let f : Sn−1
→ Sn be a bicollared embedding, then

f (Sn−1) bounds closed (topological) balls on both sides.

Theorem 4.6. (Alexander’s Trick) Let h : Sn
→ Sn be any homeomorphism. Then h extends to a homeo-

morphism h̄ : Dn+1
→ Dn+1.

Now if Tn#Σn were homeomorphic to Tn, then the universal cover of Tn#Σn is homeomorphic to Rn.
Consequently, the Schoenflies theorem 4.5 shows that Σn

\ Int(Dn) is homeomorphic to Dn. (This Int(Dn)
is the interior of the 3-dimensional ball removed from Σn in forming the connected sum with Tn.) Now
applying Alexander’s trick, we get Σn is homeomorphic to Sn. It follows that Tn#Σn is not homeomorphic
to Tn.

Remark 4.7. The following smooth analogue of Borel’s Conjecture 4.2 are both false due to Michael M. Davis
and Tadeusz Januszkiewicz [45] and Browder [29] :

Question 4.8.

(i) All closed aspherical manifolds support a smooth structure.

(ii) Any two closed smooth aspherical manifolds with isomorphic fundamental groups are diffeomorphic.

Remark 4.9. The smooth analogue of Borel’s Conjecture 4.8 is false as the following examples show.
Let Tn denote the n-dimensional torus; i.e., Tn = S1

× S1
× S1
× ....× S1 (n-factors). Browder [29] constructed

a smooth manifold which is homeomorphic but not diffeomorphic to T7. This shows that (ii) is false. On
the other hand, Michael M. Davis and J.C. Hausmann [43] constructed in Theorem 3.29 an example of a
closed aspherical manifold which does not support any differentiable structure proving (i) to be false as
well. Moreover, Michael M. Davis and Tadeusz Januszkiewicz [45] gave an example of a closed aspherical
manifold which can not be triangulated (see Theorem 3.36 and [45]).

One may view the Borel Conjecture as the topological version of Mostow rigidity for hyperbolic closed
manifolds. The conclusion in the Borel Conjecture is weaker, one gets only homeomorphisms and not
isometric diffeomorphisms, but the assumption is also weaker, since there are many more aspherical closed
topological manifolds than hyperbolic closed manifolds. The general rigidity results of Mostow [111, 112]
and of Bieberbach [17] are as follows :
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Theorem 4.10. [Bieberbach’s Rigidity Theorem, 1912] Let f : N → M be a homotopy equivalence between
closed flat Riemannian manifolds. Then f is homotopic to an affine diffeomorphism.

Theorem 4.11. (Mostow Rigidity Theorem) Let M and N be compact, locally symmetric Riemannian
manifolds with everywhere nonpositive curvature having no closed one or two dimensional geodesic
subspaces which are locally direct factors. If f : M→ N is a homotopy equivalence, then f is homotopic to
an isometry.

Remark 4.12.

1. Of particular importance to topologists is the case where M and N are n-manifolds (n ≥ 3) of constant
negative curvature(which can be normalized to be −1) with isomorphic fundamental groups. Since
M and N are both covered by the hyperbolic n-plane, all of their higher homotopy groups vanish.
Then by a well known consequence of the classical Eilenberg obstruction theory, M and N are actually
homotopy equivalent. So Mostow’s Theorem applies, and they are isometric (by an isometry inducing
the given isomorphism of fundamental groups).

2. Mostow’s Rigidity Theorem implies that atmost one differentiable manifold in a homeomorphism
class can support a hyperbolic structure.

3. Prasad extended Mostows results further by replacing the assumption that the manifolds be compact,
with the assumption that they have finite volume [127]. A result of Gromov [141] tells us that
two homotopy equivalent hyperbolic manifolds actually have the same volume. This again has an
implication for the action of π1 on the sphere at infinity of hyperbolic plane, which can be used to
give a proof of Mostow’s Theorem. So we have:

Theorem 4.13. (Mostow and Prasad Rigidity Theorem) If M and N are complete hyperbolic n-manifolds,
n ≥ 3, with finite volume, and f : M→ N is a homotopy equivalence, then f is homotopic to an isometry.

Remark 4.14.

1. Mostow’s theorem says nothing about what happens for closed orientable hyperbolic manifolds of
dimension 2. These manifolds are exactly the closed orientable surfaces of genus 1 ≥ 2, which we
denote Σ1. Are these Mostow rigid? Or do there exist many non-isometric hyperbolic structures
on Σ1 ? Teichmuller theory tells us that the space of all marked hyperbolic structures on Σ1 is
homeomorphic to R61−6 ([70, Chapter 9]). Therefore, such manifolds can be deformed and are
not rigid. The whole point of Mostow rigidity is that this kind of deformations cannot happen in
higher dimensions. It was stressed that Mostow’s Rigidity Theorem does not hold in dimension 2.
However, for surfaces of genus 1, the Dehn-Nielsen-Baer theorem [74] is an analog of corollary of
Mostow’s Rigidity Theorem, which states that for a manifold M satisfying the hypotheses of Mostow
rigidity, we have Out(π1(M)) = Isom(M). In the current case, outer automorphisms do not necessarily
arise from isometries, but they do arise from homeomorphisms. Here is the statement of Dehn-
Nielsen-Baer theorem: For 1 ≥ 1, Top(Σg)/Top0(Σg) = Out(π1(Σg)), where Top0(Σg) is the group of
homeomorphisms isotopic to the identity map. This is a remarkable result of algebraic topology, since
it relates a purely topological object (Top(Σg)/Top0(Σg)) to a purely algebraic object Out(π1(Σg)).

2. If M and N are 2-manifolds of finite volume, then they are homeomorphic exactly when their fun-
damental groups are the same. Combining this fact with Prasad’s version of Mostow’s theorem, we
get:

Theorem 4.15. If M and N are complete hyperbolic manifolds with finite volume and isomorphic funda-
mental groups, then they are homeomorphic.
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Remark 4.16. Thus, manifolds of constant negative curvature are topologically rigid. There are simple
examples that show that analogous results do not hold for manifolds of constant positive curvature. For
example, the lens space L(5, 1) and L(5, 2) have the same homotopy groups, but are not homotopy equivalent,
while the lens space L(7, 1) and L(7, 2) are homotopy equivalent [46] but not homeomorphic [46, Cha74].
Now suppose that M is simply connected 4-manifold and admits no Spin structure. Then there exists
another simply connected 4-manifold N with the same intersection form but different Kirby Siebenmann
invariant ([71, 10.1]). In particular M and N are not homeomorphic but they are oriented homotopy
equivalent by [106]. This also shows that the answer to the following Problem 4.17 is yes for 2 dimensional
manifolds and No for 3 and 4-dimensional manifolds:

Problem 4.17. Let f : N → M denote a homotopy equivalence between closed manifolds. Is f homotopic
to a homeomorphism?

There are other large classes of 3-manifolds, however, for which topological rigidity Problem 4.17 does
hold. The following result in low dimensional topology is due to Waldhausen [82]:

Theorem 4.18. (Waldhausen’s Theorem) If M and N are homotopy equivalent closed prime Haken 3-
manifolds, then the homotopy equivalence is homotopic to a homemorphism.

Remark 4.19.

1. Turaev [144] has extended this result to showing that a simple homotopy equivalence between 3-
manifolds with torsionfree fundamental group is homotopic to a homeomorphism provided that
Thurstons Geometrization Conjecture for irreducible 3-manifolds with infinite fundamental group
and the 3-dimensional Poincarè Conjecture are true. This statement remains true if one replaces simple
homotopy equivalence by homotopy equivalence. This follows from the fact that the Whitehead
group of the fundamental group of a 3-manifold vanishes provided that Thurstons Geometrization
Conjecture for irreducible 3-manifolds with infinite fundamental group is true [95]. The vanishing
of the Whitehead group is proved for Haken manifolds in Waldhausen [147, Section 19]. In order
to prove it for prime 3-manifolds it remains to treat closed hyperbolic manifolds and closed Seifert
manifolds. These cases are consequences of [63, Theorem 2.1, pp.263 and Proposition 2.3].

2. Using Waldhausen’s Theorem 4.18, David Gabai has found conditions when certain homotopy equiv-
alences could be replaced by homeomorphisms and also has shown the following result [76] :

Theorem 4.20. Let N be a closed hyperbolic 3-manifold containing an embedded hyperbolic tube of radius
log 3

2 about a closed geodesic log 3
2 .

(i) If f : M → N is a homotopy equivalence where M is an irreducible 3-manifold, then f is homotopic
to a homemorphism.

(ii) If f , 1 : M→ N are homotopic homemorphism, then f is isotopic to 1.

(iii) The space of hyperbolic metrics on N is path connected.

Remark 4.21.

1. If M is hyperbolic, then conclusion (i) follows from Mostow’s rigidity Theorem 4.13. Actually
Mostow’s Theorem implies that f is homotopic to an isometry. If N is instead Haken, then conclusions
(i)-(ii) follow from Waldhausen’s Theorem 4.18. If N is Haken and hyperbolic, then conclusion (iii)
follows by combining Mostow’s rigidity Theorem 4.13 and Waldhausen’s Theorem 4.18. Conclusions
(i), (ii)-(iii) can be viewed as a 2-fold generalization of Mostow’s rigidity Theorem 4.13.

2. Nathaniel Thurston has shown that technical conditions necessary in the proof of the above Theorem
4.20 are satisfied even when the geodesic with the given tube radius does not exist [78]. Thus we have
the following result :
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Theorem 4.22. Let N be a closed hyperbolic 3-manifold and M irreducible. Then any homotopy equivalence
f : M→ N is isotopic to an isometry.

Remark 4.23.

1. By Theorem 4.22, we can recognize whether an irreducible 3-manifold is hyperbolic just by looking
at its fundamental group.

2. Topological rigidity problem 4.17 do hold also for some non-aspherical closed manifolds. For instance
the sphere Sn is topologically rigid by the Poincarè Conjecture. The Poincarè Conjecture is known
to be true in all dimensions. This follows in high dimensions from the h-cobordism theorem, in
dimension four from the work of Freedman [72], in dimension three from the work of Perelman as
explained in [94] and [114] and in dimension two from the classification of surfaces. Many more
examples of classes of manifolds which are topologically rigid are given and analyzed in Kreck-Lück
[95]:

Definition 4.24. A manifold M is called a strong Borel manifold if every orientation preserving homotopy
equivalence f : N→M of manifolds is homotopic to a homeomorphism h : N→M.

Since the connected sum of two aspherical closed manifolds is, in general, not aspherical, we have the
following examples for non-aspherical closed manifolds due to M. Kreck and W. Lück [95]:

Theorem 4.25. Let M and N be connected oriented closed topological manifolds of the same dimension
n ≥ 5 such that neither π1(M) nor π1(N) contains elements of order 2 or that n ≡ 0, 3 mod 4. If both M and
N are strong Borel manifolds, then the same is true for their connected sum M#N.

Theorem 4.26. [95] Consider k, d ∈ Zwith (k, d ≥ 1) .

(a) Suppose that k + d , 3. Then Sk
× Sd is a strong Borel manifold if and only if both k and d are odd.

(b) For d , 2 the manifolds S1
× Sd is strongly Borel; and S1

× S2 is strongly Borel if and only if the
3-dimensional Poincarè Conjecture is true.

Remark 4.27. The Borel Conjecture 4.2 has the following (slightly weaker when n , 3) group theoretic
interpretation in which Top(Rn) denotes the group of all self-homeomorphisms of Rn equipped with the
compact open topology. Here are the results :

Let E(n) be the group of rigid motions of the n-dimensional Euclidean space and A(n) be the group of affine
motions of Euclidean n-space. Bieberbach proved the following result in 1912.

Theorem 4.28. (Bieberbach) Let Γ and Γ
′

be two torsion-free uniform discrete subgroups of E(n). If Γ and
Γ
′

are isomorphic, then they are conjugate inside of A(n).

Borel posed in 1966 the following question whether one can allow Γ
′

to sit inside the larger group Top(Rn),
but require the induced action of Γ

′

on Rn to be free and properly discontinuous.

Problem 4.29. (Topological Strong Rigidity Conjecture) If Γ and Γ
′

are isomorphic, is Γ conjugate to Γ
′

inside
of Top(Rn)?

Remark 4.30. F.T. Farrell and W.C. Hsiang [52] gave an affirmative answer to Problem 4.29 when n > 4 and Γ
has odd order holonomy group.(The holonomy group of Γ is its image in O(n) the orthogonal group under
the canonical projection E(n) → O(n); Bieberbach (1910) showed this group is always finite.) Here is the
result:

Theorem 4.31. Let M denote a closed flat Riemannian n-manifold with fundamental group Γ with holonomy
group G. If m + n > 4 and |G| is odd, then S(M ×Dm) = 0.
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Theorem 4.32. Let M be a closed flat Riemannian n-manifold, N be a topological manifold and f : N → M
be a homotopy equivalence. If n > 4 and the holonomy group of M has odd order, then f is homotopic to a
homeomorphism.

Remark 4.33. Theorem 4.32 is a special case of Theorem 4.31 when m = 0. It has another equivalent
formulation as follows:

Theorem 4.34. Let M be a closed connected n-manifold (n > 4). It has flat Riemannian structure with odd
order holonomy group if and only if πi(Mn) = 0 for i > 1 and π1(Mn) contains an abelian subgroup with
odd (finite) index.

Remark 4.35. F.T. Farrell and W.C. Hsiang [56] verified Borel Conjecture 4.2 for aspherical manifolds (of
dimensions greater than 4) whose fundamental groups contain nilpotent subgroups of finite index. In
particular, Borel Conjecture 4.2 is true for (high dimensional) closed flat Riemannian manifolds. Since
fundamental groups of flat Riemannian manifolds are virtually abelian; i.e., contain an abelian subgroup
with finite index. Here are the results:

Theorem 4.36. [56] Let M be a closed aspherical manifold whose fundamental group is virtually nilpotent
and let Em+n be the total space of a Dm-bundle whose base space is Mn, (m + n > 4), then S(Em+n) = 0; in
particular, S(Mn) = 0 when n > 4.

Theorem 4.36 also has the following immediate consequence.

Theorem 4.37. Let Nn (n , 3, 4) be a closed connected infranilmanifold and Mn be an aspherical manifold
with π1(Mn) isomorphic to π1(Nn), then Nn and Mn are homeomorphic.

Remark 4.38. If Nn is a nilmanifold, this result was proven by Wall [146]; and if Nn is the n-torus, the result
was proven earlier yet by Wall [145], and Hsiang and Shaneson [86].

F. T. Farrell and L. E. Jones [58] proved Borel’s Conjecture 4.2 for every closed aspherical manifold of dim , 3
whose fundamental group is virtually poly-Z. Here are the results:

Theorem 4.39. [58] Let M be a closed aspherical manifold whose fundamental group is virtually poly-Z
and let Em+n be the total space of an Dm-bundle whose base space is Mn, (m + n > 4), then S(Em+n) = 0; in
particular, S(Mn) = 0 when n > 4.

A more geometric consequence of Theorem 4.39 is the following result:

Theorem 4.40. [58] Let Nn and Mn be two closed connected aspherical manifolds with isomorphic funda-
mental groups. Suppose π1(N) is virtually poly-Z, then N and M are homeomorphic provided n , 3, 4.

Remark 4.41.

1. The work of Freedman and Quinn [71] together with Theorem 4.39 should imply that Nn and Mn are
homeomorphic even when n = 4.

2. We also recall a conjecture of Milnor [108], viz., that the class of fundamental groups of compact
complete affine flat manifolds coincides with the class of torsion-free virtually poly-Z groups. (The
original conjecture was without the compactness assumption, but Margulis [105] has given a coun-
terexample to this more general conjecture.) Some positive evidence for this conjecture is in [25] and
[108]. We can relate the conjecture to Theorem 4.40. Namely, if the conjecture were true, then complete
compact flat affine manifolds would be topologically characterized (in dimensions , 3, 4) as those
closed manifolds M such that π1(M) is virtually poly-Z and πi(M) = 0 for i , 1.

Theorem 4.42. [59] Let Mn (n , 3, 4) be a complete (connected) real hyperbolic manifold. If m is any
nonnegative integer larger than 4-n, then the structure set S(M × Rm) contains only one element, and this
element is represented by the identity map of Mn

×Rm.
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Specializing Theorem 4.42 by assuming M is compact and m = 0 yields the following result:

Theorem 4.43. [59] Let Mn be a closed (connected) real hyperbolic manifold and N be a closed topolog-
ical aspherical manifold such that N and M have isomorphic fundamental groups. Then N and M are
homeomorphic provided the dimension of M differs from 3 and 4.

Remark 4.44. Theorem 4.43 together with Mostow’s rigidity Theorem 4.11 yields a characterization of
hyperbolic structures on compact manifolds whose dimension is greater than 4; i.e., Theorem 4.43 is an
existence theorem for hyperbolic structures while Mostow’s work is the uniqueness theorem.

Corollary 4.45. [59] A closed (connected) topological manifold M of dimension n , 3 and 4 has a (real)
hyperbolic structure if and only if

(i) M is aspherical and

(ii) the fundamental group of M is isomorphic to a discrete cocompact subgroup of the Lie group O(n, 1).

Furthermore, by Mostow’s rigidity Theorem 4.11, the structure is unique (up to isometry) provided n > 2.

More generally, if M has finite volume but perhaps is not compact, we have the following generalization of
Theorem 4.43.

Corollary 4.46. [59] Let Mn be a complete (connected) real hyperbolic manifold. Suppose that Mn has finite
volume and n , 3, 4, and 5. Let N be any topological manifold that is properly homotopically equivalent
to M, then N and M are homeomorphic. In fact, any proper homotopy equivalence is properly homotopic
to a homeomorphism.

Definition 4.47. A smooth map k : N→M between Riemannian manifolds is harmonic if it is a critical point
of the energy functional E(k) =

∫
N

1
2 |dk|2 . An equivalent definition is that the tension field τk of k vanishes

everywhere. (The tension field τk is a section of the bundle k∗TM and can be defined in the following way:
for x ∈ N choose an orthonormal basis {vi} of Tx(N) and define τk(x) =

∑
wi, where wi is the acceleration

vector, at t = 0, of k(γi), and γi is the geodesic with γi(0) = x and d
dtγi(0) = vi.) Given a map f : N → M

between Riemannian manifolds, we can try to associate to it a harmonic map that is the limit k = limt→∞ kt,
where kt is the unique solution of the heat flow equation, that is, the PDE initial value problem ∂kt

∂t = τ(kt),
k0 = f . If this limit k exists then it is homotopic to f (the homotopy is t→ kt).

Remark 4.48. Let N and M denote two closed connected Riemannian manifolds which have nonpositive
sectional curvature values and whose fundamental groups are isomorphic. Since both N and M are K(π, 1)-
spaces, it follows that they must be homotopy equivalent to one another. Now, it follows from the classical
result of Eells and Sampson [49] that if f : N → M is a smooth homotopy equivalence between closed
negatively curved manifolds the heat flow equation beginning at f converges to a well defined harmonic
map k = limt→∞ kt. Moreover, from the results of Hartman [81] and Alber [5] it follows that f is homotopic
to a unique harmonic map. Therefore the homotopy equivalence f in Problem 4.17 homotopic to unique
harmonic maps. A problem with some history behind it is to determine whether or not N and M must be
homeomorphic to one another. Cheeger showed in the mid-1970s that the bundles of orthonormal two-
frames V2(N), V2(M) are homeomorphic provided M and N are negatively curved manifolds; and then,
under the same hypothesis, Gromov showed that the unit sphere bundles S(N), S(M) are homeomorphic,
via a homeomorphism which preserves the orbits of the geodesic flows. Mishchenko [110] showed that the
homotopy equivalence f : N→M pulls the rational Pointrjagin classes of M back to those of N; and Farrell
and Hsiang [54] showed in 1979 that N ×R3 and M ×R3 are homeomorphic. Here is the result :

Theorem 4.49. Let Mn be a closed non-positively curved manifold and let 1 : Nn
→ Mn be a homotopy

equivalence where Nn is a manifold. Then 1 × id : Nn
×R3

→M ×R3 is homotopic to a homeomorphism.
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Remark 4.50. It turns out that this theorem is very closely related to the so-called ”Novikov’s Conjecture”.
So, let us begin with this conjecture:
Let M be a closed oriented manifold. Given a homomorphism π1M→ π, we have a natural map f : M→
Bπ = K(π, 1). Let

L(M) ∈
⊕

k∈Z,k≥0

H4k(M,Q)

be the totalL-genus of M. Its k-th entryLk(M) ∈ H4k(M;Q) is a certain homogeneous polynomial of degree
k in the rational Pontrjagin classes pi(M;Q) ∈ H4i(M;Q) for i = 1, 2, . . . , k such that the coefficient sk of the
monomial pk(M;Q) is different from zero. The L-genus L(M) is determined by all the rational Pontrjagin
classes and vice versa. TheL-genus depends on the tangent bundle and thus on the differentiable structure
of M. For x ∈

∏
k≥0 Hk(Bπ;Q) define the higher signature of M associated to x and f to be the number

si1nx(M, f ) =
〈
L(M) ∪ f ∗(x), [M]

〉
∈ Q.

We say that si1nx for x ∈ H∗(Bπ;Q) is homotopy invariant if for two closed oriented smooth manifolds M
and N with corresponding maps f : M→ Bπ and 1 : N→ Bπ we have

si1nx(M, f ) = si1nx(N, 1),

whenever there is an orientation preserving homotopy equivalence h : M → N such that 1 ◦ h and f are
homotopic. If x = 1 ∈ H0(Bπ), then the higher signature si1nx(M, f ) is by the Hirzebruch signature formula
(see [83, 84]) the signature of M itself and hence an invariant of the oriented homotopy type. Several years
ago, Novikov made the following conjecture :

Conjecture 4.51. (Novikov Conjecture) For every group π and each element

x ∈
∏

k∈Z,k≥0

Hk(Bπ;Q),

the number si1nx() is a homotopy invariant.

Remark 4.52. Let the map f : M → N be a homotopy equivalence of aspherical closed oriented manifolds.
Then the Novikov Conjecture 4.51 implies that f ∗(pi(N;Q)) = pi(M;Q). This is certainly true if f is a dif-
feomorphism. On the other hand, in general the rational Pontrjagin classes are not homotopy invariants
and the integral Pontrjagin classes pk(M;Q) are not homeomorphism invariants (see for instance [93, Ex-
ample 1.6 and Theorem 4.8]). This seems to shed doubts about the Novikov Conjecture. However, if the
Borel Conjecture 4.2 is true, the map f : M → N is homotopic to a homeomorphism and the conclusion
f ∗(pi(N;Q)) = pi(M;Q) does follow from the following deep result due to Novikov [117, 118, 119].

Theorem 4.53. (Novikov 1966) If f : M → N is a homeomorphism between smooth manifolds, then
f ∗(pi(N;Q)) = pi(M;Q).

For a fixed group π but all classes x ∈ H∗(Bπ,Q), we call the restricted conjecture by Novikov Conjecture
for the group (π). Since then, Novikov Conjecture for the group (π) has been verified for various π
([32, 51, 52, 53, 56]). If there exists a closed aspherical manifold M with fundamental group π (i.e., a closed
manifold K(π, 1)), then Novikov Conjecture for the group (π) (for all N) reduces to the following two
equivalent forms:

Conjecture 4.54. Let Mn be a closed aspherical manifold (with fundamental group π).

(i) If 1 : Nn+m
→ Mn

×Dm(m ≥ 0) is a homotopy equivalence between manifolds which restricts to a
homeomorphism from ∂Nn+m

→Mn
× ∂Dm, then 1∗pm(Mn;Q) = pm(Nn;Q) (for all m).

(ii) The rationalized surgery map
σ̄ : [Mn

×Dm, ∂; G/Top] ⊗Q→ Ls
n+m(π1Mn,w1(Mn)) ⊗Q (n + m > 4) is a monomorphism.
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F. T. Farrell and W. C. Hsiang [54] strengthened Conjecture 4.54 to the following form.

Conjecture 4.55. If Mn is a closed aspherical manifold, then the surgery map σ̄ : [Mn
× Di, ∂; G/Top] →

Ls
n+i(π1Mn,w1(Mn)) (n + i > 4) is a split monomorphism.

Remark 4.56.

1. Conjecture 4.55 implies that 1 : Nn
→ Mn is a simple homotopy equivalence, then 1 × id : Nn

×R3
→

Mn
×R3 is homotopic to a homeomorphism. This statement can not be gotten from Conjecture 4.54.

Miscenko [Mis74] verified Conjecture 4.54 for Mn a closed non-positively curved manifold via elliptic
operators.

2. F. T. Farrell and W. C. Hsiang [54] verified Conjecture 4.55 for a class of aspherical manifolds including
all closed non positively curved Mn. For this purpose, F. T. Farrell and W. C. Hsiang considered an
aspherical manifold Mn satisfying the following two conditions:

* The universal cover M̃n of Mn has a compactification M
n

= Dn such that the covering transformations
extend to an action of π1Mn onDn (not necessarily free on ∂Dn).

** Any homotopy h : Mn
×[0, 1]→Mn with h(x, 0) = x (for all x ∈Mn) lifts to a homotopy h : M

n
×[0, 1]→

M
n

with h(x, t) = y if either t = 0 or y ∈ ∂Dn (and p(h(y, t)) = h(p(y), t) for all y ∈ M̃n, t ∈ [0, 1] where
p : M̃n

→Mn is the covering projection).

Theorem 4.57. Let Mn be a closed (triangulable) aspherical manifold satisfying (∗) and (∗∗). Then the surgery
map

σ̄ : [Mn
×Dm, ∂; G/Top]→ Ls

n+m(π1Mn,w1(Mn))(n + m > 4)

is a split monomorphism. In particular, if Mn is a closed non-positively curved manifold, then (∗) and (∗∗)
are satisfied and Conjecture 4.55 is valid for Mn.

Remark 4.58. Wall [146, pp. 263-267] expanding on ideas of Novikov [120], gives the following relationship
between Novikov’s conjecture and the surgery map.

Theorem 4.59. Let Mn be a compact, orientable, aspherical manifold with π1Mn = π. Then, Novikov’s
Conjecture for (π) is true if and only if the (rational) surgery maps σ̄m : [Mn

× Dm, ∂; G/Top] ⊗ Q →
Ls

n+m(π1Mn) ⊗Q are monomorphisms for all integer m satisfying both m ≥ 2 and n + m ≥ 7.

Remark 4.60.

1. Hence, Theorem 4.57 implies that Novikov’s Conjecture for (π) is true when π = π1Mn and Mn is a
closed (connected) non-positively curved Riemannian manifold. However. this result was proven
much earlier and via a different technique in Miscenko’s seminal paper [110].

2. Although much work has been done verifying Novikov’s Conjecture for a very large class of groups
π, it remains open and is still an active area of research. See Kasparov’s paper [91] for a description of
the state of the conjecture as of 1988. Additional important work on it has been done since that date.

3. F. T. Farrell and W. C. Hsiang [54] proved Theorem 4.57 by using Theorem 4.59 and a well known
result of Wall known as the π-π theorem. That states that in higher dimensions a normal map of a
manifold with boundary to a simple Poincarè pair with π1(X) � π1(Y) is normally bordant to a simple
homotopy equivalence of pairs.

Of course homeomorphism implies homotopy equivalence and the converse is, in general, not true. But
for closed negatively curved manifolds (dimensions , 3, 4) F.T. Farrell and L.E. Jones [61] proved that these
two conditions are really equivalent. In fact they proved that this is true when just one of the manifolds is
non-positively curved. Here are the result:
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Theorem 4.61. (Farrell and Jones Topological Rigidity Theorem)[62] Let Mm be a closed non-positively
curved Riemannian manifold. Then |S(Mm

×Dn, ∂)| = 1 when m + n ≥ 5.

For proving Theorem 4.61, F.T. Farrell and L.E. Jones used Theorem 4.57 and the following result [61]:

Theorem 4.62. (Vanishing Theorem) Let M be a closed (connected) non-positively curved Riemannian
manifold. Then Wh(π1(M)) = 0.

Remark 4.63. The special cases of Theorem 4.62 when M is the n-torus Tn was proven by Bass-Heller-Swan
[16] and for Riemannian flat or real hyperbolic were proven earlier by Farrell and Hsiang in [52] and by
Farrell and Jones in [57], respectively. Farrell and Hsiang also showed in [55] that Wh(π1(M)) = 0 when M
is a closed infrasolvmanifold.

Definition 4.64. A Riemannian manifold M is A-regular if there exists a sequence of positive number A0,
A1, A2, A3,... with |Dn(K)| ≤ An. Here K is the curvature tensor and D is covariant differentiation.

Remark 4.65.

1. Every closed Riemannian manifold and locally symmetric space is A-regular.

2. F.T. Farrell and L.E. Jones [66] proved the following generalization of the Vanishing Theorem 4.62 to
the case where M is complete but not necessarily compact :

Theorem 4.66. Let M be any complete Riemannian manifold which is both non-positively curved and
A-regular. Then Wh(π1(M)) = 0.

F.T. Farrell and L.E. Jones have proven the following Theorem 4.67 which more or less settles Problem 4.17
for non-positively curved manifolds.

Theorem 4.67. (Topological Rigidity Theorem) Let Mn and Nn be a pair of closed aspherical manifolds.
Then any isomorphism from π1(M) to π1(N) is induced (up to conjugacy) by a homeomorphism from M to
N provided M is nonpositively curved with dim M , 3, 4.

Proof. This result is classical when n = 1 or 2. When n ≥ 5 set m = 0 in Theorem 4.61 to conclude that M
and N are h-cobordant and hence homeomorphic by the s-cobordism since Wh(π1(M)) = 0 because of the
Vanishing Theorem 4.62. �

Remark 4.68.

1. This result is an analogue of Mostow’s Rigidity Theorem 4.11 and proves Borel’s Conjecture 4.2 for
closed non-positively curved manifolds (dim , 3, 4).

2. The special cases of Theorem 4.67 when M is Riemannian flat or real hyperbolic were proven earlier
by Farrell and Hsiang in [56] and by Farrell and Jones in [59], respectively (see Theorem 4.36 and
Theorem 4.43).

3. The conclusion of Theorem 4.67 is also true when Mn is a closed infrasolvmanifold. This was proven
in Theorem 4.40. Yau showed in [149] that a closed infrasolvmanifold Mm supports a non-positively
curved Riemannian metric only when π1(M) is virtually abelian ; hence, neither class of manifolds
contains the other.

4. In further work, Farrell-Jones [66] extended Theorem 4.67 to cover compact complete affine flat
manifolds of dimension ≥ 5. This is done by considering complete non-positively curved manifolds
that are not necessary compact. Note that the universal cover is in these cases always homeomorphic
to Euclidean space.
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5. Theorem 4.67 yields a topological characterization of closed locally symmetric spaces of non-compact
type. Here is the results:

Corollary 4.69. [61] A closed topological manifold M of dimension n , 3 and 4 supports the structure of a
locally symmetric space of non compact type if and only if

(i) M is aspherical and

(ii) the fundamental group of M is isomorphic to a discrete cocompact subgroup of a (virtually connected)
linear semisimple Lie group.

Remark 4.70.

1. It would be interesting to know if Corollary 4.69 or Corollary 4.45 is true in dimension 3 and 4.
The corresponding result for flat, almost flat and infrasolvmanifolds [56] is true when dim M = 4.
This uses the work of Freedman and Quinn [71] showing the topological surgery theory is valid for
four dimensional manifolds with virtually poly-Z fundamental groups. But it is unknown whether
topological surgery theory works for four manifolds whose fundamental groups are isomorphic to
discrete, torsion-free, cocompact subgroups of O(4, 1,R). If it does, then Corollary 4.45 would still be
true when dim = 4.

2. A similar comment can be made about Corollary 4.69. It is an immediate consequence of results
of Kneser [96] and Milnor [107] that the truth of Corollary 4.45 when n = 3 (which is equivalent to
Corollary 4.69 in this case) or of the corresponding topological characterization of three dimensional
compact flat, infranil, or infrasolvmanifolds would imply the truth of the Poincarè Conjecture. On
the other hand, Thurston has conjectured an even stronger characterization of compact hyperbolic
three manifolds. The following is one case of his geometrization conjecture [142] :

Theorem 4.71. (Thurston’s Conjecture) Let M be a closed three dimensional manifold. Then M has a
hyperbolic structure iff

(i) M is aspherical and

(ii) every abelian subgroup of π1(M) is cyclic.

Remark 4.72.

1. In particular, Thurston’s Conjecture would imply that any closed three dimensional Riemannian
manifold with negative sectional curvature is homeomorphic to a hyperbolic manifold.

2. In further work, Farrell-Jones [66] extended Theorem 4.67 to cover compact complete affine flat
manifolds of dimension ≥ 5. This is done by considering complete non-positively curved manifolds
that are not necessary compact. Note that the universal cover is in these cases always homeomorphic
to Euclidean space. Here are the results :

Definition 4.73. Let M be a manifold with non-empty boundary. We say that M is topologically rigid if it has
the following property: Let h : (N, ∂N)→ (M, ∂M) be any proper homotopy equivalence where N is another
manifold. Suppose there exists a compact subset C ⊂ N such that the restriction of h to ∂N ∪ (N \ C) is a
homeomorphism. Then there exists a proper homotopy ht : (N, ∂N)→ (M, ∂M) from h to a homeomorphism
and a perhaps larger compact subset K of N such that the restriction of ht and h to ∂N ∪ (N \K) agree for all
t ∈ [0, 1]. (When M and N are closed, this just says that a homotopy equivalence h : N → M is homotopic
to a homeomorphism.)

Theorem 4.74. Let Mn be an aspherical Riemannian manifold with n ≥ 5 (it can be non-compact and can have
non-empty boundary). Suppose π1(M) is isomorphic to the fundamental group of an A-regular complete
non-positively curved Riemannian manifold (This happens for example when π1(M) is isomorphic to a
torsion-free discrete subgroup of GLn(R)). Then M is topologically rigid. In particular, every A-regular
complete non-positively curved Riemannian manifold of dim ≥ 5 is topologically rigid.
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Theorem 4.75. Let M and N be a pair of closed affine flat manifolds. Then any isomorphism from π1(M) to
π1(N) is induced by a homeomorphism from M to N.

Remark 4.76.

1. Theorem 4.75 is an affine analogue of the classical Bieberbach Rigidity Theorem 4.10. Note that
Theorem 4.75 (when dim(M) ≥ 5) does not follow from Topological Rigidity Theorem 4.61 since
there are closed affine flat manifolds M which cannot support a Riemannian metric of non-positive
curvature. For example M3 = R3/Γ where Γ is the group generated by the three affine motions α, β, γ
of R3 with

α(x, y, z) = (x + 1, y, z)
β(x, y, z) = (x, y + 1, z)
γ(x, y, z) = (x + y, 2x + 3y, z + 1).

Since Γ is solvable but not virtually abelian. However Gromoll and Wolf [80] and Yau [149] inde-
pendently proved that if M is a closed non-positively curved Riemannian manifold and π1(M) is
solvable, then π1(M) is virtually abelian. This shows that M3 cannot support a Riemannian metric of
non-positive curvature. But Theorem 4.75 (when dim(M) ≥ 5) does follow from Theorem 4.74 since
M is aspherical and π1(M) is a discrete subgroup of Aff(Rn) which is closed subgroup of GLn+1(R).

2. Theorem 4.75 is a classical result when dim(M) ≥ 2. And, when dim(M) = 3, Theorem 4.75 was proven
by D. Fried and W.M. Goldman in [50]. Hence it remains to discuss the case when dim(M) = 4. In this
case (in fact more generally when dim(M) ≥ 6) H. Abels, G.A. Margulis and G.A. Soifer [6] proved that
π1(M) is virtually polycyclic. And hence Theorem 4.75 follows from Theorem 4.40 when dim(M) = 4
(see also Remark 4.40). A key ingredient in Theorem 4.40 is that M. Freedman and F. Quinn [71]
have shown that topological surgery works in dimension 4 for manifolds with virtually poly-cyclic
fundamental groups.

5. The Farrell-Jones conjecture

In this section we will discuss the Farrell-Jones Conjecture. Why is the Farrell-Jones Conjecture so important?
One reason is that it plays an important role in the classification and geometry of manifolds. A second
reason is that it implies a variety of well-known conjectures, such as the ones due to Borel and Novikov,
and also the conjecture for the vanishing of Whithead group.

Definition 5.1. Let G be any group. A family F of subgroups of G is a set of subgroups of G which is closed
under taking subgroups and conjugations.

Example 5.2. Examples for F are :

FTR = {trivial sub1roup};
FFIN = { f inite sub1roups};
FVCYC = {virtually cyclic sub1roups};
FCOM = {compact sub1roups};

FCOMOP = {compact open sub1roups};
FALL = {all sub1roups}.

Definition 5.3. (Classifying G-CW-complex for a family of subgroups) Let F be a family of subgroups of
G. A model EF (G) for the classifying G-CW-complex for the family F of subgroups is a G-CW-complex
EF (G) which has the following properties:
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(i) All isotropy groups of EF (G) belong to F .

(ii) For any G-CW-complex Y, whose isotropy groups belong to F , there is, up to G-homotopy, precisely
one G-map Y→ EF (G).

We abbreviate EG := EFCOM(G) and call it the universal G-CW-complex for proper G-actions. We also write
EG = EFTR(G).

Definition 5.4. (Homotopy characterization of EF (G)) Let F be a family of subgroups.

(i) There exists a model for EF (G);

(ii) A G-CW-complex X is a model for EF (G) if and only if all its isotropy groups belong to F and for
each H ∈ F , the H-fixed point set is weakly contractible.

For more information about these spaces EF (G) we refer to the survey article [103].

Conjecture 5.5. (K-theoretic Farrell-Jones-Conjecture) Let R be any associative ring with unit (with involu-
tion) and let G be a discrete group. Then the assembly map

HG
n (EFVCYC(G),KR) 7→ HG

n (pt,KR) � Kn(RG)

induced by the projection EFVCYC(G) 7→ pt is bijective for all n ∈ Z.

Conjecture 5.6. (L-theoretic Farrell-Jones-Conjecture) Let R be any associative ring with unit (with involution)
and let G be a discrete group. Then the assembly map

HG
n (EFVCYC(G),L<−∞>R ) 7→ HG

n (pt,L<−∞>R ) � L<−∞>n (RG)

induced by the projection EFVCYC(G) 7→ pt is bijective for all n ∈ Z.

Conjecture 5.7. (Baum-Connes Conjecture) Let R be any associative ring with unit (with involution) and let
G be a discrete group. Then the assembly map

KG
n (EG) = HG

n (EFFIN (G),Ktop) 7→ HG
n (pt,Ktop) = Kn(C∗r(G))

induced by the projection EFFIN (G) 7→ pt is bijective for all n ∈ Z.

Next we want to discuss, whether one can pass to smaller or larger families in the formulations of the
Conjectures. The point is to find the family as small as possible.

Theorem 5.8. (Transitivity Principle)[19] Let F ⊆ G be two families of subgroups of G. Let H?
∗ be an

equivariant homology theory. Assume that for every element H ∈ G and n ∈ Z the assembly map

H
H
n (EF|H (H)) 7→ HH

n (pt)

is bijective, where F|H = {K ∩H|K ∈ F }. Then the relative assembly map induced by the up to G-homotopy
unique G-map EF (G) 7→ EG(G)

H
G
n (EF (G)) 7→ HG

n (EG(G))

is bijective for all n ∈ Z.

Remark 5.9.

1. The Baum-Connes Conjecture 5.7 is known to be true for virtually cyclic groups. The Transitivity
Principle 5.8 implies that the relative assembly

KG
n (EG) 7→ KG

n (EFVCYC(G))

is bijective for all n ∈ Z. Hence it does not matter in the context of the Baum-Connes Conjecture
whether we consider the family FFIN or FVCYC.
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2. In general, the relative assembly maps

HG
n (EG; KR) 7→ HG

n (EFVCYC(G); KR);
HG

n (EG; L<−∞>R ) 7→ HG
n (EFVCYC(G); L<−∞>R ).

are not bijective [18]. Hence in the Farrell-Jones setting one has to pass to FVCYC and cannot use the
easier to handle family FFIN .

3. The Farrell-Jones Conjecture 5.5 for algebraic K-theory for the groupZ is true for trivial reasons since
Z is virtually cyclic and hence the projection EFVCYC(Z) 7→ pt is a homotopy equivalence.

Let FJK(R) and FJL(R) be the class of groups which satisfy the K-theoretic and L-theoretic respectively
Farrell-Jones Conjecture for the coefficient ring (with involution) R. Let BC be the class of groups which
satisfy the Baum-Connes Conjecture. Recall that a ring R is called regular if it is Noetherian and every
finitely generated R-module possesses a finite projective resolution.

Theorem 5.10. (Lower and middle K-theory of group rings in the torsion free case) Suppose that G is
torsionfree.

(i) If R is regular and G ∈ FJK(R), then

(a) Kn(RG) = 0 for n ≤ −1;

(b) The change of rings map K0(R) 7→ K0(RG) is bijective;

(c) In particular, K̃0(RG) is trivial if and only if K̃0(R) is trivial.

(ii) If G ∈ FJK(Z), then the Whitehead group Wh(G) is trivial.

Proof. The idea of the proof is to study the Atiyah-Hirzebruch spectral sequence. It converges to Hn(BG; KR)
[101] which is isomorphic to Kn(RG) by the assumption that G ∈ FJK(R). The E2-term is given by

E2
p,q = Hp(BG,Kq(R)).

Claim(i): Since R is regular by assumption, we get Kq(R) = 0 for q ≤ −1 [133, 5.3.30 on page 295]. Hence
the spectral sequence is a first quadrant spectral sequence. This implies Kn(RG) � Hn(BG; KR) = 0 for n ≤ 1
and the edge homomorphism yields an isomorphism

K0(R) = H0(pt,K0(R)) �
−→ H0(BG; KR) � K0(RG).

This proves (i).
Claim(ii): We have K0(Z) = Z and K1(Z) = {±1}. We get an exact sequence

0 7→ H0(BG; K1(Z)) = {±1} 7→ H1(BG; KZ) � K1(ZG) 7→ H1(BG; K0(Z)) = G/[G,G] 7→ 0.

This implies
Wh(G) := K1(ZG)/{±1|1 ∈ G} = 0.

This proves (ii). �

By using Theorem 5.10, we have the following:

Theorem 5.11. Let G ∈ FJK(Z) be a torsionfree group. Then

(i) Kn(ZG) = 0 for n ≤ 1;

(ii) K̃0(ZG) = 0;
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(iii) Wh(G) = 0;

(iv) Every finitely dominated CW-complex X with G = π1(X) is homotopy equivalent to a finite CW-
complex;

(v) Every compact h-cobordism W of dimension ≥ 6 with G � π1(W) is trivial (For G = 1 this implies the
Poincarè Conjecture in dimension ≥ 5).

Remark 5.12.

1. Theorem 5.11 (iv) is a consequence of the following fact: Let G be a finitely presented group. The
vanishing of K̃0(ZG) is equivalent to the geometric statement that any finitely dominated space X
with G � π1(X) is homotopy equivalent to a finite CW-complex. Since the fundamental group of a
finitely dominated CW-complex is always finitely presented [101].

2. Theorem 5.11 (v) follows from the s-cobordism theorem. In fact, for a finitely presented group G the
vanishing of the Whitehead group Wh(G) is equivalent to the statement that each h-cobordism over a
closed connected manifold M of dimension dim(M) ≥ 5 with fundamental group π1(M) � G is trivial
[101].

Let L〈1〉 be the 1-connective cover of the L-theory spectrum L. It is characterized by the following property:
There is a natural map of spectra u : L〈1〉 −→ L which induces an isomorphism on the homotopy groups in
dimensions n ≥ 1 and the homotopy groups of L〈1〉 vanish in dimensions n ≤ 0.

Theorem 5.13. (Ranicki (1992)) There is an exact sequence of abelian groups, called algebraic surgery exact
sequence, for an n-dimensional closed manifold M

....
σn+1
−→ Hn+1(M; L〈1〉)

An+1
−→ Ln+1(Z[π1(M)])

∂n+1
−→ S(M)

σn
−→ Hn(M; L〈1〉)

An
−→ Ln(Z[π1(M)])

∂n
−→ ...

It can be identified with the classical geometric surgery sequence 2.7 due to Sullivan and Wall in high
dimensions.

Theorem 5.14. (The Farrell-Jones Conjecture and the Borel Conjecture) If the K-theoretic Farrell-Jones
Conjecture 5.5 and L-theoretic Farrell-Jones Conjecture 5.6 hold for G in the case R = Z, then the Borel
Conjecture 4.2 is true in dimension ≥ 5 and in dimension 4 if G is good in the sense of Freedman.

Sketch of the proof.. The K-theoretic version of the Farrell-Jones Conjecture ensures that we do not have
to deal with decorations, e.g., it does not matter if we consider L or L〈−∞〉. This follows from the so
called Rothenberg sequences [92]. The L-theoretic version of the Farrell-Jones Conjecture implies that
Hn(M; L)→ Ln(Zπ1(M)) is bijective for all n ∈ Z. Let F be the homotopy fiber of u : L〈1〉 −→ L. Hence we
have a fibration of spectra

F −→ L〈1〉 u
−→ L

which induces a long exact sequence

... −→ Hk+1(M; L〈1〉) −→ Hk+1(M; L) −→ Hk(M; F) −→ Hk(M; L〈1〉) −→ Hk(M; L) −→ ...

Since πq(F) = 0 for q ≥ 0, an easy spectral sequence argument shows that Hk(M; F) = 0 for k ≥ n. Hence
the map Hk(M; L〈1〉) −→ Hk(M; L) is bijective for k ≥ n + 1 and injective for k = n. For k = n and k = n + 1,
the map Ak is the composite of the map Hk(M; L〈1〉) −→ Hk(M; L) with the map Hk(M; L) −→ Lk(Zπ1(M)).
Hence An+1 is surjective and An is injective. Theorem 5.13 implies that S(M) consist of one element. This
complete the proof of Theorem 5.14.

The Farrell-Jones Conjecture and the Baum-Conjecture imply certain other well-known conjectures :
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Theorem 5.15. (The Farrell-Jones, the Baum-Connes and the Novikov Conjecture) Suppose that one of the
following assembly maps

HG
n (EFVCYC(G),L<−∞>R ) 7→ HG

n (pt,L<−∞>R ) � L<−∞>n (RG);

KG
n (EG) = HG

n (EFFIN (G),Ktop) 7→ HG
n (pt,Ktop) = Kn(C∗r(G)),

is rationally injective.
Then the Novikov Conjecture holds for the group G.

James F. Davis and Wolfgang Lück gave a unified approach to the Isomorphism Conjecture of Farrell and
Jones on the algebraic K- and L-theory of integral group rings and to the Baum-Connes Conjecture on the
topological K-theory of reduced group C∗-algebras. The approach is through spectra over the orbit category
of a discrete group G [47]:

Definition 5.16. [47] Let G be a group and let F be a family of subgroups of G. The orbit category Or(G)
has as objects homogeneous G-spaces G/H and as morphisms G-maps. The orbit category Or(G,F ) with
respect to F is the full subcategory of Or(G) consisting of those objects G/H for which H belongs to F .

Let E : Or(G)→ SPECTRA be a covariant functor and an extension of E to the category of G-spaces by

Ẽ : G-SPACES→ SPECTRA

such that Ẽ(X) = mapG(−,X)+ ⊗Or(G) E. Recall that mapG(−,X)+ ⊗Or(G) E =
∐

H⊂G XH
+ ∧ E(G/H)/ ∼ where

∼ is the equivalence relation generated by (xφ, y) ∼ (x, φy) for x ∈ XH
+ = mapG(G/H,X+), y ∈ E(G/H) and

φ : G/H → G/K [47]. Then π∗(Ẽ(X)) is an equivariant homology theory in the sense of Bredon [26]. Let
EF (G) be the classifying space for a family of subgroups of G. The map

π∗Ẽ(EF (G)) −→ π∗Ẽ(EFALL(G))

given by applying Ẽ to the constant map and then taking homotopy groups is called the (E,F ,G)-assembly
map.

Definition 5.17. [47] The (E,F ,G)-Isomorphism Conjecture for a discrete group G, a family of subgroups
F , and a covariant Or(G)-spectrum E is that the (E,F ,G)-assembly map is an isomorphism. For an integer
i, the (E,F ,G)-Isomorphism Conjecture is that the (E,F ,G)-assembly map is an isomorphism in dimension
i.

Remark 5.18.

1. When E equals the algebraic K-theory spectra Kal1 or the algebraic L-theory spectra L<−∞> and F is
the family FVCYC of virtually cyclic subgroups of G, then the Isomorphism Conjecture is the one of
Farrell-Jones Isomorphism Conjecture 5.5 and Conjecture 5.6 respectively [47].

2. When E equals the topological K-theory spectrum Ktop and F is the family FFIN of finite subgroups
of G, then the Isomorphism Conjecture is the Baum- Connes Conjecture 5.7 [47].

Let X be a connected CW-complex (perhaps a manifold), and let P∗, PDiff
∗ denote the functor that maps X to

the Ω-spectrum of stable topological (smooth) pseudo-isotopies on X. Denote byK∗() the functor that maps
X to the algebraic K-theoretic (non-connective) Ω-spectrum for the integral group ring Zπ1(X) [128]. Let
Kal1 : Or(G)→ Ω-SPECTRA be the algebraic K-theory functor [47]. The homotopy groups of the spectrum
Kal1(G/H) are isomorphic to the K-theory groups of ZH. Finally, let hocolimOr(G,F ) Kal1 be the homotopy
colimit of the Kal1 functor over the F -orbit category [47]. For FTR and FALL the following identifications
can be made:

πn(hocolimOr(G) Kal1) � Kn(ZG),∀n,
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and
πn(hocolimOr(G,FTR) Kal1) �Hn(BG;K∗(pt)),∀n

where H denotes homology with coefficients in a spectrum, and K∗(pt) denotes the algebraic K-theory
spectrum of the integers. Moreover, given two families F ⊆ F

′

of subgroups of G, the inclusion induces a
map

A
F ,F ′ : πn(hocolimOr(G,F ) Kal1)→ πn(hocolimOr(G,F ′ ) Kal1).

These are collectively known as assembly maps ([47, 63]). In the special case F = FTR and F
′

= FALL,
A
F ,F ′ is the classical assembly map

A :Hn(BG;K∗(pt))→ Kn(ZG).

These assembly maps have the property that given families F1 ⊆ F2 ⊆ F3 of subgroups of G, we have

AF1,F3 = AF2,F3 ◦ AF1,F2 .

In general these assembly maps need not be isomorphisms. However, they are key maps when trying to
approach the algebraic K-groups of a given group through a special collection of its subgroups.
Let S∗ be a homotopy invariant (covariant) functor from the category of topological spaces to spectra.
Important examples of such functors are the stable topological pseudo-isotopy functor P∗, the algebraic
K-theory functorK∗, and the L-theory functorL−∞∗ [63]. LetM denote the category of continuous surjective
maps; i.e., an object in M is a continuous map p : E → B between topological spaces E and B, while a
morphism from p1 : E1 → B1 to p2 : E2 → B2 is a pair of continuous maps f : E1 → E2, 1 : B1 → B2 making
the following diagram a commutative square of maps:

E1
f

−−−−−→ E2

p1

y p2

y
B1

1
−−−−−→ B2

Quinn [129, appendix] constructed a functor fromM to the category of Ω-spectra which associates to the
map p the spectrumH(B;S(p)) in such a way that

H(B;S(p)) = S(E)

in the special case that B is a single point pt. Furthermore the map of spectra

A :H(B;S(p)) = S(E)

functorially associated to the commutative square

E id
−−−−−→ E

p
y y
B −−−−−→ pt

is called the (Quinn) assembly map.

Definition 5.19. Let G denote a (discrete) group, and let F denote a family of subgroups of G. We define
a universal (G,F )-space to be a regular cell complex Z together with a group action G × Z → Z, which
satisfies the following properties :

(a) For each 1 ∈ G the homeomorphism Z → Z given by z −→ 1(z) is cellular; moreover, for each cell
e ∈ Z if 1(e) = e then 1|e =inclusion.
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(b) For any z ∈ Z we have Gz
∈ F , where Gz is the isotropy group at z for this action.

(c) For any Γ ∈ F the fixed point set of Γ × Z→ Z is a nonempty contractible subcomplex of Z.

Definition 5.20. Let X denote any connected CW-complex, and let FVCYC(X) consists of all virtually cyclic
subgroups ofπ1(X). F.T. Farrell [63] proved that there is a universal (π1(X),FVCYC(X))-spaceπ1(X)×A −→ A.
Let X̃ denote the universal covering space for X, and let π1(X) × (X̃ × A) −→ X̃ × A denote the diagonal
action. Define ρ : E(X)→ B(X) to be the quotient of the standard projection X̃×A −→ A under the relevant
π1(X)-actions, and define f : E(X) → X to be the quotient of the standard projection X̃ × A 7→ X̃ under
the relevant π1(X)-actions. Because the universal (π1(X),FVCYC(X))-space π1(X) × A −→ A is uniquely
determined by X up to π1(X)- equivariant homotopy type [63], we get the following lemma. Recall that for
each H ∈ FVCYC(X) we denote by XH → X the covering space for X corresponding to H.

Lemma 5.21. ρ : E(X) → B(X) is a simplicially stratified fibration. Each fiber ρ−1(z) of ρ is one of the
connected covering spaces {XH : H ∈ FVCYC(X)} for X, in fact, the restricted map f : ρ−1(z) → X is a
covering space projection whose image on the fundamental group level is contained inFVCYC(X). Moreover,
ρ : E(X)→ B(X) is uniquely determined up to fibered homotopy type by the homotopy type of X.

Conjecture 5.22. (Pseudoisotopy Version of Farrell-Jones Isomorphism Conjecture) The composite

H∗(B(X),S∗(ρ))
S∗( f )◦A∗
−→ S∗(X)

is a (weak) equivalence of Ω-spectra, where A∗ is the assembly map for the simplicially stratified fibration
ρ : E(X) → B(X), the functor S∗() is any of P∗, PDiff

∗ , K∗ or the L−∞-surgery functor L−∞∗ , and S∗( f ) is the
image of the map f : E(X)→ X under S∗().

Farrell and Jones [63] proved the Isomorphism Conjecture 5.22 for discrete cocompact virtually torsion-free
subgroups of the isometry group of the universal cover of a closed non-positively curved manifold. Here
are the results :

Theorem 5.23. The Isomorphism Conjecture 5.22 is true for the functors P∗(), PDiff
∗ () on the space X pro-

vided that there exists a simply connected symmetric Riemannian manifold M with non-positive sectional
curvature everywhere such that M admits a properly discontinuous cocompact (i.e., such that the orbit
space X = M/G is compact) group action of G = π1(X) by isometries of M.

Theorem 5.24. Let X be a connected CW-complex such that π1(X) is a subgroup of a cocompact discrete
subgroup of a virtually connected Lie group. Then the Isomorphism Conjecture 5.22 is true for the functors
P∗(), PDiff

∗ () on the space X.

E. Berkove, F.T. Farrell, D. Juan-pineda and K. Pearson [10] proved the Farrell-Jones Isomorphism Conjecture
5.22 for groups acting on complete hyperbolic manifolds with finite volume orbit space. Here are the results:

Theorem 5.25. The Isomorphism Conjecture is true for the functors P∗(), PDiff
∗ () on the space X provided

that there exists a properly discontinuous finite co-volume group action by isometries of G = π1(X) on a
hyperbolic spaceHn.

Corollary 5.26. Let G be a group for which the Isomorphism Conjecture 5.22 holds. Let FVCYC and FALL
be the families of virtually cyclic and of all subgroups of G, respectively. Then the assembly map

AFVCYC,FALL : πn(hocolimD(G,FVCYC) Kal1)→ Kn(ZG)

is an isomorphism for n ≤ 1.

E. Berkove, F.T. Farrell, D. Juan-pineda and K. Pearson [10] classified all virtually cyclic subgroups in the
Bianchi group family and then show that the lower algebraic K-theory of all the virtually cyclic subgroups
vanishes. Here are the results :
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Theorem 5.27. Let G be a group for which the Isomorphism Conjecture 5.22 holds for the functor P∗.
Suppose that for every virtually cyclic subgroup Γ of G Wh(Γ), K̃0(ZΓ) and Kn(ZΓ) for n ≤ 1, all vanish.
Then

(i) Kn(ZG) = 0 for n ≤ 1;

(ii) K̃0(ZG) = 0;

(iii) Wh(G) = 0;

Theorem 5.28. [10] Let G be a Bianchi group. Then

(i) Kn(ZG) = 0 for n ≤ 1;

(ii) K̃0(ZG) = 0;

(iii) Wh(G) = 0;

There is a stronger version of the Farrell-Jones Conjecture, the so called Fibered Farrell-Jones Conjecture
[63]. The Fibered Farrell-Jones Conjecture does imply the Farrell-Jones Conjecture and has better inheritance
properties than the Farrell-Jones Conjecture :

Conjecture 5.29. (The Fibered isomorphism conjecture) Let X be a connected CW-complex, and let ξ = Y→ X
denote a Serre fibration over X. Let E(ξ) denote the total space of the pullback of ξ along the map

f : E(X) → X, let ρ(ξ) : E(ξ) → B(ξ) denote the composite map E(ξ)
proj
−→ E(X)

ρ
−→ B(X), and let

f (ξ) : E(ξ)→ Y denote the map which covers the map f : E(X)→ X. The Fibered Isomorphism Conjecture
states that the composite

H∗(B(ξ),S∗(ρ(ξ)))
S∗( f (ξ))◦A∗
−→ S∗(Y)

is a (weak) equivalence of Ω-spectra, where A∗ is the assembly map for the simplicially stratified fibration
ρ(ξ) : S(ξ) → B(ξ), the functor S∗() is any of P∗, P

Di f f
∗ , K∗ or the L−∞-surgery functor mathcalL−∞∗ , and

S∗( f (ξ)) is the image of the map f (ξ) : E(ξ)→ Y under S∗().

Definition 5.30. ((Fibered) Isomorphism Conjecture forH?
∗ ) Given a group homomorphism φ : K→ G and

a family F of subgroups of G, define the family φ∗F of subgroups of K by φ∗F = {H ⊆ K|φ(H) ∈ (H)F }.
LetH?

∗ be an equivariant homology theory with values in Λ-modules for a commutative associative ring Λ
with unit from [102, Section 1]. This essentially means that we get for each group G, a G-homology theory
H

G
∗ which assigns to a (not necessarily proper or cocompact) pair of G-CWcomplexes (X,A), aZ-graded Λ-

moduleHG
n (X,A), such that there exists natural long exact sequences of pairs and G-homotopy invariance,

excision, and the disjoint union axiom are satisfied. Moreover, an induction structure is required which in
particular implies for a subgroup H ⊆ G and a H-CW-pair (X,A) that there is a natural isomorphism

H
H
n (X,A) �

−→ mathcalHG
n (G ×H (X,A)).

A group G together with a family of subgroups F satisfies the Isomorphism Conjecture for H?
∗ if the

projection pr : EF (G)→ pt induces an isomorphism

H
G
n (pr) : HG

n (EF (G)) �
−→ H

G
n (pt)

for n ∈ Z. The pair (G,F ) satisfies the Fibered Isomorphism Conjecture for H?
∗ if for every group homo-

morphism φ : K→ G, the pair (K, φ∗F ) satisfies the Isomorphism Conjecture.
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Remark 5.31. The Fibered Isomorphism Conjecture 5.29 for algebraic K-theory or algebraic L-theory re-
spectively for the group G is equivalent to the (Fibered) Isomorphisms Conjecture 5.30 for H?

∗ (−,KR) and
H

?
∗ (−,LR) for the pair (G,FVCYC) (see Remark 6.6 in [18]). Arthur Bartels, Wolfgang Luck and Holger Reich

[20] proved the following results :

Theorem 5.32. Let R be an associative ring with unit. Let FJ(R) be the class of groups which satisfy the
Fibered Farrell-Jones Conjecture 5.29 for algebraic K-theory with coefficients in R. Then

(i) Every word-hyperbolic group and every virtually nilpotent group belong to FJ(R);

(ii) If G1 and G2 belong to FJ(R), then G1 × G2 belongs to FJ(R);

(iii) Let {Gi|i ∈ I} be a directed system of groups (with not necessarily injective structure maps) such that
Gi ∈ F for i ∈ I. Then colimi∈IGi belongs to FJ(R);

(iv) If H is a subgroup of G and G ∈ FJ(R), then H ∈ FJ(R).

Theorem 5.33. Let R be an associative ring with unit. Consider the following assertions for a group G:

(KH) The group G satisfies the Fibered Farrell-Jones Conjecture for homotopy K-theory with coefficients in
R;

(FC) The ring R has finite characteristic N. The Fibered Farrell-Jones Conjecture for algebraic K-theory for
G with coefficients in R for both the families FFIN and FVCYC is true after applying ⊗ZZ[1/N] to the
assembly map.

Let FJKH(R) be the class of groups for which assertion (KH) holds. If R has finite characteristic, then let
FJFC(R) be the class of groups for which assertion (FC) is true. Let F be FJFC(R) or FJKH(R). Then:

(i) Every word-hyperbolic and every elementary amenable group belongs to F ;

(ii) If G1 and G2 belong to F , then G1 × G2 belongs to F ;

(iii) Let {Gi|i ∈ I} be a directed system of groups (with not necessarily injective structure maps) such that
Gi ∈ F for i ∈ I. Then colimi∈IGi belongs to FJ(R);

(iv) If H is a subgroup of G and G ∈ FJ(R), then H ∈ FJ(R);

(v) Let 1 → H → G → Q → 1 be an extension of groups such that H is either elementary amenable or
word-hyperbolic and Q belongs to F . Then G belongs to F ;

(vi) Suppose that G acts on a tree T. Assume that for each x ∈ T the isotropy group Gx belongs to F . Then
G belongs to F .

Moreover, if R has finite characteristic then we have FJKH(R) ⊆ FJFC(R).

Corollary 5.34. Let R be a regular associative ring with unit of finite characteristic N. Let G be torsionfree.
Suppose that G belongs to the class FJFC(R) defined in Theorem 5.33. Then

(i) Kn(RG)[1/N] = 0 for n ≤ 1;

(ii) The change of rings map induces a bijection K0(R)[1/N]→ K0(RG)[1/N]. In particular K̃0(RG)[1/N] is
trivial if and only if K̃0(R)[1/N] is trivial;

(iii) WhR(G)[1/N] is trivial.

Remark 5.35. Corollary 5.34 together with Theorem 5.33 substantially extends the following Theorem 5.36
of Farrell-Linnell [69], where WhF(G) ⊗Z Q = 0 is proven for G a torsionfree elementary amenable group
and F a field of prime characteristic.
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Theorem 5.36. Let G be a torsion-free virtually solvable subgroup of GLn(C). Then Wh(G) = 0.

Definition 5.37. Let G be a group. Then G is nearly crystallographic means that G is finitely generated and
there exists ACG such that A is torsion-free abelian of finite rank (i.e., is isomorphic to a subgroup ofQn for
some integer n), C ≤ G such that C is virtually cyclic, A∩C = 1 and AC = G (so GoAC), and the conjugation
action of C on A makes A ⊗Q into an irreducible QC-module.

Theorem 5.38. [69] Suppose the Fibered Isomorphism Conjecture 5.29 is true for all nearly crystallographic
groups. Then the Fibered Isomorphism Conjecture 5.29 is true for all virtually solvable groups.

Remark 5.39. We review some open problems on the Fibered Isomorphism Conjecture 5.30:

1. Show that the Fibered Isomorphism Conjecture is true for A o Z for a torsion-free abelian groups A
and for an arbitrary action of Z on A. Note that a positive answer to this problem will imply the
conjecture for all solvable groups [134].

2. Show that the Fibered Isomorphism Conjecture is true for G o Z assuming the conjecture for G. This
is a very important open problem and will imply the conjecture for poly free groups. It is open even
when G is finitely generated and free. For certain situations the answers are known, for example,
when G is a surface group and the action is realizable by diffeomorphism of the surface [134].

3. Prove that the Fibered Isomorphism Conjecture for the fundamental group of a graph of virtually
cyclic groups. Even for the graph of infinite cyclic groups this is an open problem [134].

A. Bartels and H. Reich [31] introduced the Farrell-Jones Conjecture with coefficients in an additive category
with G-action. This is a variant of the Farrell-Jones Conjecture about the algebraic K- or L-theory of a group
ring RG. It allows to treat twisted group rings and crossed product rings. The conjecture with coefficients
is stronger than the original conjecture but it has better inheritance properties. Here are the results:

In the following, we will consider additive categoriesAwith a right G-action, i.e., to every group element 1
we assign an additive covariant functor 1∗ : A→A, such that 1∗ = id and composition of functors (denoted
◦) relates to multiplication in the group via 1∗ ◦ h∗ = (h1)∗.

Definition 5.40. [31] LetA be an additive category with a right G-action and let T be a left G-set. We define
a new additive category denotedA ∗G T as follows: An object A inA ∗G T is a family A = (At)t∈T of objects
in A where we require that {t ∈ T|At , 0} is a finite set. A morphism φ : A→ B is a collection of morphisms
φ = (φ1,t)(1,t)∈G×T, φ1,t : At → 1

∗(B1t) is a morphism inA. We require that the set of pairs (1, t) ∈ G × T with
φ1,t , 0 is finite.

LetK−∞ : Add Cat→ Sp be the functor that associates the non-connective K-theory spectrum to an additive
category (using the split exact structure). This functor is constructed in [128]. See [11] for a brief review of
this functor and its properties. To any such functor one can associate a G-homology theory HG

∗ (−,KA) (see
[47, Section 4 and 7]).

Definition 5.41. Let G be a group and letA be an additive category with right G-action. The Or(G)-spectrum
KA is defined by KA(T) = K−∞(A ∗G T).

Conjecture 5.42. (Algebraic K-Theory Farrell-Jones-Conjecture with Coefficients) Let G be a group and let
FVCYC be the family of virtually cyclic subgroups of G. LetA be an additive category with a right G-action.
Then the assembly map

HG
∗ (EFVCYC(G); KA)→ HG

∗ (pt; KA) � K∗(A ∗G pt)

is an isomorphism. The right hand side of the assembly map HG
∗ (pt; KA) can be identified with K∗(A ∗G pt),

the K-theory of a certain additive categoryA ∗G pt.
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Remark 5.43. If A is the category of finitely generated free R-modules and is equipped with the trivial
G-action, then πn(KA(G/G)) � Kn(RG) and the assembly map becomes

HG
n (EFVCYC(G),KR) 7→ HG

n (pt,KR) � Kn(RG).

This map can be identified with the one that appears in the original formulation of the Farrell-Jones
Conjecture 5.22. So the following Theorem 5.44 implies that the K-theoretic version of the Farrell-Jones
Conjecture is true for hyperbolic groups and any coefficient ring R [21] :

Theorem 5.44. Let G be a hyperbolic group. Then G satisfies the K-theoretic Farrell-Jones Conjecture with
coefficients, i.e., ifA is an additive category with a right G-action, then for every n ∈ Z the assembly map

HG
n (EFVCYC(G); KA)→ HG

n (pt; KA) � Kn(A ∗G pt)

is an isomorphism.

Corollary 5.45. Let φ : K → G be a group homomorphism. Let F be a family of subgroups of G. Suppose
that for every additive categoryAwith G-action the assembly map

HG
n (EFVCYC(G); KA)→ HG

n (pt; KA)

is injective. Then for every additive category Cwith K-action the assembly map

HG
n (Eφ∗FVCYC(G); KC)→ HG

n (pt; KC)

is injective. The same statement holds with injectivity replaced by surjectivity in assumption and conclusion.

Remark 5.46. Recall that the fibered version of the Farrell-Jones Conjecture 5.29 in algebraic K-theory for
a group G (and a ring R) can be formulated as follows: for every group homeomorphism φ : K → G the
assembly map

HK
∗ (Eφ∗FVCYC(K); KR)→ HK

∗ (pt; KR)

is an isomorphism (see Remark 5.31). Therefore by Corollary 5.45 the Farrell-Jones Conjecture 5.42 implies
the Fibered Farrell-Jones Conjecture 5.29.

There is a functor L−∞ : Add Cat Inv → Sp that associates the L-theory spectrum to an additive category
with involution constructed by Ranicki [131]. We consider the Or(G)-spectrum LA defined by LA(T) =
L−∞(A ∗G T).

Conjecture 5.47. (L-Theory Farrell-Jones-Conjecture with Coefficients) Let G be a group and let FVCYC be
the family of virtually cyclic subgroups of G. LetA be an additive category with a right G-action. Then the
assembly map

HG
∗ (EFVCYC(G); LA)→ HG

∗ (pt; LA)

is an isomorphism.

Remark 5.48. The only property of the functor K−∞ that was used in the proof of Corollary 5.45 is that
it sends equivalences of categories to equivalences of spectra. Because this property holds also for the
functor K−∞ there is also the L-theory version of Corollary 5.45. Therefore there are also L-theory versions
of Corollary 5.45 and Remark 5.46.

The existing proofs for results about the Farrell-Jones Conjecture without coefficients can often be carried
over to the context with coefficients. The following is a generalization of the main theorem in [30]:

Theorem 5.49. Let G be the fundamental group of a closed Riemannian manifold of strictly negative
sectional curvature. Then the algebraic K-theory Farrell-Jones Conjecture with Coefficients 5.42 holds for
G.
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The following is a generalization of the main result from [8]:

Theorem 5.50. Let G be a group of finite asymptotic dimension that admits a finite model for the classifying
space BG. LetA be an additive category with right G-action. Then the assembly map

HG
∗ (EG; KA)→ HG

∗ (pt; KA)

is split injective.

Remark 5.51.

1. A. Bartels and W. Lück [22] verified Borel Conjecture 4.2 for considerably beyond the world of
Riemannian manifolds of non-positive curvature. In particular, they proved the Borel Conjecture for
closed aspherical manifolds of dimension ≥ 5, whose fundamental group is hyperbolic in the sense of
Gromov [15, 77] or is non-positively curved in the sense, that it admits a cocompact isometric proper
action on a finite dimensional CAT(0)-space.

2. Recall that the K-theoretic Farrell-Jones Conjecture (with coefficients in an arbitrary additive category)
for hyperbolic groups has been proven by Bartels-Lück-Reich in [21](see Theorem 5.44). A. Bartels
and W. Lück extended Theorem 5.44 to the L-theoretic Farrell-Jones Conjecture and (apart from higher
K-theory) to CAT(0)-groups [22]. Here are the results :

Definition 5.52. (The class of groups B). Let B be the smallest class of groups satisfying the following
conditions :

(i) Hyperbolic groups belong to B;

(ii) If G acts properly cocompactly and isometrically on a finite-dimensional CAT(0)-space, then G ∈ B;

(iii) The class B is closed under taking subgroups;

(iv) Let π : G→ H be a group homomorphism. If H ∈ B and π−1(V) ∈ B for all virtually cyclic subgroups
V of H, then G ∈ B;

(v) B is closed under finite direct products;

(vi) B is closed under finite free products;

(vii) The class B is closed under directed colimits.

Remark 5.53. A group is said to be a CAT(0)-group if it acts geometrically, i.e., properly discontinuously and
cocompactly by isometries, on a CAT(0)-space. One should think of a CAT(0)-space as a geodesic metric
space in which every geodesic triangle is atleast as thin as its comparison triangle in Euclidean plane. For
basic facts about CAT(0)-spaces and groups a general reference is [15].

A. Bartels and W. Lück [22] proved the following result:

Theorem 5.54. Let M be a closed aspherical manifold of dimension≥ 5. Ifπ1(M) ∈ B, then M is topologically
rigid.

Remark 5.55.

1. A. Bartels and W. Lück prove the Farrell-Jones Conjecture about the algebraic K- and L-theory of
group rings which does imply the claim appearing in Theorem 5.54 by surgery theory. Theorem 5.54
above remains true in dimension four if one additionally assumes that the fundamental group is good
in the sense of Freedman [73].
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2. A Coxeter system (W,S) is a group W together with a fundamental set S of generators, see Definition
3.9. Associated to the Coxeter system (W,S) is a simplicial complex K with a metric [41, Chapter
7] and a proper isometric W-action. Moussong [113] showed that K is a CAT(0)-space, see also [41,
Theorem 12.3.3]. In particular, if K is finite dimensional and the action is cocompact, then W is finite
dimensional CAT(0)-group and belongs to B. This is in particular the case if S is finite. If S is infinite,
then any finite subset S0 ⊂ S generates a Coxeter group W0, see [41, Theorem 4.1.6]. Then W0 belongs
to B and so does W as it is the colimit of the W0. Therefore Coxeter groups belong to B.

3. Recall that Davis constructed for every n ≥ 4 closed aspherical manifolds whose universal cover
is not homeomorphic to Euclidean space (see Theorem 3.26). In particular, these manifolds do not
support metrics of non-positive sectional curvature. The fundamental groups of these examples are
finite index subgroups of Coxeter groups Γ. Thus these fundamental groups lie in B and Theorem
5.54 implies that Davis’ examples are topological rigid (if the dimension is atleast 5).

4. Davis and Januszkiewicz used Gromov’s hyperbolization technique to construct further exotic as-
pherical manifolds. They showed that for every n ≥ 5 there are closed aspherical n-dimensional
manifolds whose universal cover is a CAT(0)-space whose fundamental group at infinity is non-
trivial ([45, Theorem 5b.1]). In particular, these universal covers are not homeomorphic to Euclidean
space. Because these examples are in addition non-positively curved polyhedron, their fundamental
groups are finite-dimensional CAT(0)-groups and belong toB. There is a variation of this construction
that uses the strict hyperbolization of Charney-Davis [34] and produces closed aspherical manifolds
whose universal cover is not homeomorphic to Euclidean space and whose fundamental group is
hyperbolic. All these examples are topologically rigid by Theorem 5.54.

5. Limit groups as they appear for instance in [137] have been in the focus of geometric group theory
for the last years. Expositions about limit groups are for instance [35] and [126]. Alibegovic-Bestvina
have shown that limit groups are CAT(0)-groups [1]. A straight forward analysis of their argument
shows, that limit groups are finite dimensional CAT(0)-groups and belong therefore to class B.

6. If a locally compact group L acts properly cocompactly and isometrically on a finite dimensional
CAT(0)-space, then the same is true for any discrete cocompact subgroup of L. Such subgroups
therefore belong to B. For example, let G be a reductive algebraic group defined over a global fieldK
whoseK-rank is 0. Let S be a finite set of places ofK that contains the infinite places ofK. The group
GS :=

∏
v∈S G(Kv) admits an isometric proper cocompact action on a finite dimensional CAT(0)-space,

see for example [88, pp. 40]. Because S-arithmetic subgroups of G(K) can be realized (by the diagonal
embedding) as discrete cocompact subgroups of GS (see for example [88]), these S-arithmetic groups
belong to B.

7. Finitely generated virtually abelian groups are finite dimensional CAT(0)-groups and belong to B. A
simple induction shows that this implies that all virtually nilpotent groups belong to B, compare the
proof of [20, Lemma 1.13]. All these examples are topologically rigid by Theorem 5.54.

Theorem 5.56. Let G ∈ B.

(i) The K-theoretic assembly map in Conjecture 5.42 is bijective in degree n ≤ 0 and surjective in degree
n = 1 for any additive G-categoryA;

(ii) The L-theoretic Farrell-Jones assembly map in Conjecture 5.47 with coefficients in any additive G-
categoryAwith involution is an isomorphism.

Remark 5.57.

1. For virtually abelian groups Quinn [130] proved that the assembly map in Conjecture 5.42 is an
isomorphism for all n (more precisely in [130] only the untwisted case is considered: A is the category
of finitely generated free R-modules for some ring R).
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2. The class B contains in particular directed colimits of hyperbolic groups. The K-theory version of the
Farrell-Jones Conjecture holds in all degrees for directed colimits of hyperbolic groups [9, Theorem
0.8 (i)]. Thus, Theorem 5.56 implies that the Farrell-Jones Conjecture in K- and L-theory hold for
directed colimits of hyperbolic groups. This class of groups contains a number of groups with
unusual properties. Counterexamples to the Baum-Connes Conjecture with coefficients are groups
with expanders [85]. The only known construction of such groups is as directed colimits of hyperbolic
groups (see [2]). Thus the Farrell-Jones Conjecture in K-and L-theory holds for the only at present
known counterexamples to the Baum-Connes Conjecture with coefficients. The class of directed
colimits of hyperbolic groups contains for instance a torsion-free non-cyclic group all whose proper
subgroups are cyclic constructed by Ol’shanskii [123]. Further examples are mentioned in [125, pp.
5] and [135, Section 4] These later examples all lie in the class of lacunary groups. Lacunary groups
can be characterized as certain colimits of hyperbolic groups.

3. Next we explain the relation between Theorem 5.56 and Theorem 5.54 :

Theorem 5.58. Let G be a torsion-free group. Suppose that the K-theoretic assembly map

HG
m(EVCYC(G),KZ) 7→ Km(ZG)

is an isomorphism for m ≤ 0 and surjective for m = 1 and that the L-theoretic assembly map

HG
m(EVCYC(G),L<−∞>Z ) 7→ L<−∞>m (ZG)

is an isomorphism for all m ∈ Z, where we allow a twisting by any homomorphism w : G → {±1}. Then
the following holds:

(i) The assembly map
Hn(BG,Ls

Z) 7→ Ls
n(ZG) (5.1)

is an isomorphism for all n;

(ii) The Borel Conjecture 4.2 is true in dimension ≥ 5, i.e., if M and N are closed aspherical manifolds
of dimensions ≥ 5 with π1(M) � π1(N) � G, then M and N are homeomorphic and any homotopy
equivalence M 7→ N is homotopic to a homeomorphism (This is also true in dimension 4 if we assume
that G is good in the sense of Freedman (see [72, 73]);

(iii) Let X be a finitely dominated Poincarè complex of dimension≥ 6 withπ1(X) � G. Then X is homotopy
equivalent to a compact ANR-homology manifold.

Sketch of the proof:. Claim (i): Because G is torsion-free and Z is regular, the above assembly maps are
equivalent to the maps

Hm(BG,KZ) 7→ Km(ZG) (5.2)

Hm(BG,L<−∞>Z ) 7→ L<−∞>m (ZG) (5.3)

compare [101, pp. 685, Proposition 2.2]. Because (5.2) is bijective for m ≤ 0 and surjective for m = 1, we
have Wh(G) = 0, K̃0(ZG) = 0 and Ki(ZG) = 0 for i < 0, compare [101, pp. 653, Conjecture 1.3 and pp. 679,
Remark 2.5]. This implies that (5.3) is equivalent to (5.1), compare [101, pp. 664, Proposition 1.5].

Claim (ii) : The Borel Conjecture for a group G is equivalent to the statement that for every closed aspherical
manifold M with G � π1(M) its topological structure set Stop(M) consists of a single element, namely, the
class of id : M → M. This follows from (i) and the algebraic surgery exact sequence of Ranicki which
agrees for an n-dimensional manifold for n ≥ 5 with the Sullivan-Wall geometric exact surgery sequence
(see Theorem 5.13).

Claim (iii) : See [131, pp. 297, Remark 25.13], [13, pp. 439, Main Theorem and Section 8] and [14, Theorem
A and Theorem B].
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Remark 5.59.

1. The assembly maps appearing in the Theorem 5.58 above are special cases of the assembly maps in
Conjecture 5.42 and Conjecture 5.47. In particular, Theorem 5.54 follows from Theorem 5.56 and the
above Theorem 5.58.

2. A. Bartels and W. Lück [22] gave a number of further important applications of Theorem 5.56, which
can be summarized as follows: The Novikov Conjecture and the Bass Conjecture hold for all groups
G that belong to B. If G is torsion-free and belongs to B, then the Whitehead group Wh(G) of G
is trivial, K̃0(RG) = 0 if R is a principal ideal domain, and Kn(RG) = 0 for n ≤ −1 if R a regular
ring. Furthermore the Kaplansky Conjecture holds for such G. These and further applications of the
Farrell-Jones Conjecture are discussed in detail in [20] and [101]. We remark that Hu [87] proved that
if G is the fundamental group of a finite polyhedron with non-positive curvature, then Wh(G) = 0,
K̃0(ZG) = 0 and Kn(ZG) = 0 for n ≤ −1.

C. Wegner proved the K-theoretic Farrell-Jones conjecture with (twisted) coefficients for CAT(0)-groups
[148]. Here are the results:

Definition 5.60. A strong homotopy action of a group G on a topological space X is a continuous map

Ψ :
∞∐
j=0

((G × [0, 1]) j
× G × X)→ X

with the following properties:

(1) Ψ(...., 1l, 0, 1l−1, ....) = Ψ(...., 1l,Ψ(1l−1, ....))

(2) Ψ(...., 1l, 1, 1l−1, ....) = Ψ(...., 1l.1l−1, ....)

(3) Ψ(e, t j, 1 j−1, ....) = Ψ(1 j−1, ....)

(4) Ψ(...., tl, e, tl−1, ....) = Ψ(...., tl.tl−1, ....)

(5) Ψ(......, t1, e, x) = Ψ(....., x)

(6) Ψ(e, x) = x

Definition 5.61. Let Ψ be a strong homotopy G-action on a metric space (X, dX). Let S ⊆ G be a finite
symmetric subset which contains the trivial element e ∈ G. Let k ∈N be a natural number.

(1) For 1 ∈ G we define F1(Ψ,S, k) ⊂ map(X,X) by

F1(Ψ,S, k) := {Ψ(1k, tk, ...10, ?) : X→ X |1i ∈ S, ti ∈ [0, 1], 1k....10 = 1}.

(2) For (1, x) ∈ G × X we define S1
Ψ,S,k(1, x) ⊂ G × X as the subset consisting of all (h, y) ∈ G × X with the

following property: There are a, b ∈ S, f ∈ Fa(Ψ,S, k) and f̃ ∈ Fb(Ψ,S, k) such that f (x) = f̃ (y) and
h = 1a−1b. For n ∈N≥2 we set

Sn
Ψ,S,k(1, x) := {S1

Ψ,S,k(h, y)|(h, y) ∈ Sn−1
Ψ,S,k(1, x)}.

Definition 5.62. LetF be a family of subgroups of G. The group G is called strongly transfer reducible over
F if there exists a natural number N ∈ N with the following property: For every finite symmetric subset
S ⊆ G containing the trivial element e ∈ G and every natural numbers k, n ∈N there are

(i) a compact contractible controlled N-dominated metric space X,
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(ii) a strong homotopy G-action Ψ on X and

(iii) a coverU of G × X by open sets such that

(a) U is an open F -cover,

(b) dim(U) ≤ N,

(c) for every (1, x) ∈ G × X there exists U ∈ U with Sn
Ψ,S,k(1, x) ⊆ U.

Theorem 5.63. Let G be a group which is strongly transfer reducible over a family F of subgroups of G.
LetA be an additive category with a right G-action. Then the assembly map

HG
m(EF (G); KA)→ HG

m(pt; KA) � Km(A ∗G pt)

is an isomorphism for all m ∈ Z.

Theorem 5.64. Hyperbolic groups and CAT(0)-groups are strongly transfer reducible over the family of
virtually cyclic subgroups.

Following the proof of [23, Lemma 2.3] we see that Theorem 5.63 and Theorem 5.64 imply :

Corollary 5.65. Let G1, G2 be groups which satisfy the K-theoretic Farrell-Jones Conjecture 5.42. Then the
groups G1 × G2 and G1 ∗ G2 satisfy the K-theoretic Farrell-Jones Conjecture 5.42 too.

Remark 5.66.

1. Theorem 5.63 extends the K-theoretic result in Theorem 5.56 for CAT(0)-groups to all dimensions.

2. A. Bartels, F.T. Farrell and W. Lück proved the K-theoretic Farrell-Jones Conjecture (up to dimension
one) and the L-theoretic Farrell-Jones Conjecture 5.47 for cocompact lattices in virtually connected Lie
groups [BFL11]:

Theorem 5.67. (Virtually poly-Z-groups) Let G be a virtually poly-Z-group. Then both the K-theoretic and
the L-theoretic Farrell-Jones Conjecture 5.42 and Conjecture 5.47 hold for G.

Definition 5.68. Let G be a group and let F be the family of subgroups. Then G satisfies the K-theoretic
Farrell-Jones Conjecture with additive categories as coefficients with respect to F up to dimension one if
for any additive G-categoryA the assembly map

HG
n (EF (G); K<−∞>

A
)→ HG

n (pt; K<−∞>
A

) � K<−∞>n (A ∗G pt)

induced by the projection EF (G) 7→ pt is bijective for all n ≤ 0 and surjective for n = 1.

Theorem 5.69. (Cocompact lattices in virtually connected Lie groups) Let G be a cocompact lattice in a
virtually connected Lie group. Then both the K-theoretic Farrell-Jones Conjecture 5.68 with respect to the
family FVCYC and the L-theoretic Farrell-Jones Conjecture 5.47 hold for G.

Corollary 5.70. (Fundamental groups of 3-manifolds) Let π be the fundamental group of a 3-manifold
(possibly non-compact, possibly non-orientable and possibly with boundary). Then both the K-theoretic
Farrell-Jones Conjecture 5.68 with respect to the family FVCYC and the L-theoretic Farrell-Jones Conjecture
5.47 hold for π.

Remark 5.71. Recall that Theorem 5.63 extends the K-theoretic result in Theorem 5.56 for CAT(0)-groups to
all dimensions. Using Theorem 5.63 it is possible to drown to dimension one in Theorem 5.69 and Corollary
5.70. So using Theorem 5.63 we get the full K-theoretic Farrell-Jones Conjecture in these cases.
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Remark 5.72. Recall that Farrell and Linnell proved in Theorem 5.38 that if the fibered isomorphism conjec-
ture is true for all nearly crystallographic groups, then it is true for all virtually solvable groups. However,
they were not able to verify the fibered isomorphism conjecture for all nearly crystallographic groups. In
particular, they pointed out that the fibered isomorphism conjecture has not been verified for the group
Z[ 1

2 ] oα Z where α is multiplication by 2. Note this group is isomorphic to the Baumslag-Solitar group
BS(1, 2). Recall that the Baumslag-Solitar group BS(m,n) is defined by 〈a, b|bamb−1 = an

〉 and all the solvable
ones are isomorphic to BS(1, d). Note that BS(m,n) � BS(n,m) � BS(−m,−n). Farrell and Xiaolei Wu [75]
proved the following result :

Theorem 5.73. The K-theoretic and L-theoretic Farrell-Jones Conjecture is true for the solvable Baumslag-
Solitar groups with coefficients in an additive category.

Remark 5.74. Farrell and Xiaolei Wu [75] pointed out that the Farrell-Jones Conjecture has not been verified
for all Baumslag-Solitar groups. For example, we do not know whether the Farrell-Jones conjecture is true
for the group BS(2, 3).

Final Remarks 5.75. Recall we have given in Remark 4.9 that the obvious smooth analogue of Borel’s
Conjecture is false. Namely, Browder had shown in [29] that it is false even in the basic case where M is an
n-torus. In fact, surgery theory shows that the manifolds Tn and Tn#Σn (n ≥ 5) are not diffeomorphic when
Σn is an exotic sphere; although they are clearly homeomorphic. This uses three ingredients: Bieberbach’s
Rigidity Theorem 4.10, Farrell and Hsiang topological rigidity for Tn

× I (see Remark 4.35), and the (stable)
parallelizability of the torus. But when it is assumed that both M and N in Problem 4.17 are non-positively
curved Riemannian manifolds, then smooth rigidity frequently happens. The most fundamental instance of
this is an immediate consequence of Mostow’s Rigidity Theorem 4.11. The problem of changing the smooth
structure on closed locally symmetric spaces of noncompact type Mn were considered in [60, 64, 3, 4, 122]
and the problem was solved in many cases by forming the connected sum Mn#Σn where Σn is a homotopy
sphere.

Using Mostow’s Rigidity Theorem 4.11, Farrell-Jones Topological Rigidity Theorem 4.61 and Kirby and
Siebenmann results [98, Theorem 4.1, pp.25; Theorem 10.1, pp. 194] together with the fundamental paper
of Kervaire and Milnor [97], the problem of determining when connected sum with a homotopy sphere Σ
changing the differential structure on a closed locally symmetric space of noncompact type Mn is essentially
reduced to a (non-trivial) question about the stable homotopy group of Mn. The main result of Okun [121,
Theorem 5.1] gives a finite sheeted cover Nn of Mn and a nonzero degree tangential map f : Nn

→ Mu
where Mu is global dual twin of compact type of M. And it is also showed in [122] that Nn

× Dn+1 is
diffeomorphic to a codimension 0-submanifold of the interior of Mu ×Dn+1. This allows us to look at the
above question via [122, Theorem 3.6] on the specific manifold Mu instead of the arbitrary closed locally
symmetric space of noncompact type Mn. Note that Mu is the global dual twin of compact type of M.
Since the dual symmetric spaces of real, complex, quarternionic or Cayley hyperbolic manifolds are the
sphere, complex projective space, quaternionic projective space or Cayley projective plane respectively.
In view of this, we can look at the problem of detecting exotic structure on sphere, complex projective
space, quaternionic projective space or Cayley projective plane instead of the arbitrary closedK-hyperbolic
manifold whereK = R,C,H orO respectively. In the papers [60, 64, 3, 4, 122], the authors considered these
observations to produce exotic smooth structures on a closed locally symmetric space of noncompact type.

As we have observed in Remark 4.48, every homotopy equivalence f : M → N where N is a closed non-
positively curved Riemannian manifold is homotopic to a unique harmonic map φ. It was conjectured by
Lawson and Yau that f is necessarily a diffeomorphism. F.T. Farrell, L.E. Jones and P. Ontaneda have earlier
found celebrated counterexamples to this conjecture [60, 124, 67]. But the possibility remained that φmight
still be a homeomorphism. If so, it would provide another route to Borels Conjecture that homotopically
equivalent closed aspherical manifolds are homeomorphic [61]. On the other hand, F.T. Farrell and L.E.
Jones showed that the unique harmonic map φ : M → N is not a homeomorphism even though N is
negatively curved. But in these examples it is unknown if M can also be non-positively curved [65, 68].
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For more details about Smooth and PL rigidity Problem 1.1 for negatively curved manifolds and many
interesting open problems along this direction, see survey article [132].
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